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Sinusoidal electron charge density fluctuations with propagation 
vector k are considered for a fully ionized gas in complete thermo 
dynamic equilibrium in a constant magnetic field. Let @ and e 
be the ratio of the Debye length and of an electron gyroradius, 
respectively, to the wavelength &~'. A general formula is derived 
for the frequency spectrum of these fluctuations for arbitrary 
values of a, e, and of the angle (@— 47) between k and the magnetic 
field. The dispersion relation implied by this expression has been 
obtained previously by Gross and by Bernstein, but the method 
of derivation is different. A very small electron-ion mass ratio 
m/M is assumed. 


1. INTRODUCTION 


N a previous paper! (I) the frequency spectrum was 

derived for the spatial Fourier transform with fixed 
wave vector k of the electron charge density fluctuations 
in a plasma. The present paper is a continuation of this 
work, which now includes the effects of a constant 
magnetic field B in an arbitrary direction. As in most 
of the previous papers, we assume complete thermo- 
dynamic equilibrium and neglect collisions throughout 
the present work. We also assume that kc is sufficiently 
large for coupling between longitudinal and transverse 
oscillations to be negligible and consider only longi- 
tudinal ones. 

The aim of the present work is twofold. The first is 
to provide a theoretical basis for analyzing experiments 
on radar backscatter from the upper ionosphere and 
exosphere. Preliminary experiments have already been 
performed and more are planned.?~“ In some of these 
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For large values of « and a most of the intensity occurs at 
small frequencies: If siné>(m/M)te, the main spectrum is 
continuous as in the absence of a magnetic field; if (m/M)'<sing 
<«(m/M)'e, it consists of lines with spacing aout the ion gyro- 
frequency ; if siné<(m/M)', it consists mainly of a line at zero 
frequency. Weaker spectral lines are obtained which correspond 
to plasma oscillations, the existence of “frequency gaps” is 
confirmed for smal! angles ¢, and the intensities of the various 
components are evaluated. For small ¢, another spectral line is 
obtained at a “resonance” frequency intermediate between the 
electron and ion gyrofrequency. 


experiments, at least, the effect of the earth’s magnetic 
field should be detectable. It is by no means certain 
that deviations from thermal equilibrium are unim- 
portant in the ionosphere and exosphere, but an 
equilibrium theory is necessary in any case before such 
deviations can be deduced from observations. The 
second aim is a more academic one: Considerable 
theoretical work has already been done in the past on 
plasma oscillations in a magnetic field for cases in which 
collisions can be neglected. These previous papers®'® 
have concentrated mainly on the dispersion relation, 
i.e., on finding possible solutions for the frequency w in 
the complex plane. The dispersion relation has the 
advantage that it gives some information on plasma 
oscillations independent of the excitation conditions, 
ie., even when the oscillations are produced by devi- 
ations from thermal equilibrium as is the case in most 
laboratory experiments. In the present paper, on the 
other hand, we derive the actual intensities as a function 
of the real frequency variable w for a specific case, 
namely complete thermodynamic equilibrium. Although 
this is only a special case, knowledge of the actual 
intensities throws some light on some puzzles encoun- 
tered in the study of the dispersion relation alone. In 
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particular, we shall consider some apparent discon- 
tinuities as the magnetic field goes to zero [Sec. 4(e) ] 
and the so-called “frequency gaps” which had met 
with some criticism’ [Sec. 4(c) ]. For these reasons we 
shall discuss some limiting cases in more detail than 
the practical ionospheric applications warrant. 

We first define some constants and discuss approxi- 
mations to be made. We consider a fully ionized plasma 
consisting of electrons of mass m and a single species of 
positive ions with mass M and atomic charge Z. Let n 
be the number particle density of electrons, T the 
temperature (the same for electrons and ions), k the 
fixed wave vector of the sinusoidal spatial density 
variation, B the constant magnetic field, and }r—¢ 
the angle between k and B. We define six characteristic 
angular frequencies by 


w= k(2«T/m)!, 
wi=hk(2xT/M)!, woi= (4enZe/M)}, w.i=ZeB/Mc. 


wy= (4rne/m)', w.=eB/me, 


w, is characteristic of electron Doppler broadening 
frequencies, i.e., w,' is typical of times taken by a 
thermal electron to travel a wavelength k-', w, is the 
electron plasma frequency and w, the electron cyclotron 
frequency or gyrofrequency. w;, wyi, and w.; are the 
corresponding frequencies for the ions. Another char- 
acteristic frequency is kc, the frequency of an electro- 
magnetic wave in vacuum of the same wavelength. We 
shall assume throughout that kc is very much larger 
than all the six frequencies in Eq. (1) and shall omit 
completely all terms in 1/kc, i.e., omit the magnetic 
induction and Maxwell’s displacement current in 
Maxwell’s equation. Consequently, we shall retain no 
retardation effects, no coupling between transverse 
and longitudinal oscillations, in short no genuine 
magnetohydrodynamic effects. 

We define next the Debye length D and electron 
gyroradius R, by 


D= («T/4nne)', R.=0./we, (2) 


where », is the electron thermal velocity (with a similar 
relation for the ion gyroradius R;). We shall also require 
three dimensionless parameters, 


a=1/kD=wa,/V2.,, 
e=w,/we~1/kRR,, (3) 
€;= w,;/wj= (Zm/M)*e~ 1/RR;. 


We shall carry out calculations for general values of a, 
e, and e; but shall assume throughout that A=nD*>1 
and that the effective collision mean free path/~ DA/InA 
is very large compared with k", R,, R:;, and D. We 
consequently shall neglect individual two-particle 
collisions completely and consider as infinitesimal the 
electrostatic fields produced by the charge density 
fluctuations at thermal equilibrium. 

In Sec. 2 we derive the general formula for the 


7L. Oster, Revs. Modern Phys. 32, 141 (1960). 


SALPETER 


frequency spectrum for arbitrary values of the angle @ 
and the various parameters a, ¢, Z, m/M (but 
always for m<M, Z~1). In Sec. 3 we consider a few 
simple limiting cases, such as ¢— 7/2, e— 0, and 
a— 0. In Sec. 4 we discuss the special case of ¢=0, 
i.e., propagation direction perpendicular to the magnetic 
field. In Sec. 5 we consider some cases for nonzero 
values of the angle ¢. 


and 


2. DERIVATION OF THE GENERAL EQUATION 


We consider a volume V containing V electrons and 
N/Z positive ions. We define the spatial Fourier 
transforms of the electron and ion charge densities for 
fixed wave vector k by 

N 


p-(t)=—e (® e~**#i, (2) 


j=l 


(; 


pi(t)=p.(t) +p, (0), 

where we have taken the positive z direction parallel to 
k and z;, Z; refer to the positions of the jth electron 
and ion, respectively. Since we are neglecting magnetic 
induction and retardation, the electrostatic field E 
consists of a superposition of terms for the different 
wave vectors k, given by Eq. (7) of I. The k term in 
this sum is 


Ex (r,t) —i(4r VR) pr tyet**y . (5) 


where i, is the unit vector in the k direction [and real 
parts of the right-hand sides are implied in Eqs. (4) 
and (5) } 

We are interested in the Laplace transform of pet), 


x 


V.(@) -f dl pele orye (6) 


where ¥ is an infinitesimal real positive constant and w 
is angular frequency. The standard method of deriving 
an expression for Q.(w) starts from the Boltzmann 
equation without collision term, the so-called Vlasov 
equation, and such a method was used in I (in the 
absence of a magnetic field) and by Bernstein.® Since 
there has been some criticism’ of some mathematical 
techniques used in the work of Bernstein® and of 
Gross,® we shall use an alternative method of derivation, 
leading to the same result. 

We start from the equation of motion for a single 
electron in the absence of collisions, 

f= w.X t— (e/m) E(r,t), 
where w, is a vector of magnitude w, [ Eq. (1) ] and 
direction parallel to the constant magnetic field B. Let 
u be the velocity component parallel to B and v the 
absolute value of the velocity component in the plane 
perpendicular to B, at time ‘=0. For the z component 
of r(¢) we have 
2(t)=2,(t)+2' (2), (7) 
2u(t)= ul sind+ (v cosp/w,) sin(w.t—5)+20, 





PLASMA DENSITY 
where 6 and 2» are constants. z,(¢) is the solution of the 
equation of motion with E replaced by zero, but 
satisfying the correct boundary conditions at /=0. 
z'(t) is the solution of the full equation of motion which 
satisfies z’=2z’=0 at t=0. Let 2’(w) and A(w) be the 
Laplace transforms of 2’(/) and (e/m)E(r(¢),t), respec- 
tively, defined analogously to Eq. (6). By using the 
identity 


f 
0 


twice, we obtain from the equation of motion the 
unique solution 


® 
a(le Get d= —a(0)-+ (intr) f a(t)e~“et dt 
0 


(iw+y)*2’ (w) = (iwty)o-Xr’ (w)— A(w). 


This gives 
(w—iy)’—w? sin* 
- —A (w), 


2’ (w) = (w—iy)* -— 


(8) 


(w—iy)’—w? 


where 44—¢ is the angle between k and B. 

We need an expression for e~*** and make use of 
the fact that the electric field E, and hence 2z’(é), is 
extremely small. We use the linearized approximation, 
i.e., expand e~‘**’ and carry only the first two terms. 
On using the identity 

=<) 
gis cinta, | Jae’, (9) 
and Eq. (7), we find 
x 
t) — g—ik(zotut sing) >. 


n=—c 


J (kv cosh/w,) 


Xeinwet-H 1 — ike’ (0). 


The Laplace transform of this expression is 


i(kzotnd) J, (kv cosd/w-)[ Qn +k’ (Q,) |, 


(11) 
Q,=wt+ku sind—nw,—17, 


where 2’ (w) is given in terms of A(w) by Eq. (8). We 
shall have to sum Eq. (11) over all N electrons which 
have a random distribution of zo and 6, to lowest order. 
s’ and A(w) are already infinitesimal and we need 
carry in Eq. (11) only those lowest order contributions 
to A(w) which survive after averaging. In taking the 
Laplace transform of the electric field to obtain A (w) 
we need carry only the contribution in Eq. (5) for the 
given value of the wave vector k and use for e“** in 
Eq. (5) the complex conjugate of Eq. (10) with kz’ 
omitted completely. Substitution into the last term of 
Eq. (11) leads to a double summation over n and n’ 
but only the terms with »=wn’ will survive the subse- 
quent averaging over values of 6. In the last term in 
Eq. (11) we can then substitute 


A(Q,) > —i(Awe/mVR)O»(w)e**2+") J, (kv cosp/we), 
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where Q;(w) is the Laplace transform of p;(t). The 


term involving 2’ in Eq. (11) then reduces to 


» J,°(kv cosp/w-)(Q2,?—w2 sin’) 
(4re/mV)O.(w) > ts ta i 


2,2(2,2—w2) 


. (12) 


n=—2D 


Let F. and F,™ be the one-dimensional and two- 
dimensional Maxwell distribution functions for elec- 
trons at temperature 7, 


F © (u) = (m/2«T x) exp(—mu?/2xT), 


(13) 

F © (v)= (mv/2axT) exp(—mv*/2xT). 
To obtain Q,(w) we have to sum Eq. (11) over all 
electrons, j7=1 to N. In the second term, given by 
Eq. (12), we can replace the summation over 7 by 
integrations over the distribution functions. We obtain 


N © 
O0.(w) = —te ~~ Dd ev ttotnd) J, (kv cosh/w.)Q,7 
l=j n=—@ 


+H.(w)Qi(w), (14) 
where subscripts 7 are to be understood for 20, 6, u, 
and v and 


H(e)=-Xf F&(w)du f F,@ 


wp’ (Q,?—w sin*p) kv 
x : 1.2( = cose). (15) 


We 


(v)dv 


2,2(0,2—w2) 
The remainder of the derivation of an explicit 
expression for |Q,.(w)|? follows along similar lines to 
Sec. 3 of paper I: One obtains an expression similar to 
our Eq. (14) for Q; and hence an explicit expression for 
Q:=Q.+Q;. From this one obtains an explicit expression 
for Q,, analogous to Eq. (26) of paper I, which involves 
the electron summation over j and m shown in Eq. (14) 
plus a similar summation over the N/Z ions. The 
square of the modulus of this expression involves a 
double sum over particle indices 7 and ;’, in analogy 
with Eq. (27) of I, as well as a double sum over m and 
n’. We assume that sind is nonzero and fixed and allow 
y to tend to zero. We single out the terms with j= 7’ 
and n=n’ and can replace the sum over j by an integral 
over the distribution functions. As y —0 these terms 
are proportional to y~ since 
oe 
f F © (u)du(a+ku sind—nw,.— iy)? 
£ 


=F © (nw,.—w)/k sind |r/yk sind, (16) 


if y<w, sing. The remaining terms with 77’ or n¥n’ 
tend to a constant limit as y — 0 and can be neglected. 

In analogy with Eq. (28) of paper I one obtains an 
explicit expression for the average, under complete 
thermodynamic equilibrium, of |Q,.(@)|?, the frequency 
spectrum for the intensity of the electron density 
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variations with fixed wave vector k. This expression is 
|O.(w) |?= 2! (Ne*/y sind) | 1—-H.—H;|~ 


*{/1-—H,|? > X,. exp(—xn2)/a. 


n=—<X 


+|H.\?Z XE Xn: exp(—xn2)/w}, (17) 


n=—X 


where 


(18) 


¥. f F © (v)dv J .2(kv cosd/w-), 


Lne= (Mw.—w)/w, sing. (19) 
and #, is defined by Eq. (15) with similar definitions 
for the ion quantities x,;, X,;, and H;. Equation (17) 
is our desired expression but Eq. (15) for H, can be 
simplified: After rearranging terms in the summation 
over » and an integration by parts in the w integration, 
using the explicit expression in Eq. (13) for F., one 
obtains an integrand involving Q,~'. On using the 
identity 

J n-2(8)—J a4 z)dJ ,2/dz, 


°(z)= (2n 


and integrating by parts over 2, one obtains finally 


H.(w)=—a? > XacFne, Hilw)=—Za? > XaiT ni, 


n=—< n=—@D 


T ne(w)= - f PF (u)du w/Q,, 


x 


(20) 


= 1— (w/w, sind) [ene f (xXne)— ix! exp(—xn2) ], 


with an equivalent definition for the ion quantity 7 ,,,. 
The variable x, is defined by Eq. (19) and f(«) is the 
tabulated function 


z 


f(x) = 2x exp( -x) f exp(/)dd, (21) 


which was graphed in paper I. X,,., which is independent 
of the frequency w, is defined by Eq. (18) and can be 
expressed in terms of the Bessel function J, of the 
first kind of imaginary argument, 


X ne= exp(—cos’o/2€)I,(cos*p/2e), (22) 


which has been tabulated*® extensively. For the ion 
quantities x,;, X,:, and T,,;, simply replace w,, w,, and 
e by @-;, wi, and €;, respectively. 

Equation (17), with Eqs. (19) and (20), is our 
desired formula for the intensity frequency spectrum, 
involving infinite series of tabulated functions. The 
shape of the spectrum depends on five dimensionless 
parameters tang, a, «, Z, and «/e;= (M/Zm)!. If these 
parameters are comparable with unity the series 
converge rapidly and numerical evaluation of Eq. (17) 


§ Trans. Am. Inst. Elec. Engrs. 60, 135 (1941). 
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is simple. For cases of practical interest Z~1 but 
M/m>>1. In the remaining sections we discuss approxi- 
mations obtained for various limiting values of the 
parameters tan@, a, and ¢, but always for M>>m. 

We shall usually express integrals of the intensity 
distribution |Q,(w)|? over frequency w in units of 
aNe/y. In Sec. 2 of paper I we had derived expressions 
for the total statistical 
mechanics using purely energy considerations. Since 


integrated intensity from 
the magnetic field does not contribute to the energy, 
the total integrated intensity should be the same with 


or without a magnetic field. 


3. SOME SIMPLE LIMITING CASES FOR FINITE ¢ 


(a) We consider some limiting values for the pa- 
rameters a and e¢ for a fixed nonzero value of the angle 
¢, assuming in fact sind>>(m/M)'. The limit of a— 0 
is particularly simple and corresponds to omitting 
electrostatic forces entirely and replacing H, and H; 
by zero. The second term in Eq. (17), the “ion compo- 
nent,” disappears in this case and we get 
sing) >> Xn. exp(—*n2), 


x 


10.(w) |?= (ri Ne?/w, 


with x,, and X,, defined by Eqs. (19) and (22). 
Equation (23) had been derived previously and ana- 
lyzed in detail by Laaspere.’ The spectrum consists of 
a series of broadened lines of widths ~w, sing and 
spacing w,. If «<sing, the lines overlap strongly and 
the spectrum reduces to the Gaussian shape it has in 
the absence of a magnetic field. If sin¢d<e<1, the lines 
are sharp, but the intensity envelope for the line 
spectrum has approximately the same Gaussian shape. 
If €>>1 most of the intensity resides in a central broad- 
ened line of width ~w, sing and the intensity of the 
broadened lines at rapidly with 
increasing #1. 

(b) Another simple limit is obtained when ¢— }r 
for arbitrary values of ¢ and a. In the limit of cos@/e=0 
one finds from Eq. (22) that X Xo=1 and Xx, 
= X,;=0 for n+0. In this case the functions H,(w) 
and H;(w) in Eq. (20) reduce to the functions G,(w) and 
G;(w), defined in paper I, Eq. (29). Equation (17) for 
the frequency spectrum then reduces exactly to Eq. 
(28) of paper I, the equivalent expression in the 
absence of a magnetic field. This is to be expected 
physically when the magnetic field is parallel to the 
wave vector since the motion of charges along a line 
of force is unaffected by the magnetic field. 

(c) We consider next the limit of vanishing magnetic 
field, «—> 0, for fixed vaiues of a and ¢. More specifi- 
cally, we require ¢<e<sing. Since «<1 the series over 
Xne in Eqs. (17) and (20) converge very slowly and we 
require asymptotic expansions in «. If a number of 
terms in these asymptotic expansions are required one 


+nw, decreases 


®T. Laaspere, Ph.D. thesis, Cornell University, 1960 (unpub- 


lished). 
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can use contour integration with the method of steepest 
descent, etc., as used by Gross® and Bernstein. We 
shall evaluate only the leading term and can use a less 
standard but simpler method for this purpose: Over 
the important range of integration in Eq. (18) the 
argument of the Bessel function J, is of the order of 
€'>1. The Bessel function of large argument and 
large order can be approximated by” 


J ,(z)=cos[n(tan8—8)—2/4]($az sing)“, (24) 
cosb=n/z, 


if |m/z| <1. If |m/z|>1 and m>1, 2>1 the Bessel 
function is extremely small and can be neglected." 
Since n>>1 the factor cos. ] in Eq. (24) oscillates 
rapidly as z varies and, for substitution into the 
integrand of Eq. (18), we can replace its square by the 
average value }. If g(z) is any smoothly and slowly 
varying function of z without singularities for z>1 we 
can make the replacement 


or 


> J.2(2)g(n) > (2x)! f dB g(zcoss). (25) 


0 


We substitute Eq. (18) into Eqs. (17) and (20) and 
replace the summation over n by the integral in Eq. 
(25). This gives a three-dimensional integral” over u, 
v, and cos@ for H,(w). Using the fact that the product 
F© (4)F© (2) is simply the three-dimensional Maxwell 
distribution function which is spherically symmetrical, 
a change of coordinate system gives the general relation 


ff cua FO (u) Fe (@)L J .2(kv cosp/w-) 


X y(ku sind— nw, cosp) > fa FY (t)y(Rt), (26) 


where y is an arbitrary function. With the use of Eq. 
(26) the expression for H,(w) reduces to Eq. (25), 
paper I, for the function G,(w). The summation appear- 
ing explicitly in Eq. (17) can be reduced in a similar 
manner leading to 


Dn Xni CXP(—2Xn7) > exp(—w?*/w,?), 27) 


with a similar expression for the electron quantities. 
With these substitutions Eq. (17) reduces exactly to 
Eq. (28) of paper I. 

We have thus derived the physically reasonable 
result that, for fixed nonzero angle ¢, the limit of the 
frequency spectrum as e—0 is identical with the 
spectrum for zero magnetic field, e=0. The case of 


10 G. N. Watson, A Treatise on the Theory of Bessel Functions 
(Cambridge University Press, New York, 1952), Chap. 8. 

1! These statements are incorrect over a narrow range of values 
of n, |n—z|<z!, but this narrow range is found to contribute 
little to the summations over and can be neglected. 

‘2 The three-dimensional integral is the expression for G,(w) in 
terms of a cylindrical polar coordinate system with arbitrary 
direction of the axis. 
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¢— 0, as well as «— 0, is more difficult and will be 
discussed in Sec. 4(e). The difficulty for sin¢é<1 lies 
in Eq. (25). Although Eq. (24) is a good approximation 
when e<1, no matter what @ is, Eq. (25) holds only 
when g (n)~g(n+1), where g(m) stands for T,(w) or 
exp(—x,). This holds only if e<sing, in which case 
the functions T,,, of w overlap for adjacent values of n. 
(d) We consider next the case of ¢<<sing@ but with 
€ not necessarily small. In this case we can again make 
the replacement H;(w) + G;(w) and use Eq. (27) for 
the ions, but cannot in general make such replacements 
for the electrons. For the first term in Eq. (17) we must 
carry out the summations but the second term can be 
simplified: According to Eq. (27) this term is most 
important in the range w~w;~w,(m/M)'. Since «21, 
we have w<w, and, from Eq. (20), T,.-(w) can be 
replaced by unity for n0. Using the identity 


=rJ n’(2) (28) 


we derive from Eq. (20) 
H,(w)=—e "1 1— Xo. f (x06) 
+1X oe(w) ix, exp(—202) ], (29) 


where %o.=w/w, sing. Now if, in addition to ¢<sing, 
we also have (m/M)*<sing, then x<1 for the 
important range of w~w,;. In this case we have H,(w) 
the same value as the function G,(w) has for 
w~w;<<w,. In this case then the second term in Eq. 
(17) reduces to the second term in Eq. (34) of paper I, 
the so-called “ion component” (which is the dominant 
term if a>1). This “ion component” is thus unaffected 
by the magnetic field as long as the double inequality 


e?<sin’*¢>>m/M (30) 


aue 9 
em, 


holds, even if ¢ is larger than unity. 


4. THE LIMIT OF ¢ >0 


In this section we consider the magnetic field, and 
hence ¢ and e; [defined in Eq. (3) ], as fixed and nonzero 
and let the angle @ approach zero. The formulas 
derived below require for their approximate validity 
not merely sin¢é<1 but the more stringent conditions 


‘M)‘e;. (31) 


Our derivation of the general equation, Eq. (17), 
required that y<w; sing, so we let the infinitesimal 
parameter y tend to zero first for fixed @ and secondly 
let @ tend to zero.'* In this limit we shall obtain a 
series of sharp lines. The “‘central line” at w=0 has 


(m/M)*«sind<« (m/M )e~ (m 


3One could also put ¢=0 first for fixed y and second let y 
tend to zero. The form of the expression derived in this manner 
appears to differ from the expression to be derived below. Never- 
theless, for all the simple special cases described previously for 
¢=0 [E. E. Salpeter, J. Geophys. Research (to be published) ], 
the two expressions give identical results and the two expressions 
are probably equivalent. 
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somewhat different properties than the others and we 
discuss it first. 


(a) The Central Line 


We consider the angle ¢ as nonzero and fixed but 
extremely small so that Eq. (31) is satisfied. We call 
the “central line” the intensity obtained from Eq. (17) 
by carrying only the terms with n=0 in the summation 
which is shown explicitly. These terms are important 
only for frequencies w~w, sing or w; sing, so that [from 
Eq. (31) ] wXwei, Wee. In Eq. (20) each T,; and T,, 
with ##0 can then be replaced by unity. In this case 
H, reduces to the expression in Eq. (29) and H; reduces 
to a similar expression. For the first term in Eq. (17) 
which involves Xo, we require the frequency range 
wW~w, Sind>w,; sing and H; reduces further to —a*(1 
— Xp ;). One then finds that this term reduces to a 
multiple of I's.(w/w, sind), where I's(x) is the function 
defined by Eq. (35) of paper I and 


BZ= Xo oT 1 + Za?(i— Xo;)+a?(1— Xo, ) R 


In the limit of ¢—0 we are interested only in the 
integral over frequency w of the intensity |Q,(w)|? 
since the frequency line becomes infinitely sharp. From 
the work of paper I one can show that 


fas [g(a (r)§(1+2)- 


for any 8. By denoting the integrated intensity Jo, in 
units of rNe?/y, we find 


Io.= Xo 1+Za*( 1— X9,) PC 1 +Za?(1— X9,;) 
+a?(1— Xo.) ] 2(1+Be?)—. 


(33) 


For the second term in Eq. (17) which involves Xo; 
we have w~w,; sind<w, sing and H, reduces further to 
—a’. This term also reduces to a multiple of an expres- 
sion of the form I’,,(w/w,; sing). The integrated intensity 
Io; of this term (in units of rVe?/y) is found to be 


Io:= X y:Za*[1+Za?(1— Xo;) +a? 


X[I+(Z+1)a?}. (34) 


If the magnetic field is weak enough so that ¢<e<1 
we have Xo<<Xo-&1 and the intensity Jo:+Jo, of the 
“central line” is only of the order of Xo, times the total 
intensity of the whole spectrum. On the other hand, if 
the magnetic field is strong enough so that e>1 (even 
though ¢; may be smaller than unity) the “‘central line” 
contains the bulk of the total intensity: If €>1 we have 
Xoe~1, and making this replacement we obtain from 
Eqs. (33) and (34) 


ToitTlo. = (1+Za*)[ 1+ (7+ 1 a? | L 


According to Eq. (13) of paper I the right-hand side of 
Eq. (35) represents the total intensity of the whofe 
spectrum and the error in the equality in Eq. (35) is 
only of relative order of magnitude (1—Xo.)>>1., 


(35) 
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The result that for €>>1 most of the intensity resides 
in the central line may seem somewhat surprising for 
the case a>1 and e;<1: In this case the ion’s gyroradius 
is larger than the wavelength and the electron charge 
density is coupled to that of the ions, and one might 
have expected a pattern of width w; consisting of lines 
with spacing ~w,;. This is not the case, however, under 
the simplifying approximations we have made through- 
out this paper. With the propagation direction k 
exactly perpendicular to the magnetic field the electrons 
can move no further than an electron gyroradius R, in 
this direction, in our approximation. The net ion charge 
density is coupled to the electron density to within 
distances of the order of the Debye length D and the 
ion charge density is thus confined to within distances 
of the order of R, or D, which are both smaller than the 
wavelength. This confinement of the electrons and ions 
depends very sensitively on the approximations made, 
and deviations to be expected under practical circum- 
stances will be discussed in Sec. 6. 


(b) The General Limit of 6 — 0 


We consider now Eq. (17) for w¥0 as the angle @ 
decreases towards zero. The factor exp(—~,,2) is very 
small unless Sw, sing. this 
narrow frequency range 7’, in Eq. (20), and hence H,, 
is extremely large as ¢— 0. Since H, occurs only in 
the denominator in the factor multiplying exp(—~x,,.*), 
this frequency range gives a vanishingly small contri- 
bution to the intensity and we assume |w—nw,|<w, 
X sing. The factors exp(—Xn-) are then extremely 
small, but so is the imaginary part of the denominator 
(1—H.—H;) and we shall obtain nonzero intensity 
only near those frequencies at which the real part of 
this denominator vanishes. The same arguments apply 
for the terms involving x,,; and we also have |w—nw,, 
>w; sing. 

Each x, and x,; approaches infinity as ¢— 0 and 
the function f in Eq. (20) can be replaced by its 
asymptotic value of unity. We are interested in those 
frequencies at which the real part of (1—H,—H,;), 
vanishes. By using Eq. (28), 


w— Nw 


Howeve - in 


which we denote by IY, 
we find 
® 


Y (w)=1—20? >> 


+ZX 
wr — nw 3 
This dispersion relation has been derived previously by 
Gross® and by Bernstein.® Let w= 
(real) roots of this dispersion relation. In the numerator 
of Eq. (17) we can put H,=1—H,; and neglect the 
infinitesimal part £ of (1—H,—//;). The numerator is 
then found to be itself and the 
intensity spectrum in the vicinity of w=, 
rentzian-shaped line with maximum at w=w, and half- 
width proportional to &. In the limit of ¢— 0 the 


w, be one of the 


proportional to & 
is a Lo- 
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expression £ approaches zero, the spectral line becomes 
infinitely sharp and its integrated intensity approaches 
a limit independent of the value of & By denoting this 
integrated intensity J, in units of rNe?/y, one finds 


I,= (1—H;)?/e?Yw,, (37) 


where Y’=dY/dw evaluated at w=w,. 


(c) The “Frequency Gaps’’ 


As w is increased by w,; from any value, the function 
Y(w) encounters a singularity once and covers the 
region from — © to + , Thus a frequency interval 
of ~w.; contains one root!‘ of the dispersion relation. 
Similarly, there are other roots with a larger spacing 
of ~w, and we consider these roots first. We assume 
€>(m/M)' so that these roots occur at frequencies 
large compared with w,; and w;. In Eq. (36) we omit 
the term involving X,,; entirely and in Eq. (37) we 
replace H; by zero. 

As discussed previously by Gross and by Bernstein, 
the dispersion relation exhibits ‘frequency gaps,”’ i.e., 
some frequencies near multiples of w, are never encoun- 
tered as roots of the dispersion relation. For instance, 
consider ¢ as fixed, allow a to vary from zero to infinity, 
and let a,(a)=w,/w.. For any value of a there will be 
one root @, between m and n+1, where n is any positive 
integer. For a=0 we have a,=™ and as a increases so 
does a,(a@) but a, approaches a limit, less than »+1 by 
a finite amount, as a— ©. If €>1 we can approximate 
X,. and the dispersion relation by 
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Fic. 1. The roots a? of the dispersion relation as a function of 
(a#/2e) for «=2. The diagonal line represents [1+ (a?/2e) ]. 
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‘4 Tf we do not proceed to the limit ¢— 0, but consider sing 
as nonzero and small compared with unity, Eq. (36) is replaced 
by a more complicated expression for Y(w) which is unique and 
has no singularities. Nevertheless Y (w) has large negative minima 
and large positive maxima and the roots of the dispersion relation 
are very similar to those for ¢=0 as long as siné<1. The lines 
are no longer infinitely sharp but the integrated intensities are 
still approximated closely by Eq. (36). 


FLUCTUATIONS IN 


MAGNETIC FIELD 





16 




















Fic. 2. The roots a? of the dispersion relation as a 
function of (a?/2é) for e=4. 


Xne* [n !(2e)? IP't1 — (2é)-], 


a=w/We, 


1 1 
Me 
e/ta’—1 2 


32¢#(a?—9) 


For the first few roots, a* is plotted against a? for e=2 
and 4 in Figs. 1 and 2. For €>1 the first frequency gap 
lies between a?=4—(3/2e) and a?=4, the second gap 
between a?=9—(3/4e') and a?=9, etc. If all but one 
inverse power of & is omitted in Eq. (38), one obtains 
only a single approximate root 


a? = 1+ (a*/2e), 


(39) 


Of the infinite number of actual roots, there is always 
one very close to the value given by Eq. (39) if ¢ is 
very large. ; 

For €>1 and a given value of a, the intensity of 
each of the infinite number of lines can be obtained 
from Eq. (37) by putting H;=0 and using Eq. (38) 
for Y(w). We assume at first that the approximate 
expression, Eq. (39), does not accidentally give a value 
for dq very close to an integer. Consider first that root 
of the actual dispersion relation, Eq. (38), with a close 
to dq. Since «>>1, all terms in the series in square 
brackets for Y in Eq. (38) are small except the first 
one, and the same is true of the derivative Y’. Carrying 
only the first term in this series for Y’ and using 
Eqs. (37) and (39), we obtain for the integrated 
intensity of the two symmetric lines at w= -tw, (in 
units of rNe?/y), 


9 9 9 
Wa ~wWe+Wp". 


Ia= (e?+22)-. 


If a>e (in addition to e>>1), the frequency and intensity 
of this pair of lines reduces to that of the plasma 
frequency lines in the-absence of a magnetic field. 
Consider next the line corresponding to any of the 
other roots of Eq. (38). In this case a is extremely 


(40) 
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close to some integer m and the term involving (a?—n?)— 
in the series in Eq. (38) is comparable with the first 
term. In the equivalent series for Y’ the corresponding 
term involves (a?—n?)~ and is very much larger than 
the first term. From Eq. (37) the intensity of all these 
other lines is then negligibly small compared with J, 
in Eq. (40). 

Consider now those special values of a/e for which 
the solution a, of Eq. (39) lies very close to an integer 
n, i.€., Gq lies in (or very near) one of the “frequency 
gaps.” The exact dispersion relation then has two roots 
for a close to a, and n, one just below and the other 
just above the “frequency gap” near n. In these cases 

a—n| is sufficiently small so that the term involving 
(a?—n’*)~ in the series for Y’ is comparable with the 
first term, whereas the term involving (a?—n?)~ in the 
series for Y is much smaller than the first term. The 
two lines on either side of the frequency gap then have 
comparable intensities, each somewhat smaller than J, 
in Eq. (40). 

Oster’ has questioned the existence of the “frequency 
gaps” found by previous workers®:* on the grounds of 
some alleged ambiguities in the derivation when ¢=0 
and a equals an integer, but the different method of the 
present paper also leads to these gaps. Furthermore, 
essentially the same gaps are obtained (although the 
lines are not infinitely sharp) as long as , sing is small 
compared with the width of a frequency gap—and the 
intensity function is unique and divergence-free for any 
nonzero ¢. Although the ‘frequency gaps” exist, they 
do not lead to any discontinuities in the frequency 
spectrum as a is varied for constant e: Consider the 
average of frequency over all the lines with the line 
intensity as weighting function. In general only one 
line is prominent and the average is close to w-dq(q). 
When a, as a function of a crosses a “frequency gap” 
the intensity of the line below the gap decreases 
continuously whereas the intensity of the line above 
increases. As a consequence the “frequency average” 
is a continuous function of @ and always close to dg 
(all for «>>1). 


(d) The “Ion Resonance” for Large e 


In the preceding subsection we have analyzed the 
dispersion relation, Eq. (36), for frequencies o> w.>>w,;, 
w;. For this frequency range we had omitted the second 
series involving X,; in Eq. (36) entirely, but now we 
consider lower frequencies w<w, and carry the terms 
in X,;. We assume at the moment that «>1, replace 
Xi. by (2€)-* according to Eq. (38), and replace X,, 
by zero for n>1. The dispersion relation has an infinite 
number of roots but, in this frequency range also, all 
roots but one (or a few) occur at frequencies extremely 
close to multiples of w.; (if €>1) and have very low 
intensities. We assume a>>1 and shall find that the roots 
with appreciable intensity occur for frequencies w much 
larger than w; and w,;, no matter what the value of «¢;. 
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In the denominator of the term multiplying 
Eq. (36) we then replace (w’?—n*w,,?) by w*. 
For X,,; defined in analogy with Eq. (22), one can 


easily derive the general Bessel function identity 
zx 


>, #WX ai? 


n=l! 


(41) 


cos" te”, 


which holds for any value of ¢;. By using these approxi- 
mations and Eqs. (3) and (41), the dispersion relation 
reduces to 


1— (e?/2e)[ (@—1)"+ (m/Ma*)|=0, a= 


With m<M the only root for | a@| <1 occurs for |a|<1, 
and replacing (a2—1) by —1 this root occurs at a 
frequency given by 


ea’ 
; . 
oP =a 
o'+2é m 


mM we Xwp" 


With the same approximations one easily finds for the 
intensity J, of the pair of lines at w= +w,, from Eq. 
(37), 

T,=a?(a?+2e)1 (22), (44) 

As in the previous subsection our approximation 
breaks down if w, happens to be very close to a multiple 
of w,; and two lines would be obtained instead of one. 
For €>>1 this happens only over very narrow frequency 
ranges. Some results for e~1 will be discussed in Sec. 
4(f). 

The physical significance of the resonance lines at 
+w, is seen most easily if €>a>1, h case w, 
reduces tO wy:=(m/M)'w,, the plasma frequency for 
ions imbedded in a fixed background of negative charge. 
This comes about in our approximation because the 
electrons are confined to distances of about an electron 
gyroradius in the direction perpendicular to the mag- 
netic field. As for the “central line,” the “ion resonance”’ 
line at = -tw, is very sensitive to deviations from our 
simple approximations, caused by 
etc. (see Sec. 6). 


in whic 


electron ollisions, 


(e) The Limit of e 0 


For any nonzero value of the angle ¢ we have shown 
in Sec. 2 that the frequency spectrum reduces to the 
spectrum without a magnetic field in the limit e— 0, 
as is to be expected on physical grounds even if we 
afterwards allow ¢ to tend to zero. A seemingly different 
limit is obtained if we first put ¢=0 and afterwards 
take the limit e—> 0. As has been pointed out previ- 
ously,® this limiting procedure corresponds to a “‘set of 
measure zero” of angles since we require sin¢<e for its 
validity. This case is nevertheless of academic interest 
since a study of the general dispersion relation alone 
seems to imply contradictory results for the two 
limiting procedures: For e=0 the roots are complex 
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and the imaginary (damping) term remains finite even 
as ¢— 0. For ¢=0 the roots are real (infinitely sharp 
lines) and remain so as e— 0. For the explicit case of 
thermal equilibrium discussed in the present paper, 
we can now show that the same physical frequency 
spectrum is in fact obtained by the two limiting 
procedures. 

For ¢=0 we are dealing with a line spectrum but the 
spacing of the lines is of order w, or w.; which tends to 
zero as € does. In this limit the line spectrum is physi- 
cally indistinguishable from a continuous spectrum and 
we need the envelope to the line spectrum in this 
limit, as obtained from Eq. (37). We merely outline 
the derivation: We need simplified expressions for 
Y=1—H,—H; in Eq. (36), in analogy with Eq. (25) 
but with g() replaced by the singular function (a—m)—". 
For such a singular function the terms in the summation 
with fairly close to a have to be treated separately. 
Otherwise making similar approximations we find, 
instead of Eq. (25), in the limit of very large a and z, 


> J.2(z)(n—a) > (22) R+1 cotra ] 


’ D 


xf dB(z cosB—a+iy), (45) 
where R and 7 denote the real and imaginary parts of 
the integral. With H, given by the first series in Eq. 
(36) and using Eqs. (18) and (45), one finds for «— 0 


H,-G{®+G_ cotra, (46) 


a=/We, 


where G, is the function of w defined in paper I Eq. 
(25), and (R), (J) denote real and imaginary part. 
One obtains an equivalent expression for H;. As e— 0 
we also have w,— 0 and in evaluating the derivative 
Y’ we need only carry the derivative of cotra. On 
substituting into Eq. (37) one finds, after some algebra, 
that the intensity J, of the line spectrum (after smooth- 
ing over the infinitesimally small frequency range 
between lines) reduces to the intensity of the continuous 
spectrum in the absence of a magnetic field, which was 
described in paper I. 


(f) The “Ion Resonance” for Small e; 


In Sec. 4(d) we found a single pair of “ion resonance”’ 
lines at frequency +w,, given by Eq. (43), if &>1. In 
Sec. 4(e) we found a closely spaced line spectrum whose 
envelope is the “ion component” of the field-free 
continuous spectrum, if «<1. The intermediate region 
of (m/M)'<<e(M/m)! can be investigated as follows: 
We consider only w<w, (but disregard the central line 
w=0) and can replace H, by —a*?({1—Xo,). Since e<<1 
we replace H; by the expression equivalent to Eq. 
(46). Substituting into Eq. (37) then gives as envelope 
to the line spectrum a multiple of the function I's(@/w,), 
defined in Eq. (35) of paper I, with 


B?=Zo*[1+0?(1—Xo.) }. (47) 
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By using Eq. (32), one finds for the total integrated 


intensity J; of this part of the spectrum 
I;=84(1—Xo,.)?(@@+1)-. (48) 


If «<1 then Xo,<1 and, if we omit Xo, altogether 
in Eqs. (47) and (48), we have again the field-free 
“jon component” which is almost a Gaussian curve if 
a>>1 and an almost flat-topped broad curve if a>1. 
If e~1 then 1—Xpo, is somewhat, but not very much, 
smaller than unity and £ is slightly larger than for the 
field-free case. If € is appreciably larger than unity, 
then 1— Xo, can be approximated by (2e)— and 8 is 
then appreciably larger than unity if a>>1. In this case 
I's is a fairly sharply peaked function with small width 
and the maxima occur at frequencies near -+w,. If 
(as well as a) is very much larger than unity then also 
8>>1. The width of I's is then much less still than the 
spacing w,; of the line spectrum and we have a single 
pair of lines, as found in Sec. 4(d). 


5. SOME CASES FOR NONZERO ¢ 


We shall consider only some cases for nonzero values 
of the angle @. We first of all restrict ourselves to such 
values of a and of the magnetic field so that 


a>1; (m/M)<e;>1, (49) 


from which ¢€>>1 follows. In Sec. 4 we have seen that 


the spectrum is essentially that for ¢=0 if the inequality 
in Eq. (31) holds. One can also show that the less 
stringent single inequality sin¢<(m/M)* is in fact 
sufficient. Some aspects of the spectrum change radi- 
cally when this inequality is violated. This change is 
most marked for the “ion component” and we discuss 
this first. 


(a) The “Normal Ion Component”’ 


We now return to the general expression, Eq. (17), 
and denote by “normal ion component” the spectrum 
obtained from the second series of terms (involving 
Xni) in Eq. (17) in the restricted frequency range 
lw} <w;2w-:. Consider first the term with »=0 which 
contributes to the “‘central line” discussed in Sec. 4(a). 
It can be shown easily that Eq. (34) is a good approxi- 
mation to the intensity Jo; as long as siné<e; even if 
sing is not smaller than (m/M)'. For Z=1, a>1 this 
expression reduces to J9;=[Xo;/2(2—Xo;:) ] compared 
with a total intensity of } for the whole spectrum. 

Consider next the terms involving X,,; with 20 in 
this frequency range and assume again sin¢<e,. In this 
region of w and ¢ the function H; does not depend very 
sensitively on the relation between @ and (m/M)!, 
which is much less, than e;. However, the function H, 
is given by Eq. (29) which depends quite strongly on 
the value of xo. If sind<<(m/M)* we have xo.>1 over 
the frequency range in question, —H, is much smaller 
than a’ and there is very little intensity in the frequency 
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TaBLe I. Frequency w, for the first few lines in the “normal ion 
spectrum,” in units of wei. 


2 


3 


3.10 
3.01 


range |w|<w; except for the central line. However, if 
sing>>(m/M)' we have xo.<<1 and H, can be replaced 
by —a’. 

Since siné<e,; the imaginary part of H; is small and 
we get a series of fairly sharp lines and methods similar 
to those of Sec. 4(b) can be used. However, with 
H,=—dc? the dispersion relation is given by 


Y (w)=1-—a*®[1—2Z © X,n*w.? (w*— n*w,7)]=0, (50) 


n=! 


instead of Eq. (36). If the double inequality 


(m/M)<<sind<e;~ (m/M)'e (51) 


holds, the frequency of the centers of the fairly sharp 
lines in the frequency region |w| <a, is then given by 
the roots of this dispersion relation. The integrated 
intensity of each line is again given by Eq. (37). 

In Table I we give the values of w, for the first few 
lines for ¢;=0.5 and 1 with a>1 and Z=1. As » in- 
creases the value of w, approaches »w,; more and more 
closely. In Table II we give the intensity J, of the line 
at +w, (the line at —w, has the same intensity) 
together with the intensity J;=$Xoi(2—Xo;)" for 
the central line. For all values of ¢; does the intensity 
fall off very rapidly as w, becomes much larger than 
both w; and w,;. In our approximation of a>1 the sum 
of the intensities of these lines (including those at —w,) 
equals 3, the total intensity of the whole spectrum. If 
€,>1 most of the intensity is in the central line. For 
¢;=0.5 the intensity envelope to the line spectrum is 
almost flat-topped, and for e; appreciably less than 0.5 
we have many lines with spacing very close to w,; and 
with intensity envelope very close to the field-free ion 
component of the spectrum, as was shown in Sec. 3(d). 

The line spectrum discussed above is almost inde- 
pendent of ¢ as long as it satisfies the double inequality 
in Eq. (51) (which is possible only when e>>1). As sing 
approaches e¢; the lines broaden and begin to overlap, 
and for sin@>e«; (if ¢<<1) the spectrum is continuous 
and identical with the field-free spectrum. When sing 
~(m/M)' the function —H, is somewhat less than a? 


TABLE IT. Intensities in the “normal ion spectrum” 
(multiplied by 2). 


Tos Thy Ix I 3 


0.183 0.169 


0.145 
0.475 0.213 0.045 


0.075 
0.004 


0.015 6.003 
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and the intensity of each line, other than the central 
one, is smaller than in the region of Eq. (51). For 
sing¢<(m/M)! only the central line survives and the 
value of Jo; is unchanged. It should be remembered 
that there is an additional contribution Jo, to the 
central line intensity, discussed in Sec. 4(a). For sing 
<«(m/M)' this intensity is given by Eq. (33), but this 
intensity decreases as sing increases and is negligible if 
sino>(m/M)}. 

The physical reason for this dependence on the ratio 
sin@/(m/M)' is as follows. The effective component of 
the thermal drift velocity of the electrons in the 
direction of the propagation vector is of order w, sing 
since the electron’s gyroradius is much smaller than 
the wavelength. On the other hand, the ion’s gyroradius 
is comparable with or larger than the wavelength, so 
that the effective thermal drift velocity of the ions is of 
order w;~w,(m/M)'. For the spectrum at low fre- 
quencies (and for the “resonance lines” discussed in 
the next subsection) it is important which of these two 
effective drift velocities is the larger. 


(b) The Plasma Oscillation and 
‘“‘Resonance”’ Line 


In the preceding subsection we have seen that the 
main part of the spectrum is concentrated into a 
frequency range |w|<; if both a and « are large 
compared with unity. However, there are also some 
components of the spectrum at frequencies much larger 
than w; whose total intensity is small but which may 
still be of interest since they occur in the form of a 
few sharp lines. We now consider this part of the 
spectrum for arbitrary values of the angle ¢. 

The expression for H; in Eq. (20) can be simplified 
if |w|>>w;. The values of X,,; are negligibly small unless 
Nw-;<w; and we can expand in powers of the small 
quantity nw,;/w. We then also have x,;>1 for the 
important range of values of m, the function f(x,;) can 
be replaced by [1—(2zx,,?)-'] and the imaginary part 
of H; is very small. By keeping only the lowest order 
nonvanishing terms in the expansion in powers of 
nw,;/w and using the Bessel function identities, Eqs. 
(28) and (41), we find for the real part of H; 

B® = Zebw?/2 
independent of the value of ¢. 

Since €>1 we can replace Xo, by [1—(cos’@/2é) ] 
and X;, by cos*¢/4é, according to Eq. (38), and omit 
Xne With m>1 altogether in Eq. (20). We shall find 
that we are interested only in frequencies w such that 
both w and |w|—w, are much larger than w, sind. This 
is the case for any value of ¢ as long as a>>1 and &>1. 
We can then replace f(xo.) by [1—(2x9.2)-'] and f(x1.) 
by unity. The imaginary part of H, is then very small, 
for any angle ¢, and its real part is given by 


H® = (e?/2é) (a’—sin’¢)/a?(a?—1), 


(53) 


where a= w/w.. 
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Since the imaginary parts of H, and H; are both 
small we obtain very narrow lines at frequencies given 
by the roots of a real dispersion relation. In our approxi- 
mation the dispersion relation has only two roots for 
a’, which are given (after dropping a small term in 
a’m/M) by 


Y(w)=1- 


2é 


afcos’@ (m/M)+sin’d 
- | — +—— - ~|-0, a=w/w-; 


9 ? 


a’—1 a 


a a sm 4 
+|(1+—)-2 (=+sin'e) » ($4) 
2é 2\M 


The intensity of each of the two pairs of lines is given 
by Eq. (37) with the expression in Eq. (54) for Y (w). 

Of the two solutions for a’, one is always larger than 
unity and one smaller than unity. If @¢ is close to 2/2, 
one root is close to a?=a"/2é, i.e., w= +w,, the plasma 
frequency in the absence of a magnetic field. In this 
case the other root is close to a?=1, Y’ in Eq. (37) is 
very large, and the corresponding intensity is very 
small. If either singé<1 or ea or both, the square 
root in Eq. (54) can be expanded and the two roots 
simplify. One root is then given by 

w=w,?+w,? cos*o+sin’> w,'/(w,?+w-), (55) 

which corresponds to a plasma oscillation in the 
presence of a magnetic field. For singé<1 the frequency 
and intensity of this pair of lines reduce to the expres- 
sions given in Eqs. (39) and (40). 

The other root is given by 


w2=[(m/M)+sin’d w2w,?/(w2+w,), 


and its intensity by 


oe sin’p 22\ PF 
le i ea 
22 (a?+ 2) sin’o+ (m/M) a 


Unlike the plasma oscillation line, this “resonance line”’ 
changes its character depending on whether sin’¢ is 
larger or smaller than m/M, for the physical reasons 
discussed in the preceding subsection. If sin*¢<m/M 
the results reduce to those of Sec. 4(d). If (m/M) 
«sin*¢@<1 the resonance frequency in Eq. (56) becomes 
independent of the ion mass M and the intensity /, is 
given approximately by 


T,=2€/o?(e?+2e). (58) 


6. DISCUSSION 


The cases likely to be encountered in the near future 
in ionospheric radar backscatter fall into one of two 


categories. For the Lincoln Laboratories and the 
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proposed Puerto Rico experiments with rather high 
radar frequencies the angle @ is not extremely small, 
the parameter « is slightly larger than unity (¢<1), 
and the parameter a somewhat larger than e. In such 
cases the frequency spectrum to be expected is rela- 
tively straightforward: The main part of the spectrum 
is essentially the same as the “ion component” in the 
absence of a magnetic field. The fairly weak “plasma 
oscillation” lines occur not at -+w, but at the slightly 
modified frequencies given by Eq. (55). In addition we 
have a fairly weak pair of “resonance lines” at fre- 
quencies +w, given by Eq. (57) with intensity given 
by Eq. (58). This pair of lines is absent in the absence 
of a magnetic field. 

Another class of proposed experiments deals with 
very small values of the angle @, i.e., radar beam almost 
perpendicular to the magnetic field, and uses low 
enough radar frequencies so that a and ¢ are both very 
much larger than unity and ¢; only slightly less than 
unity. In this case the “plasma oscillation” lines and 
the “resonance lines” discussed in Secs. 4(d) and 5(b) 
are very weak. If sin*¢, although much smaller than 
unity, is larger than the mass ratio m/M, the bulk of 
the spectrum is as discussed in Sec. 5(a). For ¢=0 the 
bulk of the spectrum would reside in the ‘‘central line” 
discussed in Sec. 4(a), if all the approximations made 
in this paper were strictly valid. In practice, however, 
the following complications may arise. 

In ionospheric radar backscatter experiments we are 
dealing with a wave-pulse of finite length and width 
and thus a finite volume V for which the radar signal 
measures the Fourier components of the electron charge 
density fluctuations. There is then a certain spread, 
not only in the absolute value but also the direction of 
the propagation vector k. This results in a certain 
spread in the value of sin¢@ which is very small compared 
to unity (since very many wavelengths are contained 
in the volume V), but not necessarily smaller than 
(m/M)}*. 

Even if the spread in the angle ¢ is negligibly small, 
we have to consider the effect of electron collisions 
which we have neglected throughout this paper. We 
are considering cases where the collision mean free 
path / is large compared with all the linear dimensions 
such as wavelength, Debye length, and ion gyroradius 
R;. For most components of the spectrum [including 
the discussion of the “frequency gaps” in Sec. 4(c) ] 
this is sufficient to justify the complete neglect of 
collisions, but our treatment of the “central line” [and 
the “resonance lines” in Secs. 4(d) and 5(b) ] requires 
more stringent inequalities: Our treatment for ¢=0 
requires that the effective mobility of the electrons in 
the propagation direction k be less than the thermal 
velocity of the ions. After each collision an electron can 
move its position along the k direction by a distance 
of the order of an electron gyroradius R,. By a random 
walk process, the collisions then enable an electron to 
drift along the k direction even though this direction 
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is perpendicular to the magnetic field. In the absence 
of neutral atoms the collision mean free path / is of 
order DA/|InA, where A= nD*. We are assuming through- 
out that A>>1, but for the electron mobility to be less 
than the ion mobility we require the more stringent 
inequality 


(e2/a)A/InA>(M/m)!. (59) 


If this inequality is not satisfied, the results are more 
complicated than the results for ¢=0 derived in this 
paper but should be qualitatively similar to our results 
for (m/M)<«sin*¢<1. 

Because A>1 we have used the random phase 
approximation throughout this paper and neglected 
any coupling with Fourier components of the density 
fluctuations with propagation vectors different from 
the constant k. This coupling is indeed weak but does 
produce weak electric fields in directions other than k 
which can, in the presence of the magnetic field, cause 
a slow drift of the electrons in the k direction. This 
slow electron drift will also affect the “central line” 
unless A is sufficiently large for the inequality in Eq. 
(59) to hold. 

If the spread of sing around zero is sufficiently small 
and if A is sufficiently large, most of the frequency 
spectrum is contained in the very sharp “central line.” 


SALPETER 


This implies that both the electron and ion density 
fluctuations in a direction perpendicular to the magnetic 
field cannot move through distances much larger than 
the Debye length D or the (small) electron gyroradius 
R,. It should be remembered that we are dealing with 
density fluctuations with a rather special geometry, 
which would not necessarily apply to macroscopic 
density variations in the magnetic containment prob- 
lem, say: The setup of a radar backscatter experiment 
selects out of all possible density fluctuations only 
sinusoidal ones, with a definite propagation vector k, 
which extend over very many wavelengths (the width 
of the radar beam) in directions perpendicular to k. 
“End effects,” which may be of importance in the 
magnetic containment of macroscopic density variations 
with more complicated geometry, can be neglected in 
our case. 
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We investigate the corrections to the representation of the joint distribution of g+/ particles, m,,1, by 
the product mn; for large separation between the sets of g and / particles. For a system in which there 
exists a “finite correlation length,” we find explicitly the 1/N correction term to the simple product, where 
N is the number of particles in our system. When g+/ is equal to two, this expression reduces to that famniliar 
from the Ornstein-Zernike relations for scattering of light from a fluid. In a uniform gas, our derivation 
also yields the explicit 1/N dependence of equilibrium distributions. Our result on the asymptotic form 
is then used to determine the low-order distribution functions for an equilibrium system of varying density, 
as well as for a nonequilibrium system represented by a local-equilibrium ensemble. These distribution 
functions are shown to be governed by the temperature and density in the vicinity of the molecules con- 
sidered. We find as expected that the two-body distribution function coincides, to within quadratic terms 
in the gradients, with its equilibrium value for a uniform system at the temperature and density of the 
midpoint. For the higher-order distributions, correction terms linear in the gradients are found. 


1. INTRODUCTION librium, when the set of g particles is “very far” from 
the set of / particles. The distribution ,,; approaches 
the product of the distributions m, and m, plus a 
correction term. It is the form, Eq. (2.22), of this 


correction term which we find here under certain. 


NE of the fundamental concepts of macroscopic 
physics is that of a homogeneous system. The 
state of such a system is completely described by a set 
of intensive parameters which make no reference at all 
to the size or shape of the system, and by the total 
number of particles, V (unless otherwise specified, we 
deal with a one-component fluid). In actual systems, 
there are always inhomogeneities due to boundaries 
and to gravitational body forces. For sufficiently large 
systems, however, the boundary inhomogeneities, being 
confined to a region very close to the surface, i.e., 
involving distances comparable to the range of inter- 
molecular forces, may be neglected when considering 
bulk properties of the system (or may be investigated 
explicitly by changing the boundaries). The inhomo- 
geneities due to gravity (or other body forces) are 
usually very small over molecular distances and are 
treated by considering the fluid as made up of homo- 
geneous parts with differing intensive parameters. One 
of the purposes of the present paper is to investigate 
and find from the point of view of statistical mechanics 
a justification of this procedure. We consider both the 
case of density variations alone, where we may have a 
true equilibrium system, and the case of temperature 
and velocity variations) as well, where the system is to 
zero order in a state of local equilibrium. 
In order to carry out this investigation, we first 
establish some results concerning the form of the joint 
distribution ¢4:(t1,*+*,%o41) of g+/ particles in equi- 


conditions. It turns out that this correction is related 
to the integral over all space for the Ursell functions in 


an infinite system. In the course of the derivation, we 
also find the explicit 1/V dependence of the low-order 
distributions for a completely uniform system, i.e., one 
confined to a box with periodic boundary conditions. 
This case was also studied by Oppenheim and Mazur! 
who, using a virial expansion and making essentially 
the same physical assumptions as we do, find a density 
expansion for the coefficients of the powers of (1/N) in 
the distributions of a uniform system. It is possible to 
show that their density expansion may be summed to 
yield our result. 

The general correction terms to the pair distribution 
function m2(r,%2) when |mi—r2| — © have previously 
been investigated. When both rm, and re are in the 
interior of a fluid, the asymptotic form of mg is related 
indirectly (through normalization, see, e.g., Appendix 
B) to the scattering cross section of visible light (of 
wavelength long compared to the length of molecular 
correlations) by fluids found by Ornstein and Zernike.* 
When the dependence of the one-particle density (r) 
on r is neglected, and some further assumptions are 
made (implicitly) which will later become clear, then? 
through terms of relative order 1/N, 

no(ri2)=n2¢(ri2) —> w’[1—mkTx/N]. (1.1) 
* This work was supported by the U. S. Air Force under a riz 
contract monitored by the Air Force Office of Scientific Research 


of the Air Research and Development Command, and by the 
AEC Computing and Applied Mathematics Center, Institute of 
Mathematical Sciences, New York University, under a contract 
with the U. S. Atomic Energy Commission. 


11. Oppenheim and P. Mazur, Physica 23, 197 (1957). 

*L. S. Ornstein and F. Zernike, Proc. Amsterdam Acad. Sci. 
17, 793 (1914). See also T. Hill, Statistical Mechanics (McGraw- 
Hill Book Company, Inc., New York, 1956), Appendix 7. 
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Here n is the average density V/V, x is the isothermal 
compressibility 
1 On 

x ma 
n OP\r 
and » is the pressure. Recently, one of us* also investi- 
gated by a very different method (based on a new 
virial theorem for total momentum fluctuations) the 
rather special case of the asymptotic form of m2(r1,re) 
when r; is adjacent to a rigid wall which forms the 
boundary of the fluid and ry, is far in the interior. It 
was found there that, again through order 1/N, 


ln 
no(t,f2)——>n,,n{ 1— ‘ 
sian eee N n, 


Nw= p/kT 


where 
n\ r:) ( 1.4) 
was shown to be the value of the density at a rigid wall. 
Equations (1.1) and (1.3) turn out to be special cases 
of Eq. (2.22) derived in this paper. Another consequence 
of Eq. (2.22) is the vanishing of 1/N correction terms 
to all distributions at T=0. This was conjectured by 
Feynman and Cohen.‘ It is here seen to rest upon our 
fundamental hypothesis of finite correlation length. 
The basic assumption which is made implicitly in 
the derivation of (1.1) and in reference 1, and was 
explicitly made in reference 3, may be stated loosely as 
the absence of long-range correlations in a fluid. A 
rather stringent formulation of this assumption, which 
in one form or another is universally accepted in the 
theory of fluids, states®* that if the fluid is disturbed 
somehow in a limited region of space of volume w, then 
properties of parts of the fluid sufficiently far away 
from w (the effective unit of length being the range of 
molecular forces) will be affected only to the extent of 
O(w/V). Further, the effect of the disturbance is 
supposed to approach its asymptotic value exponentially 
fast. (The additional assumption of exponential 
approach is not necessary for many applications. It is 
usually sufficient that the approach go as some power 
of the inverse distance from the location of the disturb- 
ance. What does appear necessary to assume is the 
absence of fluctuating behavior extending over the 
whole container.) It is clear that the assumption of no 
long-range correlation can be made precise only in the 
limit of the volume V becoming infinite, the density 
remaining constant. It is also clear unfortunately that 
a proof of this central hypothesis would be extremely 
difficult. Since this hypothesis is believed violated in 
the solid state, any proof of it would give a criterion 
for phase transitions. There is however an ample 


3 J. L. Lebowitz, Phys. Fluids 3, 64 (1960). 

4R. P. Feynman and M. Cohen, Phys. Rev. 102, 1189 (1956). 
50. Penrose and L. Onsager, Phys. Rev. 104, 576 (1956). 

6 J. E. Mayer and E. Montroll, J. Chem. Phys. 9, 2 (1941). 
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experimental and intuitive basis for this character- 
ization of the fluid state; we shall accept it here and 
use it in our proofs in this paper, leaving a more 
formal discussion to Appendix A. 

We give two derivations of our general result, a 
thermodynamic one is in Sec. 2, and a statistical one 
based in part on the virial expansion, and thus pre- 
sumably valid only for gases, in Sec. 3. The application 
of our result to nonuniform systems is presented in 
Sec. 4. In Appendix B, we extend the result on asymp- 
totic expressions to mixtures, and also consider light 
scattering from mixtures. Appendix C contains a 
formulation of our main result in terms of Ursell 
functions, and Appendix D contains a further self- 
consistent confirmation of this result. 


2. THERMODYNAMIC DERIVATION 


In order to make our arguments concrete, we shall 
consider explicitly the asymptotic value of the pair 
density #2(r1,r.). Our argument, however, will be of 
such a form that extension of the results to the other 
distributions will be immediate. From its definition, 
m2 is symmetric in r, and re. When m2(r),r2) is integrated 
over the whole pair space, each pair is counted twice, 
thus yielding the normalization 


(2.1) 


J freteurdanat V(N—1), 


where N is the number of particles and the integration 
is over the systern volume V. [Since me(r;,r2) is zero 
whenever fr, Or f2 is outside V, the integration can be 
extended over all space, which is indeed necessary 
when there is no well-defined volume V. ] 

The assumption of a finite correlation length implies, 
for rig very large, that 
5 | 
-_1+o(1) 


no(r1,%2) > n(r1)n(ro) 4 1— (2.2) 


jr (2.2 


where we use the notation A= B+o(1) to mean that 
limy..(A—B)=0, and bd is a number, independent of 
N, which will be determined later. To show this, we 
first write Eq. (2.2) in a form which exhibits more 
transparently its relation to the correlation length. 
Consider the conditional number density, 


w(re|t1)=m2(fe,r1)/n(r;), (2.3) 


for particles at rz when it is known that there is a 
particle at r;. Equation (2.2) may then be written as 


w(ro|t1) > n(r2)[1—b/N+--- ]. A) 
L 


Now in a classical system in equilibrium, the presence 
of a particle at r, does two things: (1) It leaves only 
N-—1 particles with unspecified positions, and (2) it 
introduces an effective one-particle potential ¢(rj1) for 
the jth particle [here ¢(r) is the assumed potential 
between any two molecules |]. The conditional density 
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w/(r2|r1) is therefore identical with the ordinary density 
in a system of V—1 particles with this extra perturbing 
potential. Hence for distances large compared to 4, 
the range of ¢, w(re2|r1) should be equal to the density 
at rz in a fluid consisting of V—1 particles, plus a term 
O(A*/V). Since the difference in the density at rf 
between a fluid consisting of V particles and one of 
N—1 particles is again O(1/'), we are led to (2.4). 
For the special case of an ideal gas, ¢=0, and we find 
immediately that 


=[(N—1)/N Jn(re)=n(r2)[1—1/N ]. (2.5) 


From its definition, we of course always have 


frets r,)dr,= N—-1. 


For a real fluid, the added “external” potential ¢(r,1) 
produces a change in density in the vicinity of r, with 
the result that the effective number of particles whose 
position is unspecified (which determines w, far away 
from r;) differs from N—1, and (2.5) is replaced by 
(2.4). We can express this idea more clearly in the 
following way. Let us divide the volume V into two 
macroscopic parts V4 and Vg, Vat+Va=V. The part 
V4 contains the point r,, while all points r. in Vz are 
sufficiently far from r, that 2 may be given its asymp- 
totic vaiue. The average number of particles normally 
in V4 and Vz will be designated by N, and Nz, where 
N. and Nz are regarded here as both of order V. Now 
for any particular partition of the N particles into V4 
in V4 and Nz in Vz, where 


Ne = N — 


w(re|r1) 


(2.6) 


Na, 
we may write 


N2(¥1,8e Na,Np)=n(t1|1P2,N4,N |N4,Nz). (2.8) 


Here n(ri\t2,V4,NV es) is the density at r; when there 
are V4 particles in V4 and Ng particles in Vz, one 
of the latter being specified to be at re; similarly, 
n(t2|N4,N x) is the density at rz when there are V4 
particles in V 4 and Vz in Vz. This situation corresponds 
to a model system in which V4 is separated from Vz 
by a surface S,4 which is impenetrable for particles 
crossing between V4 and Vz, but which does not 
otherwise modify the Hamiltonian of the system. 
We now have generally that 


=E P(Na) 


'p)n (re 


No(¥),¥e) )no(¥1, 2} Na, N—Na), (2.9) 
where P(N 4) is the probability of having V4 particles 
in V4, and correspondingly N—N,4 in Vz. Thus, 
performing a Taylor expansion of m2 about V4=N4, 
we have 


no(¥1,82) = n(n To, Na, N-—N 4)n (r2| Na, N—-N,) 
+ 3 (NV 4 —N, )?) (8, ON 4?)[n (r, | fo, Na, N—N,) 
Xn(r2|N4, N—Na)]+---, (2.10) 
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where 


((Na—Na)*)= 


> P(Na)(Na —N,)?. 
NA 


We assert that (1) the mgr expansion may be ee 
at the term ((N4—N,)*), and (2) n(ti|t2, Na, N 

in (2.10) may be pa hid by n(ti|N 4, N —N,). The 
first point follows from the fact that, judging from the 
prototype of an ideal gas, (|N4—N,|*)= OW"); 
since the volume V4 is macroscopic, the remaining 
terms in the series are of order N.-0(1 IN 4) and may 
be dropped. Secondly, the fixing of a particle at rz in Vg 
for given values of VN, and Nz can affect the density 
at r,; in V4 only by modifying the distribution of 
particles in Vg close to the surface $4; this in turn 
modifies the neighboring distribution in V4 close to S4, 
which can then affect the density at rm. Since the 
potential change due to the positional perturbations of 
the particles near the surface in Vg extends only to the 
order of \ inside region V4, the assumption of short- 
range correlation tells us that when r, is far from the 
surface S4, 


n(r| ro, N Ay N-N 


laj=n(r1 N Ay N —N4)+(AS4/Va) 
(order of deviation of n(rs| Tr, Nu, N /—N a) 


4, N—Na)], 


where rs denotes a surface particle in Vg. But again 
by the assumption of short-range correlation, the 
deviation in (2.11), elicited by a perturbation over a 
volume ~A*, will be of order O(A*/Vg)~O(1/N) 
=(N4/N)O(1/N 4). The correction term in (2.11) for 
r; and re far from S, will then be ~n(AS4/N4)O(1/N) 
and will vanish compared to O(1/N) as V4 increases. 

The foregoing argument can be improved by further 
dividing Vg into Vz’, surrounding rz, and Vg” sepa- 
rating V»’ from V4. We shall however not attempt this 
here. Accepting then the above argument, we now 
rewrite Eq. (2.10) asymptotically as 


no(f1,%e) 2 n(t1|Na, N—Na)n(t2|Na, N—Na) 
re 


from n(rs|N 


(2.11) 


+3((Na—Na) [ni ry N ,™ N-N N 4) 


On Ve 
Xn(ro|Na, N—Na)]. (2.10’) 


The steps which led to (2.10) may also be utilized to 
write 

=>. P(N A)N4 (YT N As N-N, 
= n(n, Nu. N-N,) 
oe a 7 
—n(ti1|Na, N—Na), 
N° (2.12) 


n(¥,)= 


+3((Na- 
n(r2)=n(to|Na, N—N 


+3((Na- 
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In (2.12), we have neglected terms of smaller order 
than 1/N4, but this is consistent with V4 being of 
macroscopic size. Combining Eqs. (2.11) and (2.12) 


then yields in the asymptotic region 
no(¥1,%2) — n(4))(Le) 


0 2 a 


n(r| Nau, N—Na) 


+((6 | 


where 6V,=N4—N,4. 

Since the second term in (2.13) is already of order 
1/N, any parts of it which are of further order o(1) 
can be omitted. This permits (since r and f2 are far 
from the surface) the replacement to order S/V, 


n(ry Nz, N-—Na) n(ri|Nu, 9), 


4 F (2.14) 
n(to|Na, N—Na«) 


nN\Te 0, N-! 4). 


Both N4 and Ny, are functions of NV. We may therefore 
express (2.13) in terms of derivatives with respect to NV. 
Thus 

On(re\ 0, V—N,) dn(fe 0, Nz) 


ON 4 


dNpz 


dn(r- 0, Nal ss fot 


dN dN 


On(to) dN 
ON dNz 
and similarly 


an(ri:|N4.0) dn(r,) dN 


5 (2.15b) 
ON { ON dN { 
again neglecting terms of order S/V. Setting n= N/V 
and leaving the m dependence implicit, Eq. (2.13) thus 
reduces to 

t On(r,) On(re) 
No(¥1,%2) — n(r,)n(re)— —n n 

N On on 


1s,dN dN 
X(N)? (= --+-— ), (2.16) 
V\dN / 


A dN B 


where we have used the identity (dN/dN4)(dN/dN gs) 
=dN/dN4+dN/dNp. 

We now show that the expression (2.16) is inde- 
pendent of the division into volumes V4 and Vz, and 
find its explicit form. It follows from the general 
principles of statistical mechanics that 


AND 


Ss 


P(Na)=exp{—[Fa(T7,Va,Na)+F o(7,V 5,5) 


1 (6N,)? 
—F(T,V,NYVkT) ~exp| - 
2 RE 


PF «(TV 1V i) PF pl TV nN) 
x| } i (2.17) 


an ,? an? 


F being the Helmholtz free energy, and we have again 
consistently neglected terms of order o0(1). Here the 
most probable value of .V4, which for our purpose may 


be set equal to V4, is determined from the condition 


OF 4(T,VaNa) OF 2(T, Va, A 
ON « z oN 


-~N,) 
Bha= 


and w=pa(Na(AN )}=n(.V) is the chemical potential of 


the full system. This readily yields the expression 


Ou 0.\ oN 
((6N4)?)=kT ( —+ —- )| 
LON ON 4 0 Np 


or, combining with Eq. (2.16), 


(2.18) 


N»(t;,fo) > n(r))n(re) 


RTT On(ri) ff On(r 1 al 
PPLE). ow 
NL on on V Ou 
For a uniform system with no body forces, the quantity 
(1/N)@N/dp is equal to m times the isothermal com- 
pressibility x. For a general nonuniform system, we 
may still write 
1 aN 
(2.20) 
V Ou 
where x is now 
leads us finally to the asymptotic expression, 


some average compressibility. This 


N2(T1,f2) > n(r,)n(Te) 


nkTxf O 0 
n—n(r;) |] n—r(r (2.21) 
\V on on 
When r; and rz are both in the interior of a uniform 
fluid, (2.21) becomes the Ornstein-Zernike relation 
g(r) > 1—nkTX/N, (1.1’) 
while if r; is at a rigid wall, then, as shown in reference 3, 
1/(nkTX), 


N»=n(r, at wall) On(r,)/On 


n 1 
No(¥\,fe) > n n(1 ), 
n.. N 


a result derived in reference 3. 
The extension of the above analysis to the distribu- 


b/kT, 
and 


(1.3’) 
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tion of g+/ particles is straightforward and yields 


nkTX {Ong On, 
Natt —> Ngti— — (wm) (nm). (2.22) 
N on on 


3. STATISTICAL MECHANICS DERIVATION 


We shall now investigate the asymptotic behavior of 
N+. from a statistical mechanical viewpoint. To do this 
involves two steps: (1) a decomposition of quite general 
validity of thermodynamic quantities and distribution 
functions into a dominant part and an O(1/4) cor- 
rection term expressed in terms of the dominant part, 
and (2) a computation of the spatial asymptotic form 
of the dominant part of a distribution and consequently 
of the O(1/.V) term, in which the explicit form of the 
canonical partition function plays a crucial role. Since 
the dominant part in fact represents a grand canonical 
average from which the fixed-N components are then 
extracted, there is a family relation with the “box 
within a box” thermodynamic argument of the previous 
section. 

The equilibrium statistical mechanics of an inter- 
acting \-particle system in a volume V may be obtained 
from the partition function Qy, or from its physical 
counterpart, the free energy 

Fy=— (1/8) InQy, (3.1) 
where &@ is the uniform reciprocal temperature. Qy is 
given explicitly by 


Onv=(1 Vi) [ exp(—BHty) (ardp h®)%, classical 


=Trexp(—8Hy), quantum mechanical, (3.2) 
Hy being the system Hamiltonian. However, the 
precise form of Qy is unimportant at this stage. What 
is vital is the smallness of density fluctuations, to the 
extent that the grand partition function, 


Q(2)= Oue™, (3.3) 


at fixed V and z has contributions from only a very 
small range of particle number M. If this is so, we may 
contemplate a Darwin-Fowler or steepest descent 
extraction of Oy from Q(z). 
Let us define 

L(z)=1nQ(sz). (3.4) 
For an open system or grand canonical ensemble, L is 
related to the pressure by L=pV/kT and z to the 
chemical potential by 8u=Inz. Here, the quantity L 
is but a means to an end, for we may express Qw in 


CORRELATIONS 


IN CLOSED SYSTEM 


terms of it through the contour integral 


Qv=(1 ani) b expL L(g) g-%dt/t 


=(1 2n) f expLL(re’®)— Nid—N Inr]dé. (3.5) 


The large-V asymptotic form of (3.5) appears from a 
steepest descent evaluation as’ 


of a } 
Onset | lrz- E LI : 


2 (3.6) 
| OzL Oz 


where 


z0L(z)/dz=N (3.7) 


determines z. If the method is valid, corrections to 
(3.6) for derived quantities such as Fy may be shown 
to be of order O(1/N?) compared to the principal term, 
and this is strictly negligible for most applications, 
including ours. Such a statement is as always fully 
meaningful only for a uniform fluid, where one can take 
the limit V— ~ at constant density, but the same 
numerical order of magnitude should hold for a non- 
uniform system. From (3.1), we have as well 


|}. os) 


On the basis of (3.8), we may introduce the “‘domi- 
nant part” of Fy, 


—BFy=L(s)—N Inz—} In2z. 


— BF y=L(z)—N |nz—} In2x 


(3.9) 


Fy, which coincides with the result of the usual 
Mayer-Ursell virial expansion,’ is of course just the 
grand canonical average, and would yield the correct 
free energy per particle in an infinitely large uniform 
system. In a general system, the principal property of 
Fy which will be utilized is the following. Consider 
any variation of the system which does not affect total 
particle number. Then according to (3.9), 


—5(BF vy) =6L(s)— (N/2)6s, 
or, inserting (3.7), 
—6(BF y)=45L(z)—[0L(z)/dz |bz. 
Hence we may write 
—5(8F y)=65L(3)| const 


Equation (3.10) permits us to compute a variation of 
Fy explicitly in terms of ZL without being required 


(3.10) 


7 See, e.g., J. O. Hirschfelder, C. F. Curtiss, and R. B. Bird, 
Molecular Theory of Gases and Liquids (John Wiley & Sons, Inc., 
New York, 1954), p. 142. 

8M. G. Mayer and J. E. Mayer, Statistical Mechanics (John 
Wiley & Sons, Inc., New York, 1940), Chap. 13. 
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to solve for z. Finally, Fy is to be expressed in terms of 
Fy, Since 


OF y© dz OL N 
—£B -( )( )Ine= — Ins, 
ON ON Oz Zz 


OF /AN, then 


PF y 1\ dz ra 7) 0 
Fae Sa Ce a 
oN? z/ aN Oz Oz\ az 


Inserting into Eqs. (3.8) and (3.9), we have 


oR V 0) 
BF y=BF vy ss —} in( ). 
oN? 


Equation (3.11) may be rewritten in terms of the 
compressibility. For a very large uniform system, Fy/.V 
is a function of n=N/V alone. Hence the isothermal 


i.e., the thermodynamic relation pu 


(3.11) 


compressibility may be written as 


Op 1 Oo OF . 
(2Y “(152 
On ON AV 





r O@ OF ! ery 
=I” ( y? )| = (nv ) ; 
oN ON N oN? 


For an arbitrary system, we may correspondingly 
define an average compressibility, 


_ 1 
2 Fy ) ; 
On? 


where differentiation is at constant volume (or constant 
external potential). Equation (3.12) is seen to be 
equivalent to the expression (2.20). Further, applying 
a variation 6, commuting with NV, to (3.11) yields by 
virtue of (3.12) 


(3.12) 


1 nx @& 
bf y=6F y©— n—(6F vy), 
N 28 


On? 


our fundamental relation. The second term on the 
right-hand side of (3.13) is a correction, containing the 
factor 1/\. For a large uniform system, the relative 
correction (Fy itself goes as V) is literally a 1/N term, 
while for a nonuniform system, this is still a reasonable 
assessment of its numerical value. 

Relation (3.13) is readily applied to determining the 
N dependence and asymptotic form of the configuration 
space distribution functions. For the V dependence, it 
suffices to express the distributions in terms of the free 
energy. Suppose that the system Hamiltonian contains 
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an s-body potential, 


H=-:-- (3.14) 


which in the final evaluation is to be given its actual 
value, perhaps zero, but not until then. Then it is 
easily shown that the s-body distribution function n,, 
normalized so that 


fre, ++ or, dry, 


may be written as 


m,(11,°°* Ts) 


n,=s'6F y/bb“ (3.16) 


By making ¢“ other than a pure configuration-space 
potential, this result extends at once to phase-space 
distributions and density matrices. Now applying 
(3.13) to (3.16) results in the relation 


V 28 on? 


where n,, arising via (3.16) from Fy actually 
represents a grand canonical average distribution. 
When n, depends only on n= N/V, then it coincides 
with m, in an infinite system, and (3.17) expresses the 
1/N corrections. For example, with s=2 and large 
separation riz, then in a uniform system, (3.17) reduces 
to the previously discussed m.=m’(1—mnx/8N). For a 
nonuniform system, the utility of (3.17) derives from 
the special properties which ,“ possesses, 
particular its simple asymptotic form. 

Our major objective is to find the asymptotic form 
of m,4; when the coordinates separate into two distinct 
bunches, 


and in 


and J= (f911,° °° ,fo+2)- 


7 


g= (T1,° + * Fg) 


For this purpose, the corresponding asymptotic form 
of m4. is required, and it may be obtained by as- 
suming sufficiently rapid convergence of the standard 
cluster expansion for L(z), a stronger condition than 
the previously employed finite correlation length. The 
point is this. First consider classical equilibrium 
statistical mechanics. If the factor 

(3.18) 


f(n,: ‘ +r.) =expL — Bop” (f1,° °° Fs) ‘te 


is regarded as a “‘star’”’ connecting vertices mr, 
and if we further introduce the Ursell factor 


~. rs, 


U.(ni,: ++ td=> Dilti,:-+,t), (3.19) 


where the D, run over all (nonrepeated) products of 
Jf represented by diagrams in which the ri, «~~, Tare 
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connected, then it is known (see Hill*) that Q(z) of 
(3.2) and (3.3) achieves the form 


ie) =exp| =| fu, -+ 4 )d't ec/ , (3.20) 


where 


d'‘t=drjdrz- - -dt;. 


Here C is a factor resulting from momentum integra- 
tions. From (3.16) and (3.10), then 


—s!\ 6 d't 
n,o=> «c(—) —- ( fe), (3.21) 
B Jag t! 


whose simplicity is due to the fact that explicit z 
dependence is untouched by the variation, 

Suppose now that (3.21) converges rapidly enough 
that only terms up to some finite ¢ need be considered. 
For finite-range forces, this then requires only clusters 
up to some finite spatial diameter, related of course to 
the correlation length but conceivably depending on s. 
Sets g and / in s=q+/ are then to be regarded as 
asymptotically separated if g and / are separated, 
member from member, by more than this finite diam- 
eter. If under these conditions 6/ D.d'r/ig“** did not 
disconnect set g from set / in D,, the cluster would 
have an impermissibly large diameter. Thus a separa- 
tion must occur. We note that U,/t! lists all distinct 
diagrams (with undesignated vertices, but weighted by 


the number of repetitions under vertex permutation), 
while (—s!/8)6/d@ for separated gq and / removes a 
“star” f{ in any order in which it may be presented. 
It follows that, including both possibilities f‘ and 1 
for the g connection, and similarly for the /, the sepa- 
ration is into 


—q! 5 d™r/—liy 6 a"r 
CCE.) fo) fo) 
B bo” m!\ B J dg n! 
Here m+n=1, and all distinct combinations D,,, D, 


are obtained in this fashion. Inserting into (3.21), we 
at once conclude that 


Net” > nny (3.22) 


for asymptotic separation of sets g and /, This may be 
regarded as the characteristic property of m,: The 
grand canonical distributions, for asymptotic decompo- 
sition into particle subsets, separate through order 
1/N into their component distributions. [It might 
appear that a corresponding statement could be made 
for the diagrammatic density expansion of a canonical 
ensemble with periodic boundary conditions and 
translation-invariant potential, but since the generating 
function for the irreducible clusters is no longer the 
free energy, and since more diagrams may be decom- 
posed by the variational differentiation, the form (3.22) 


® See Hill, reference 2, p. 136. 
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is not obtained. Instead, one finds (3.23) directly, but 
more laboriously. | 

Applying the correction formula (3.17) to the 
combination ¢4:—,1, we have 


WX Png 
No+1— NN = Ng) — | — 
2BN on? 


n®X\ Pn, 5X \ Pn 
-|n,0-(= ) |] x» ( ) | 
28N/ On 28N/ dn? 


Employing (3.22), and dropping the final O(1/N?) 
term as well as the deviation of m, from n, within a 
correction term, then 


1 nx/ On, On, 
Nati —> Ngn— — (« )( ‘), (3.23) 
N B on on 


the desired asymptotic relation. The foregoing is 
classical. For quantum mechanical distributions, the 
explicit form of the Ursell factor is altered, but 
similar comments are appropriate. The noncommuta- 
tivity of coordinates and momenta however introduces 
additional effective coupling in the form of propagation 
factors of range of the order of the thermal de Broglie 
wavelength, (8h%?/2m)', thereby contributing to the 
maximum effective cluster diameter. At very low 
temperature, 8 — ©, greater care is required, as it is 
when infinite range, e.g., Coulomb forces, are present. 

We remark here further on the relation of Eq. (3.17) 
to the general NV dependence of the low-order distribu- 
tion functions, This may be of some direct relevance 
in dealing with systems in which JN is actually a small 
number, such as those used in machine calculations by 
Alder" and others. When our assumption concerning 
the convergence of the virial expansion is valid, then 
for a uniform system, m,© depends only upon the 
density,' in which case as indicated following (3.17), 
n, coincides with the leading term in a 1/N develop- 
ment of m,. Equation (3.17) then states a verifiable 
relation between the V-independent term and the first 
correction to it, which is proportional to 1/N. 

The relation (3.23) may also be extended to the 
intrinsic correlations or Ursell distribution functions. 
This is carried out in Appendix C. 


4. THE LOCAL NATURE OF DISTRIBUTION 
FUNCTIONS 


We shall now apply the results of the previous 
sections to a one-component fluid whose intensive 


” See, e.g., C. Bloch and C. de Dominicis, Nuclear Phys. 7, 
459 (1958). 

' See, e.g., B. J. Alder and T. E. Wainwright, J. Chem. Phys. 
27, 1208 (1957). 

la Note added in proof. This is true up to the &th power in the 
density, where k= (L/a), L being the length of the periodic con- 
tainer. The coefficients of the higher powers in the virial expansion 
will contain implicit nonanalytic dependence on V. We are pres- 
ently studying this dependence. 
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parameters such as density, temperature, and local 
velocity vary slowly with position. The Gibbs ensemble 
describing such a system has been considered by many 
authors.” The classical ensemble density u(X), where 
X={-+-r:,-++,pir++} is a point in the I space of the 
system, is generally written as a local equilibrium part 
ai(X) and a correction term y’(X). The part 7(X) is a 
superposition of canonical (or grand canonical) en- 
sembles for each small region of the fluid at its own 
temperature 7(x), velocity v(x), and density n(x): 
u(X)=p(X)+y'(X), (4.1) 
Saal 
aid - fas 8(x)LE(X,x) 


v!0 


— v(x)- P(X,x)—v(x)n(X,x)]}. (4.2) 


Here x is a point in physical space, 8(x)=[k7T(x) }-, 
and »(x) is chosen to give the correct density n(x). 
E(X,x), P(X,x) and n(X,x) are the microscopic energy, 
momentum, and particle density at x when the state of 
the system is represented by the phase point X"™: 


N 
E(X,x)=30 6(x—r,)[p2/2m+4 ¥ o(r:;)+U (r,)], 
1 J 


N 
P(X,x)=> 5(x—r,) pj, 


1 


(4.3) 


N 
n(X,x)=)>> 6(x—r;). 
1 


¢(r;;) and U(r;) are the internal and external potentials, 
respectively; VY is a normalization constant, reducing 
to the canonical partition function Qy for an equi- 


librium ensemble. Thus 


f(X)=faun.(X)/N 10, 
where 


N 
Bien (2) exp| -¥|-1 (r;)+8(r;) 


1 


) 


[pi—mv(r;) P | 
x( +3 E o(e.))] ’ 
2m j 


Q= (1 VD) f Bs (X)dr;- j ‘dpy, 


and 
¥(ti)=[—U (r,)+3mo(r;)?+(r,) B(r,). (4.5) 


The term yw’(X) in (4.1) is of first order in the 
gradients of the hydrodynamical variables in the sense 
of vanishing in the case of uniformity, and has a 
vanishing integral. It is x’ which is supposed responsible 


2H. Mori, Phys. Rev. 112, 1829 (1958); J. L. Lebowitz, 
Phys. Rev. 114, 1192 (1957). 

8 J. Lebowitz, H. Frisch, and E. Helfand, Phys. Fluids 3, 325 
(1960). 
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for the dissipative behavior, while @ should yield the 
equilibrium form, at the local value of the intensive 
variables, for such quantities as energy density E(x), 
pressure p(x), etc. This will be true if the low-order 
distributions f,, and in particular the two-body distri- 
bution function /2(r1,%2,pi,P2), computed from ff have 
their equilibrium form at the local value of the intensive 
variables. We shall investigate the validity of this 
hypothesis. 

Now the distribution /, for the position and momen- 
tum of s particles factors readily into a position distri- 
bution #,(f,---,r,) and a momentum distribution 
(with positional dependence in the large). We have 


Fs(t1,° oe oe | »P;) 


N! 
~(N [tide..1---drvap uate dpy 
N-s)! 


=,(f1,-°°,¥ 11 C2emer r 
l 


[pi—mv(r); 
Xexp{ —f(r;) . (4.6) 
2m 


The momentum distribution is thus locally Maxwellian 
and we need consider only #,(r,,---,r,). The position 
distribution #, is a functional of the temperature T(r) 
and (through y) of the density m(r) in the whole 
container. It is our aim to show that, for slow variation 
of B(r) and n(r), the m, depend only on the values of 
these quantities in the region containing rm, ---, r,. In 
fact, it will develop that, for s=1, 2, 

(4.7) 


N,(41,° °° ,¥s)=N,(T1,**+,%.; 8,7), 


to second order in the gradients. Here m, is the equi- 
librium distribution for a system at uniform tempera- 
ture (kB)- and density 7; B= 8(R) and n=n(R), 
where R=(1/s)}°)'r; is the s-particle centroid. For 
s>2, gradients at R will also be required. However, 
there will be no contributions from outlying elements 
of the fluid, so that even for s>2 the distribution 
function is truly local, as expected. 

We shall consider first 
change in the function 
Eqs. (4.4) and (4.6) that 


due to a 
It readily follows from 


the change in # 


y(r). 


57,(¥i,-* +0) 


- =N,(T1,°°° 
dy (r) 


+ figii(t1,° ++ %,.¥)—7,(T1,--°,%,)mi(r). (4.8) 
(%i;=m, is the density which determines y.) Hence 


under the infinitesimal alteration dy(r), 


8 


-.¥,)>_oy(r;) 


1 


5%,(41,°*+,¥,)=7,(1,°° 


+ flnutn, °° ¥,,.¥)— %,(11,° * * .¥s)1(48) léy(r)dr, 
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which, since 


fea. (11, + * Wey¥)— He(t1,°* 8.) (4) Jdr 


=—sf,(t1,°°*,¥,), (4.9) 


may be written in the more convenient form: 


Balti t= f Laer ytat) 


— fi, (¥:,+ ++ ,t,)mi(r) |Lby (4) — (1/s)oby(r,) Jdr. (4.10) 


To take advantage of the asymptotic expression (2.22) 
or (3.23), (4.10) is further decomposed as 


a 
on 


1 
x| er) - E ari) fr [| eeesttue stan 
AY 


nx On,(T1,°° 
9 


6%,(f1,° °° ,f.)-+—- 
NB on 


—#,(81,°° 


+.) (0) +—?* — = 


NX OM,(Ti,°**,Ts) ae 
NB On on 


1 
|r -> n(n fa (4.11) 
s 


According to (3.1) and (3.12), the mean compressibility 
x and reciprocal energy 6 need not be specified more 
precisely, for the combination 


nx/B=N(—n?d? InQ/dn®), n=N/V, (4.12) 


is directly determined by Q. 

By virtue of the relation (3.23), the integral on the 
right-hand side of (4.11) has contributions only from r 
within some conservative multiple of the correlation 
length from at least one of rm, ---, r,, certainly a finite 
region R independent of V when all r; are far from the 
walls. Hence (4.11) is seen at once to be a local expres- 
sion for the change of #,. Further simplification may 
be achieved. Assume that the spatial rate of change of 
dy(r) may be regarded as uniform in region R. Then 
dy(r)— (1/s)>-dy(4,) may be replaced by [r—(1/s)}-r; ] 
-Véy(R), where R is the center of mass of rm, ---, ry. 
Similarly, assume that ,(r) and 0m(r)/0n are essenti- 
ally constant in this region, for we are concerned with 
large scale inhomogeneities, while #,41 is also uniform 
in that it depends only upon interparticle distances. 
Under these conditions, if one makes the center-of- 
mass reflection r— (2/s)>> r;—r, the second bracket 
in the integral reverses sign. On the other hand, for 
s=1 or 2, a center-of-mass reflection of r leaves the 
distances of #,4:(11,°*-,¥,,%) unaltered, so that the first 
bracket is unchanged. Hence the right-hand side of 
(4.11) vanishes, and we are left with 
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nx On, (r) 
6f,(11,°* + hs) = | e- wf : [ar 
NB on 


ON, (T1,°** Ty) 


1 
--> in(e) fae | ; 
§ 


on 


for s=1 or 2. This is of O(1) with respect to NV. 
Consider first the case s=1. Equation (4.13) then 
reduces to 


oa On,(r) On, (4) 
62,(r,)= ef —[dy (11) —dy(r) Jd, (4.14) 
NB On on 
which, noting that (0/dn) fn,(r)dr=ON/dn=V and 
inserting (2.20), may be solved for 5y(r,) in the form 


B  6m(r;) 1 On,(r) 
ay 
y 


by (11) =— — 
on 


nx On,(r1)/On 


OBu 0n,(r1) 
-(—/: )ns(1s) const, 
on On 


Thus, the change in y(r,) required to produce a given 
change in m(r,) is, except for a constant, identical 
with that which would be obtained by changing By by 
means of a change in total particle number (or over-all 
density ~) adjusted to yield the actual local density 
n(r). This shows that a slowly varying density can be 
interpreted by representing each fluid element as an 
open system exchanging particles with neighboring 
fluid elements (total particle number being main- 
tained), and gives meaning to (1/8)y(r) as a local 
chemical potential, up to a constant independent of r 
(but which may depend on the function 7). 

Let us illustrate this by considering the variation of 
dengity of an ideal gas in a uniform gravitational field 
in the z direction (a potential of mgz) due to a change 
in the gravitational force constant g. According to 
(4.5), this will result from dy(r)=—Smégz. Further, 
since n(r)= N8mg exp(— Smgz) for a unit area of gas 
between z=0 and z=, then 6n(r,)=(1/g—Bmz2:) 
Xn(ri)6g, which would equivalently be produced by a 
5N of (1/g—8mz,)nédg. Now the chemical potential is 
given here by 


(4.15) 


u= 0F/AN=(0/dN)(—1 a an In(2rm/Bh?) 


—InN!I+N in f exp(—fmes)ds] 


const — (1/8) InN+ (1/6?mg), 


so that 6(8u)=édN/N—ég/8?mg?. Under the above 
changes, this becomes 6(8u) = —@mégz:, which is indeed 
identical with éy(r;). 

To complete the picture, consider next the case s=2, 





1684 J. L. LEBOWITZ 
in which our principal interest lies. Observing that 
> dy(r;)=séy(R) through first order gradient terms, 
we find that Eq. (4.13) takes on precisely the same 
form as Eq. (4.14) for m(R). It follows then that 


Ofte (41,82) dn,(R) 
sn.(eun.)=( / ~Jom(R), (4.16) 


on On 


In other words, the change in #i2(t1,r2) produced by dy 
is equal to that which would be obtained by only 
altering the number of particles in the system so that 
the local density m,(R) at the center of mass R=}(r, 
+r.) attains its actual value. Thus we reach the desired 
conclusion that a variation of m,(r) also has the same 
local effect on mz as an equivalent change in local 
density achieved by changing the total particle number. 

The infinitesimal process leading to (4.14) can be 
iterated as long as neither the gradient of the effective 
external potential y(r) nor the form of the two-body 
distribution vary significantly within a correlation 
length. Starting with a uniform motionless fluid [of 
small (surfaceX correlation length/volume) ratio ], we 
can further conclude in this fashion that with the sole 
condition that the external force and local velocity 
(and hence local density) be slowly varying in space, 
the 2-body distribution will be precisely that of a 
uniform fluid of density equal to the local density at 
the center of the two particles. 

The simple expression (4.14) is not valid for #, with 
s>2. Indeed, the vanishing of the short-range contri- 
bution to the right-hand side of (4.11) was established 
by an elaboration of the familiar argument" that for 
fio(¥i,%2) there exists no vector of local character, 
symmetric in r;, rz which can combine with Vy(R) to 
give a first order correction. This argument fails for 
s>2. Instead, a density gradient can provoke an 
anisotropy in the local s-body distribution. Replacing 
(4.13) by (4.11) in (4.16), and representing #,,:/mm by 
the superposition approximation," results in a relatively 
simple correction to (4.16) which we cite for the sake 
of completeness: If 


fi.(ti,- ++ te)~I]] (rT [[ae(r.,4;)/ni (rn (r,) |, 


then 


O/,(¥),-°*.¥,) 7sAn,(R) 
baalty: 8.) ( / onc) 


on / on 


A»(r;,T) 
=Alt-0) f 11( ) 
ny(¥;)2,(4r) 


fhe as. (¥i,0) 
-11( ) prac e— Rode-voy(R) (4.17 


ny(4;)\(4) 


Here fiz as. is the asymptotic form of fp. 

4H. S. Green, Molecular Theory of Fluids (Interscience Pub- 
lishers, New York, 1952), Chap. 5, Sec. 5. 

16 J. G. Kirkwood and E. M. Boggs, J. Chem. Phys. 10, 394 
(1942). 
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We proceed next to the case of a slowly varying local 
temperature, anticipating that low order distributions 
will again maintain their equilibrium form. Changing 
the function 8(r) in (4.4) has two effects on #, of (4.6). 
First, there are one-body terms which will alter, 
namely y(r) and the exp{— $In[2rmkT(r) }} arising 
from normalization of the momentum distribution. We 
have just seen that a slow alteration of a one-body 
term leads to an fiz in which this term may be taken as 
literally constant. There remains then the effect upon 
the two-body potential terms, that is, upon 


8(q,r)o(q,r)=4[8(q)+8(r) |o(q,r). 
Clearly 
5(8¢) 


4[68(q)+68(r) |b(q,r). 
It is now only necessary to extend Eqs. (4.8)-(4.10) to 
two-body variations. Doing so, we have 

5%, (T1,-** Te) 

2 me n (fy,°°° 


68(q,r) 


from which 


26/,(r1,° re 2) 


cine f,°°° 


— f,(t1,° ++ ,¥,)f%2(q,r) \dqdr 


+24 586(1;,q)[ fies. (t1,° + + 0,4) 


—f,(01,°**,t.)i(q) |\dq+2%,(r;,° + -,r,) 


x fx 58(r;,q)7,(q)dq 


+-f,(11,--+,¥,)>.’ 6BG(r;,r;), (4.19) 


where >.’ denotes the omission of i= 7. 

Our inquiry now concerns the extent to which the 
change in #,(f1,:--,r,) differs from that which would 
occur due to a uniform change in temperature corre- 
sponding to that at the midpoint R=(1/s)>° r; of 
Ti, °**, fs. Thus, being more explicit, we wish to consider 


fi,(t1,***,¥e;8(r)+68(r))—A,(r1,- - -,r,; 8(r) +68), 


the difference of two types of variation, where 6B is 
the uniform variation 58(R), and y(r) is the same for 
both distributions. Again, this difference may be 
divided into an asymptotic and a residual part: 


2[a.(r1, ---, t.; 8(r) +68)—A, (11, ---, r.; B(r)+68(r)) ] 


= (n®x/NB)ON,(41,° °°, A(q,r,F)f2(q,r)dqdr 
q 


+2) a(asrsR)m(a)da]-+ Ti+T2t+T;3t+T,, 
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where 


T= f A(ax,RILA(n, . - I.) f2(q,r) 


= Nese» 


(rj, a .,4,0)+ (n*x, ‘NB)dN,(t1,° a Ts) ; 


dndA.(q,r)/On \dqdr, 
T:= fz A(q,ri,R)[a,(11,- « -,1s)1(q) 


(4.20) 
— figsi(01,° + *,8e,4) + (n®X/ NB)OR,(11,+ + +r.) / 
dndn;(q)/dn \dq, 
=—2f,(r1,°° sn) fZ A(q,r.,R)n,(q)dq, 


—fi,(t1,---,r,)>_’ A(t,r;,R), 
and 
A(q,r,R)=[468(q)+ 368 (r) —68(R) ]6(q,r). 


The “unperturbed”’ distributions all have temperature 
dependence 8(r), although this is not explicitly indi- 
cated. The elimination of correction terms 7,— 7, in 
(4.20) is possible once more only if s=1 or 2, which we 
henceforth assume. 

In order to reduce (4.20), let us more carefully define 
the slow variation of 58, in the sense that if Z is a macro- 
scopic length, / a microscopic one, then LV6@ is of order 
58, but /V38 and PVV58 may be taken as zero. Consider 
first the term 7,. Again assuming local dependence of 
fi,.2, fiz, @ on interparticle distance alone, both ¢(q,r) 
and [%,ft2—fi,42°-* ] are unchanged by an inversion 
through the center of mass: x > 2R—x. But ¢(q,r) 
insists that q be close to r and the asymptotic deviation 
[ fi,fi2—figy°++ | then requires that q and r be within 
the order of a correlation length from {r,r2}. Since 
the coefficient of @(q,r), averaged with its inversion, is 


3[368(q)+ 368 (r) —68(R) ] 
+3[468(2R—q)+368(2R—r)—8(R) J, 


with leading term now going as ?’VV8(R), the term 7; 
may be dropped. The elimination of T; and 7; proceeds 
in precisely the same fashion, while for T, an average 
over inversions is both impossible and unnecessary. 

Thus only the asymptotic contributions to (4.20) 
remain, and the second of these vanishes for the same 
reason as that ascribed to 73. Since the resulting 
relation is equally applicable to variations of #2(r1,T2) 
and ;(R), it follows that, as in (4.16), 


fio[ 11,82; 8(1) +68 (4) ]— foLni,re; 8(r) +58] 
Ono(¥1,fe) On,(R) 
-( —- /- )enlR; 60) +380) 
on on 


—nR; B(r)+6B]}. (4.21) 
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Combining with (4.16), we see that a uniform change 
of reciprocal temperature 58 followed by an alteration 
of y(r) sufficient to bring m,(R; 8+68) to its true value 
ni(R;8+68) results in a value of #2(r1,r2) identical 
with that produced by the nonuniform change 68(r). 
This infinitesimal process can then be iterated to show 
that a slowly varying temperature, with no restriction 
on the magnitude of its change in the large, can be 
reduced insofar as f2(r1,%2) is concerned to a uniform 
temperature 8(R) with modified y(r) and thus to the 
corresponding equilibrium distribution at 6(R), 2:(R). 
As a consequence of the analyses of (4.16) and (4.21), 
the validity of (4.7) for s=2 has now been demon- 
strated. 

In Appendix D, we show that the pattern of inference 
established above may be reversed, in that the asymp- 
totic forms (2.22, 3.23) are themselves consequences of 
the local character of distribution functions together 
with the basic Ornstein-Zernike relation. 


5. CONCLUSION 


We have shown in this paper how the assumption of 
the existence of a finite correlation length in a fluid 
yields explicit expressions for the (1/N) terms in the 
joint distribution of two sets of particles which are far 
apart compared to the correlation length. The form of 
these terms was then utilized to prove the local nature 
of the low order distributions in a system with spatially 
varying intensive parameters. 

It appears to us that the central problem in the 
theory of equilibrium fluids is the proof of the existence 
of such a length. As mentioned in the introduction, 
this is related to the distinction between fluids and 
crystals and hence to phase transitions between these 
forms. 
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APPENDIX A 


In this appendix we attempt to give a more rigorous 
mathematical formulation of the concepts of finite 
correlation length and asymptotic form of distribution 
functions. It is clear that these concepts can be made 
precise only when we have some procedure for letting 
the particle number 'V approach infinity. When the 
system is completely uniform, i.e., periodic boundary 
conditions, this passage to the limit is indeed straight- 
forward: V2, Vo, N/V=n (although even 
here one may have to specify the ratios of the various 
sides). 

For a nonuniform system, we may imagine the 
restriction to successively larger volumes V by impo- 
sition of an appropriate (short range and infinite) wall 
potential. All other conditions are to be held fixed at 





1686 LEBOWITZ 

predetermined values throughout space: internal and 
external (e.g., gravitational) potentials, as well as local 
(for a local-equilibrium ensemble) temperature and 
chemical potential. We assume then that these quanti- 
ties are sufficiently bounded that if the particle number 
N(V) for each volume is suitably chosen, the distri- 


limiting values ,(r,°--,t%) as N— «©. The value of 
m,(¥1,-**,t%) may of course depend on the way the 
volume becomes infinite. In the following we shall think 
particularly of two ways of passing to the limit: the 
first is such that the positions of all & particles become 
infinitely far from the walls, the second that some of 
the walls remain located at a finite distance from the 
k particles. As a prototype of the first situation we start 
with a cube defined by —$L<x, y, <$Z and then let 
L—«, while the second may be represented by 
starting instead with a cube O<a<L, —$L<y, s<3L. 
The second situation is necessary for the examination 
of wall effects on the distributions in the limit of 
infinite L for an otherwise uniform system. 

We will now specialize our discussion to the one and 
two-particle distributions. The two-particle Ursell 
function for given N, V is 

Fo(r1,%2; N)=ne(01,%2; N)—n(11; N)n(t2;N). (A.1) 
§ vanishes when either of the particle coordinates is 
outside V and has the property that 


[secon N)dro= —n(r,; NV). 
J 


Our previous assumption assures the existence of 


(A.2) 


lim Fo(r1,%2; NV) = Fo(1,%2) = me("1,%2) — (41) n(re). (A.3) 


No 


The Ursell function %2(r,r2) is defined in such a 
fashion that it vanishes for statistically independent 
particles. The correlation length of a fluid is therefore 
related to the scale on which %» vanishes as |ryp! 
increases. The possibility of correlation over large 
distances may be intrinsic, as in a crystal or at the 
critical point, or may be due simply to the constraint 
of a fixed number of particles in the system. It is 
clearly the second part of this long-range correlation 
with which we are concerned in this paper. The magni- 
tude of this nonintrinsic correlation will vanish as the 
size of the system increases. Hence in the absence of 
intrinsic long-range correlation, which we here assume, 
we will in the limit have for some m 


J ns $o(r1,82)|\dr.=O0(1) for O<l<m. (AA) 


The value of m determines the rate at which 
approaches zero as r1.— ©; if (A.4) holds for all 
the approach is exponentially fast. 


Fa 
l, 


AND J. 


In addition to vanishing rapidly at large separation, 
$2(r1,%2) will only have a small fractional deviation 
from $o(r;,%2; NV) at small ry. Hence the difference 

$o(t1,%2; V)= Fo(r1,%2; VN) — Fo(41,82) (A.5) 
(defined as vanishing outside of V) may be termed the 
asymptotic part of $(.V). In applications, use is made 
of the short-range ¥, coupled with 
properties of the integrals of ¢2(V) over the full 
volume, or more precisely of 


lim feeun V)x (re)dro, 
N--x 
. 


where x(rz) is a bounded function: |x(r2)| <M. 

We shall first discuss the value of the integral (A.6) 
when x(r2) is a constant. This will yield sufficient 
information about ¢2(.V) that the properties of (A.6) 
will be obtained with few further assumptions. The 
advantage of the restriction to x being a constant is 
that since 


fes(ones War -—yn(r); V)— f se(eunde, (A.7) 
V \ 


[employing (A.2) and (A.5) ], then only the integral of 
$2 is required, which being short-range can be found 
by integrating over a finite volume as V > ~, 

Consider now the process discussed in Sec. 2 of 
dividing the volume V into V4 and Vg=V—V4. 
Using the previous notation, we have 


character of 


Fo(r1,82; N)=(no(1,82 N me N-N, ) 


—(n(r1)| Na, N-wN { n(re) "4 Ay V—A 4). (A.8) 


If 2(r:,r2; V) is integrated over Vg with rm in Va, 
then from (A.8) 


f $o(r1,%2; V)dre= | V— \ LAGS \ 2 V—N,4)) 
VB 

—(N—N,4vXn(r; V4, N—Na)) 
=—(N4n(1|Na, N—Na)) 


+(NadXn(ry Va, V—N,)) 


in in(r,|Na, N—N i) ] 


0 n 1 ; 


((6.V4)/ nl | oF 


k! 


O'n(ry| Na, N—Na«) 
(A.9) 


—n 1 
on “gl 


where fi4=N4/Va, 5Ng=Ni—N,. By taking the 
limit of VN, V — «, with V4 remaining fixed, it follows 
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that 


f Fo(11,%2)dre= f lim Fo(r1,4o; N)dr, 
VA VA Now 


= lim f Fo(r1,8e; N)dro 
Now VA 
= —n(r)— lim f Fo(r),4o; N)drp 
No VB 


wn ((6N.4)*) fia* 
=—n(1))+ 5 — 
kz (N,)*" k! 


oF “ - 
x| ~— [iian(ry Na, N-Na)] 
Onas* 


d*n(r1|Na, N—Na) 


= fhy— 


Onia*® 


| (A.10) 


where all quantities on the right-hand side are to be 
taken in the limit of V becoming infinite. 

Next let N4 increase to infinity. The quantities 
inside the square brackets in (A.10) are of at most 
O(1), and this remains true if for the purposes of rigor 
the series is truncated, the final term being evaluated 
at other than N,. We now assume that the fluctuations 
in Ny are bounded in order of magnitude by the 
fluctuations in a grand canonical ensemble, where it 
can be shown that 


((6N4)*)<O(N 4*?). (A.11) 


This yields, for V4 approaching infinity in such a way 
that r; becomes infinitely far from the interface S,4 
(although not necessarily far from the container walls), 


f Fo(11,%2)dre 
VA 


= —n(ri)+n*kTXOn(r:)/On+o(1), (A.12) 


where we have defined 
((6V 1)?) 


lim —— 
Nae 


=nkTx, (A.13) 


4 


with the understanding that to order o(1) in Na, 
nkTX(N4) and n(r,,N4) coincide with their limiting 
values. But according to (A.4), 


J sseundin= f Fo(ry,Fe)\dro+o(1). (A.i4) 
VA 


It follows from (A.7) and (A.12) that 


On(ri) 
lim fosters N)dr.= —n*kTx——_, 


on 


(A.15) 


which is the result desired. 


CORRELATIONS 
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At fixed r,, characterization of ¢2(r,r2; NV) will entail 
two regions of interest. For rz separated microscopically 
from r;, the general argument following (2.10) suggests 
that the effect of the boundary may cause $2(N) to 
deviate from $, by the order of (1/N)O(N!)=O(N-4). 
For rz outside an intrinsic correlation length from mn, 
the effect of the constraint (of precisely NV particles in 
V) could still introduce terms of order O(N-!). How- 
ever, this could certainly not be true in a uniform 
sense, due to the existence of the integral (A.15). We 
would like to argue that in this region, the dominant 
term in ¢2(N) is given by the second term on the 
right-hand side of (2.19), which is of order O(1/N). 
This is certainly compatible with Eq. (A.15) and as we 
shall see is almost implied by it. 

A very strong argument for this behavior of ¢2(N) 
can be made by considering rather than ¢2(11,f2; V) a 
very similar quantity 


o2(11,T2 Nx j= Fo(11,%o Nz ) /- Fo(r1,82) (A.16) 


where 


Fo(r1,42 N,)= lim Fo(r, Te Na, N—N,). 
Vn 


2(r1,%2|N 4) is the deviation of the Ursell function for 
an infinite system without any constraints from the 
one for the same system when a given volume V4 is 
constrained to contain Ny particles. As far as the 
constraint of a fixed number of particles is concerned, 
the subsystem inside V4 may be regarded as a closed 
system with a special type of boundary. The function 
$o(r1,%2|N 4) should therefore mimic for fi, 2 inside V4 
the behavior of the function $2(rj,r2;.N4) for a closed 
system of NV, particles inside the container V4. Indeed, 
as far as the integral over V4 is concerned, the two 
functions have the same behavior: 


f Fo(r1,%o N i )dro= —n(r; N,). ‘(A.17) 


VA 


The properties of 2(t1,f2|N4) can be found from an 
expansion similar to that leading to (A.9), which 
yields, as a development in (1/N 4), 


ON « 


a . 
Fo(11,Fe 4)=Fxlrur2)—(6N)»| i ~Fo(ti Ke Na) 


fa] “4 0 . 
+—a(r1 Na)— -n(¥o v.)|+- 
ON 4 ON 4 


(A.18) 


For r; and r. far from each other, this expression 
reduces to 


Fo(r1,Fo N 


4)— Fo(11,8e) 


1 On(r) On(r2) 
== nkTX— 


Na Ona Ofna 
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if r; and r. are both interior to V4 (the correction term 
vanishes otherwise). The right-hand side of the expres- 
sion is indeed of the same form as that found in (2.19) 
for the function ¢2(r1,r2; V4). 

Let us now return to the discussion of ¢2(r1,r2; V). 
On the basis of (A.15), we divide ¢2() into two parts: 


$2(ti,82; VN) = Ngo (11,82; N) +2 (11,2; NV). (A.20) 


Here ¢2 (NV) is to remain bounded as V > ~, i.e., 
¢2 (N)=O(1), and satisfies 


1 On(r;) 


fe Guns V)dr.= — w°kT X 


on 


(A.21) 


lim 
Nox N 


the remainder ¢“()) may be of order greater than 
O(1/N) but by virtue of (A.15) must satisfy 


lim fo D(r,,ro; N)dro=0. (A.22) 


N-x 


The decomposition (A.20) is of course not unique, since 
one can for example add and subtract any term of 
order 0(1/N). 

The vanishing in the limit of the integral (A.22) can 
occur in two basic ways. First, the part of $2“ (V) 
which is of order greater than O(1/)) may be effectively 
restricted to a finite region. Second, ¢2“?(.V) may be of 
order greater than O(1/N) over the full volume, but 
have an oscillatory character leading to a vanishing 
integral. We assume now that in a fluid the latter 
situation does not arise and express this formally by 
the condition that a decomposition (A.20) exists for 
which 


lim f $2" (r,,ro; N)|dre=0. (A.23) 


This assumption implies that 


lim J x(t d6s(ts V dro 


= lim 


1 
_ fxm (r1,%e; N)dro, (A.24) 


Nx \ 


where x is an arbitrary bounded function of r; and ro. 
Hence in all applications in this paper we need only be 
concerned with the value of $2 (rj,r2; V). 

Consider now a homogeneous system. Let us denote 
the limiting value of $2 (V) by $2, 


lim $2 (r1,%2; V) =o (ry,r2), (A.25) 


and its asymptotic part by y, 


lim $2 (r),re)=y(r,), 


|r2|-+ 


(A.26) 


both of which limits we assume to exist. The existence 
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of these limits means that we discard the possibility of 
¢2(N) having an oscillatory behavior extending the 
length of the container. The limit |r.) — « 
be taken in such a way that r. moves infinitely far 
from the walls. Combining Eqs. (A.21) (A.26) 
yields 


is here to 
and 


= —m kT XOn(r1)/On, (A.27) 


v(ri) 


so that finally, using (A.24), 


fxcundse(ru; V)dre fxGuros (r),re)dr 


On(r;) 
—n'*kTX la fr rr i,| +o(1). (A.28) 
on 


For a system which is not completely uniform, the 
limit (A.26) may still exist if the system is asymptoti- 
cally uniform, in which case (A.28) clearly remains 
valid. However, if the region |r.| — is not uniform, 
(A.26) will not hold and must be replaced by the 
strong assumption of statistical independence of 
distant parts, i.e., 


lim 2° (rr (A.26’) 
Zz 


[riz 


¥(ridy(r 


This is perhaps the strongest assumption we have made 
and it may possibly be violated at low temperatures. 
If we do make this assumption, then (A.28) again 
holds, and we further have on combining with previous 
equations 


1 On,(r,) Ony(r 
o2(V)=—n®kTX 
N 


on on 


where 


The generalization of the above discussion to higher 
5 : 
Ursell functions is quite direct and will not be carried 

{ 
out, but the final expression will be written down in 


Appendix C. 
APPENDIX B 


In this Appendix, we extend Eq. (2.22) for the 
asymptotic value of a distribution function to fluid 
mixtures. This result is then applied along the lines of 
Ornstein and Zernike to the scattering of visible light 
from mixtures. For simplicity, we shall consider ex- 
plicitly only the case of a two-component fluid con- 
sisting of V, atoms of one kind and .V, of another kind. 

The joint distribution of m;, particles of species a 
and mz of species b will be written as mmm. The 
asymptotic values of 1+: 44 the subset 
consisting of gq; particles of a and ge particles of } is 
very far from the other particles can be found by an 


po when 
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investigation similar to that used for the one-component 
fluid. It yields 


— > Nqia2N pi p2 


ON, ONngi92 at ; 
-E (#7 ) ————, (B.1) 
af Ous 0. N. Fy N, 


where @ and 8 can assume the values 


Nqit+Pi «2+pe2 


a and 6, and 


ON ./Ops= ON 5/ Opa. (B.2) 


When a parallel incident beam of radiation of 
intensity 7» and frequency v falls upon this fluid, the 
intensity of the radiation at distance r which has been 
scattered at angle @ may be computed in a way entirely 
analogous to that used for a single component fluid.'® 


It is given by 
fe+napet ff Lien. 


+2 fafomart forme je™ ™dridrs. (B.3) 


1 (@)=3(1+ cos"8)To(ro aan 


Here f, and f, are the atomic scattering factors for 
single atoms of type a and 3), respectively, ro=e?/m.c* 
is the classical radius of the electron, the ma(ti,T2) 
denote the two self- and one mutual- two-body distri- 
butions, and K is the change in wave vector on scat- 
tering [K = (42v/c) sin}@ }. 

In the above, we can subtract a constant term from 
any Mag since for a system of volume V this will con- 
tribute only when K~ V~ and is thus indistinguishable 
from the transmitted beam as We shall 
therefore subtract the corresponding asymptotic value. 
The integrand in (A.3) then exists only for small 
values of rio, of the order of the correlation length. 
Further, if the system is uniform, then 


Vo, 


Nag(f1,¥2) = NaNsgas (2), (B.4) 


and Eq. (B.3) can be rewritten as 


I(s)=4$(1+cos*0)Io(ro/r)?V 7(s), (B.5) 


where 


i(s)=nafe+ mpi f { fa?na*[ Baal?) — Baa(™ ) ] 


+ 2 fafomans[_gav(r) oa Zav( a )] 


: sinrs 
+ fe2ne?[ gon (r) — goo( © ) nr (Jar, 


rs 


and 
s= (4rv/c) sin} 


(reducing correctly to the one-component case when 
fa=f, £ag= 8, Natnm=n). Equations (B.5) and (B.6) 
are appropriate for determining the long-wavelength 


16 Reference 13, Chap. 3, Sec. 1. 


LATIONS IN 
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limit. If v is sufficiently low that 
c/v>>l, (B.7) 


where / is the correlation length—beyond which the 
integrand in (B.6) must vanish—then s<1/l, and we 
may replace sinrs/rs by 1. Writing 

Nap( © )=nang— (1/V) yas, (B.8) 
it readily follows that 
I(S) — j(0)= Yala t+rvofe+2rvarfafe. 


But according to (B.1), we can write 


On. | 
ves AT ) ’ 
Ou3 ITV a 


(B.9) 


(B.9) 


(B.10) 


Equations and (B.10) constitute the result 


desired. 
APPENDIX C 


We now extend Eq. (2.22) to the asymptotic 
value of the intrinsic correlation functions. These may 
be defined by the sequence of relations 


Fi(r)=n,(r), 
¥2(r,r’)= neo(r,r’)—i(r)m(r’), 
F3 (err) =n3(r,r' rv’) — ne(r,r’)ni(r’’) 
—no(r,r’’)n, (4) —neo(r' 2’) ni (8) 
+2n;(r)my(r’)n,(r’’)--- 


The fundamental property possessed by &,(t1,- + -,®.) 
is that of vanishing in any region in which the set 
Ti, ***, f» decomposes into two or more independent 
subsets, i.e., such that the distribution functions m 
correspondingly decompose into products. This is 
because all correlations due to subsets have been 
subtracted in forming $, from m,, leaving only the 
“intrinsic” s-body correlation. 

The connection between the , and the $, may be 
defined more concisely. For this purpose, introduce a 
“test function” f(r), and i integrate to form the constants 
(functionals of f) 


ni f= f- . 7 os me 
$.[/]= f sh f Sth 


and the combinations 


wt.) f(t): > + f(t.)dri- - dr, 


(C.2) 
Ts) f(t):: 


-f(r,)dry: + -dr,, 


a f=E nf \/s!, mo=1 


sf =x s.0f)/s 
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The distribution functions may be recovered by 


variational differentiation: 


5*n[_f | 
n,(¥1,°** 40s) ; 
6 f(r): : 6 f(r) f=0 


F,(41,°°° 


8 


It is then found that the sequence (C.1) achieves the 
very concise form 
Ff ]=Inn[_f]. (C.5) 
The required extension of (2.22, 3.23) is now readily 
accomplished. From (3.17), we have 


1nx #@ 
- —<gi—n[ f]-->, 


N 2B On? 


(C.6) 


n{ fj=n(fl— 


and (C.5) becomes 


1 iny Pn] 
oe Wet née 


$f j=Inn[ fj— - - 
nf] N 28 


nx 
- —n*- ) Inn [ f ] 


[28 on? 


1 nx Alnn(f]\? 
- (» =) (C.7) 
N 28 on 


To find ¥,,:, we must apply 6¢'/5f(11)---6f(te42)| seo. 
But suppose that the sets g, / are asymptotically 
separated. Then according to (3.22), the m, decompose 
accordingly, so that ¥,,; obtained from Inn[f] 
must vanish. In the same fashion, there can be no 
contribution from the [nd Inn[f]/dn ? term unless 
the complete set of derivatives corresponding to the 
set g operates on one factor, those for set / on the other. 
We conclude at once that 


1 nx OF, OS; 
i“ -——s n—., (C.8) 
N B On On 


the desired result. It should be pointed out that our 
final expression (C.8) depends only upon the asymp- 
totic form of the distribution functions, and its validity 
is therefore not restricted to the gas region for which 
the separation into m and a remainder [necessary for 
(C.6) ] is possible. 

We may note that $, becomes a higher order infini- 
tesimal than 1/N if its particles divide into three or 
more groups. Another consequence of the asymptotic 
form (C.8), which was previously discussed (see 
Appendix A) for the case of ¥2, is an expression for the 
integrals of ¥,,; in an infinite system. Indicating the 
explicit dependence of Ursell functions on particle 
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number .V, we have generally (where g>0) 


frente - *Fo+tl; \ \dto41° . fos) 


Aq +-J—1)! 


= (—1) Fe(hi-°°%e3 NV). (C9) 


4 


(g—1)! 


the 


as.) 


Consider integral for 
difference of ¥,,; and its asymptotic value F,4/' 


given by (C.8), 


Jf Coeu(n: ** Pott; 


F o4-t : 


ys 
= (—1)4 — 5. 
(g—1)! 


now the corresponding 


N) 


(Py° * *Fos2; NV) |dtosa- + -dtgy1 
(V) 


OF » | \ ) 
— (l—1)!nkT Xn } (C.10) 


on 


The integrand of (C.10) is of a local nature. We can 
therefore pass to the limit of ’ — © inside the integra] 
sign, yielding finally 


fsenn- ** Foti; © \dto41° sles 


(q+/—1)! 
-(-9f F (cx ) 
(q—1)! 
Oy,( = 
— (l—1)!nk7 Xn 


g>1 (C.11) 


on 
of which the Ornstein-Zernike relation is a special case. 


APPENDIX D 


Here, we “close the circle” and show, using the 
well-known special case g=/=1, that the asymptotic 
formula (2.22, 3.23) is implied by the local character 
of distribution functions. This may be done in two 
stages. 

First consider the conditional distribution m,(,---, 
F,| 41) when r,,1 is far from the set mr, «++, f, of center 
of mass R. Now the effect of fixing r,.. is to change the 
local density at R from n(R) to 


n’(R)=n(R{ 4,41) 


ndn(R) ndn(r,41) 
— > (D.1) 


41) On on 


Further, if #,(---;m) denotes the joint distribution 
function for a uniform density m, the local dependence 
of nm, on R tells us [see (4.13, 4.17) ] that 


Fg) =MLh1,°*°,t,; 2(R) | 
+Vn(R)-A,(ti,---,t,; 2(R))+-:: 


n4(ti,° i 
(D.2) 





LONG-RANGE 


for some appropriate vector function Ag. Also, 
no(¥1,°**,%g\Fg+1) is similarly expressed, with n’(R) 
replacing n(R). Hence 


Tg To+1)— M(t" °° Ey) 
= fi,(t,-+ +t; n’(R))—av,[11---4,; n(R)] 
+V¥n'(R)-A,fri---1,; 2’(R)] 
—Vn(R)-A,[ni-+-1r,; 2(R)J+--:- 
dfn: -r,;n(R dn(R) 
=[n’(R)—n(R) }— in ——— *)J - 
on on 
+[Vn'(R)—Vn(R) }- Afri: + 1,3 2(R) ] 
+[n’(R)—n(R) ]Vn(R) 
OA.[ri---1r,;(R)] ,dn(R) 
on 


No(T1" ° 


(D.3) 
on 


Since the only R dependence of m’(R)—n(R) is 
through the factor dn(R)/dn, it follows that 


V[n'(R)—n(R)] 
dn(R) ,dn(R) 
Cn" (R)—m(R)I( / — oben (D.4) 


on on 


CORRELATIONS 
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Inserting in (D.3) and comparing with Onq(r1-+-t4)/dn 
from (D.2), we obtain 


Mo (¥i° + *8q|Po41)— Mg (Ti * Eq) 


Ong (fis + fo Tori) On(R) 
=[n'(R)—n(R)}——_"* / 
on on 


+--+. (D.5) 


Substituting from »’(R)—n(R) of (D.1) and multi- 
plying by (1,41) now results in the g, 1 case for asymp- 
totic separation : 


Noy i(Eie * 8 ghqe1) > Mg (ie +g) (41) 


1 nx nOn,(t1-- +4.) NON(T41) 
— —_— ————. (D.6) 


Next consider ;(fg41°**fo41/T1"*-Tq). The effect of 
fixing m1, --*, fj is to change the local density at R’ 
(center of mass of the set of / particles) from n(R’) to 
n,(R’\r.---r,), which we have just obtained. Applying 
the above argument to the set of / particles then 
recovers the full relation (2.22, 3.23). 
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The doublets in the spectrum of the free oscillations of the earth 
which have been observed on the gravimetric (UCLA) and strain- 
meter (Pasadena) records of the great Chilean earthquake of 
May 22, 1960, are interpreted as multiplets arising from the 
rotation of the earth. The phenomenon is similar to the Zeeman 
effect, and is indeed a realization of the mechanical analog from 
which Larmor deduced the “Larmor precession” in his interpreta- 
tion of the Zeeman effect. A first-order perturbation calculation 
yields the result that the degenerate frequency oo(m) in the ab- 
sence of rotation is resolved by a slow rotation into (2m+-1) lines, 
on™ given by 


on™ =00(n)+mr(n)w, —nimCn, 


where w denotes the angular velocity of rotation of the earth, and 
m is the azimuthal number of the wave function. r(m) is deter- 
minable from the zero-order solution in the case of spheroidal 


1. INTRODUCTION 


HE first attempts of Zeeman to observe an effect 

of a magnetic field on spectral lines led to nega- 
tive results. He resumed the experiment in 1894 when 
he read in Maxwell’s' sketch of Faraday’s life: “Before 
we describe this result we may mention that in 1862 he 
made the relation between magnetism and light the 
subject of his very last experimental work. He en- 
deavored, but in vain, to detect any change in the 
lines of the spectrum of a flame when the flame was 
acted on by a powerful magnet.” Zeeman states?: “If a 
Faraday thought of the possibility of the above- 
mentioned relation, perhaps it might yet be worth- 
while to try the experiment again with the excellent 
auxiliaries of spectroscopy of the present time is 
The discovery of the Zeeman effect that followed in 
1896 came at a time when the basic concepts needed 
for its interpretation had already been formulated by 
Lorentz.’ Zeeman goes on to say,” “‘Professor Lorentz, 
to whom I communicated these considerations, at once 
kindly informed me of the manner in which, according 
to his theory, the motion of an ion in a magnetic field 
is to be calculated, and pointed out to me that, if the 
explanation following from his theory be true, the 
edges of the lines of the spectrum ought to be circularly 
polarized.” The splitting of the original frequency o» by 
a magnetic field H, which Zeeman derives? on the basis 
of the Lorentz theory, is 


o=apteH/2mce (1) 


* Supported by the Office of Naval Research and by Project 
Vela-Uniform of the Advanced Research Projects Agency. 

1J. C. Maxwell, Collected Works (Dover Publications, Inc., 
New York, 1953), Vol. II, p. 790 

?P. Zeeman, Phil. Mag. 43, 226 (1897) [reprinted in Ver 
handelingen van Dr. P. Zeeman over Magneto-Optische Verschij- 
nelsen (Eduard Ijdo, Leiden, 1921) ]. 

3H. A. Lorentz, Versuch einer Theorie der electrischen und 
optischen Erscheinungen in bewegten Kérpern (Leiden, 1895). 


oscillations, and is equal to [m(m+1)] in the case of purely 
torsional oscillations. The relative intensities within the quintet 
n=2 and the septet n=3 have been determined for an observing 
station at Los Angeles, on the assumption of an explosive point- 
source at the earthquake focus in Chile. The strongest lines should 
be the pair m= + 1 for n=2, and the pair m= +2 for n=3. These 
agree in separation with the pairs observed on the strain-meter and 
with the gravimetric pair at »=3, but less so with the gravimetric 
pair at m=2. There are indications in the strain-meter spectrum 
for n=3 of a weaker line at m=0, while the other lines are theo- 
retically of an intensity not exceeding the background noise. The 
separation in the observed gravimetric doublet for the first over- 
tone of m=3 agrees with the interval of the strongest pair m= +2. 
The intensities of the lines in the rotational multiplets of the com- 
ponents of displacement for an observing station at Palisades, 
New York, have also been determined. 


for the case where the lines are viewed parallel to the 
magnetic field. The two lines given by (1) should be 
circularly polarized, and this was confirmed already in 
the first experiment of Zeeman.” 

The relation (1) had been derived independently‘ by 
Larmor. When news of. Zeeman’s discovery reached 
him, he substituted the value of the mass of hydrogen 
for m in (1) and concluded that the effect would be 
inappreciable. He therefore asked Lodge to confirm the 
experiment. This Lodge succeeded in doing, and on 
May 20, 1897, he demonstrated the effect at a Royal 
Society soirée. Lodge later published a disclaimer® of 
“any intention of trespassing on the prerogative of the 
discoverer.”’ As is well known, Larmor proves that the 
effect of a uniform magnetic field H on the orbit of a 
particle of charge e and mass m is to set the whole orbit 
into a precession around the direction of H with an 
angular velocity 

w,=eH/2mc, (2) 


provided the centrifugal force can be neglected in com- 
parison with the Coriolis force. wz, is called the Larmor 
precession frequency. Larmor’s theorem follows di- 
rectly from equating to zero the sum of the Coriolis 
force 2mvXw and the Lorentz force —(e/c)vxXH. 
Larmor then shows, as Zeeman had done, that the fre- 
quency of a harmonic oscillator oo is split by a rotation 
w into the two lines given by (1), provided (w/oo)<<1. 
While the Zeeman effect furnishes ample experi- 
mental verification of the electromagnetic part of 
Larmor’s analogy, an experimental demonstration of 
the mechanical counterpart has been wanting. A strik- 
ing case of the splitting of the natural frequency of a 
purely mechanical system by rotation presented itself 


‘J. Larmor, Mathematical and Physics Papers (Cambridge Uni 
versity Press, New York, 1928), Vol. II, p. 140 
5Q. Lodge, Phil. Mag. 44, 60 (1897). 
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recently when the records of the great Chilean earth- 
quake of May 22, 1960, were analyzed. This. earth- 
quake excited the natural oscillations of the earth. The 
gravest modes m=2 (53.7 min) and n=3 (35.5 min) 
appeared as doublets in the spectra of both the gravi- 
metric records® and the strain-meter records.’ The free 
oscillations of the earth are governed by gravitational 
and elastic forces. Taking the distribution of density 
p(r) and of the elastic constants \(r) and u(r), as in- 
ferred primarily from seismic as well as from other 
geophysical data, we have determined the spectrum 
for several proposed models of the earth." The in- 
vestigation was prompted originally by an observation 
made by Benioff" of a 57-min oscillation on the record 
of the Kamchatka earthquake of 1952. By the time the 
theory was worked out in detail and the spectrum 
thoroughly investigated, several years had elapsed ; and 
a question began to emerge with annoying persistence 
as to why no further natural oscillations had been re- 
corded since 1952, in spite of the continuous improve- 
ment in recording facilities. The answer to this question 
came at the meeting of the International Union of 
Geodesy and Geophysics held at Helsinki in July, 1960, 
when Benioff, Press, and Smith, and Ness, Harrison, 
and Slichter announced that they had identified the 
free oscillations of the earth in the strain seismograms 
(52 lines) and the gravimetric records (49 lines), re- 
spectively, of the great Chilean earthquake of May 22, 
1960. The periods deduced from spectral analysis of 
the strain-meter records agreed with the gravimetric 
values to within 1%; and this was also the measure of 
agreement with the theoretical spectrum" for the 
Gutenberg earth model, and to a lesser extent with the 
spectrum for the Bullen B model. Free modes ranging 
from spherical harmonic order n=2 up to n=38 were 
identified seismically, and up to n=41 gravimetrically. 

The free oscillations fall into two classes: spheroidal, 
with nonvanishing dilatation, and forsional. In the 
latter there is neither dilatation nor vertical displace- 
ment, so that they produce no gravity perturbation. 
Actually, the torsional oscillations were identified only 
on the seismic records. 

Press and Slichter reported that the n=2 and n=3 
lines appear as doublets in the strain-meter and gravi- 
metric spectra. It was then suggested" that the splitting 


®N. F. Ness, J. C. Harrison, and L. B. Slichter, J. Geophys: 
Research 66, 621 (1961); see also L. E. Alsop, G. H. Sutton, and 
M. Ewing, ibid. 66, 631 (1961). 

7H. Benioff, F. Press, and S. Smith, J. Geophys. Research 
66, 605 (1961). 

8C. L. Pekeris and H. Jarosch, Contributions in Geophysics 
(Pergamon Press, New York, 1958), Vol. 1, p. 171. 

®Z. Alterman, H. Jarosch, and C. L. Pekeris, Proc. Roy. Soc. 
(London) A252, 80 (1959). 

« Z, Alterman, H. Jarosch, and C. L. Pekeris, Geophys. J. 3, 
Jeffreys Jubilee Volume (1961). 

uC. L. Pekeris, Z. Alterman, and H. Jarosch, Proc. Natl. 
Acad. Sci. U. S. 47, 91 (1961). 

2H. Benioff, Trans. Am. Geophys. Union 35, 985 (1954). 

%C,. L. Pekeris, Lecture given at the Helsinki meeting of the 
[UGG (July, 1960). 
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is due to the earth’s rotation. This conjecture was made 
on the basis of a recollection of a result in Lamb’s 
treatment" of the effect of rotation on the free gravita- 
tional oscillation pf a circular basin, namely that the 
wave advancing in the direction of rotation has a longer © 
period than the wave going in the opposite direction. A 
perturbation calculation,’ based on Lamb’s analysis, 
showed that in the case of the rotating circular basin 
the frequency interval (¢.—o,) in the doublet should 
be of the order of the angular velocity of rotation w. 
Observationally, the quantity (¢2—01)/w ranged from 
0.7 to 1.1, thus lending support to the hypothesis of the 
rotational origin of the observed doubling of the periods 
of free oscillations of the earth. 

In the following section, we extend our previous 
analysis of the free oscillations of a nonrotating self- 
gravitating elastic earth by carrying out a first-order 
perturbation calculation of the effect of a slow rotation 
on the frequency. Denoting by subscript zero the solu- 
tion for the case of no rotation, the components of dis- 
placement wo, vo, wo in a spherical system of coordinates 
(r,0,o) and the perturbation in gravity Yo, are given by 

OV nm 
Vo(r)—_, 


00 


Uy = Uol(r) V nm(6,0), Vo= 


: a (3) 
V o(r) Oy nm 
wee ee -_ P(r) ¥ nm, 
sind do 
where 

V nm(0,6) = P.™(cosd)e™®, (4) 
and a factor e**' has been omitted. The frequencies oo(m) 
are degenerate, and do not depend on the azimuthal 
number m. It is shown below that the introduction of a 
slow angular rotation w (oo) removes the degeneracy, 
each line oo(m) being split into a multiplet of (2n+1) 
lines o,™ given by 
(5) 


on"=a09(n)+mr(n)w, —nimKn, 


where 


r(n)= f pr*(2UVot+Vedr / 


0 


ff orCve+n(n+1) Vel (6) 


0 


in the case of spheroidal oscillations, and 
t(n)=1/n(n+1) 


in the case of torsional oscillations. 

Taking the earth model Bullen B, for which we have 
evaluated the functions Uo(r) and Vo(r), we find from 
(6) that 7(2)=0.395 and 7(3)=0.183. Using these in 
(5), and the value 7.272X10-° sec"! of the angular 
velocity of rotation of the earth w, we get the periods 


4H. Lamb, Hydrodynamics (Cambridge University Press, 
New York, 1940), 6th ed., p. 320. 
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TaBLe I. The periods 7,” for model Bullen B. 
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T ."(=2x/o,™) of the quintet for m=2 and of the septet 
for n=3 shown in Table I. The question arises as to 
why only two lines out of a possible five were observed 
in the case n=2, and again why only two out of a pos- 
sible seven lines in the case n=3. 

This leads us to an investigation of the relative 
amplitudes of the lines within a multiplet. The relative 
amplitudes depend on the nature of the source, its 
geographical location, and the location of the observing 
station, as well as on the nature of the quantity that is 
observed—whether a component of displacement, or of 
strain, or the perturbation in gravity. We assume an 
explosive compressional point-source at the earthquake 
focus in Chile (@)= 128°), and make use of the results 
of an earlier investigation’ of the relative amplitudes of 
the modes n=2 and n=3 which such a source excites. 
If the source were located on either of the poles, there 
would be, according to our theory, no rotational split- 
ting, because there would be no longitudinal (East- 
West) component of motion w, and m in (4) and (5) 
would be zero. Although on the assumption of a point- 
source there is no longitudinal motion around the axis 
passing through Chile, there is longitudinal motion 
around the axis of rotation of the earth, and this gives 
rise to rotational splitting. In the case of the gravi- 
metric measurements, we use the expressions for the 
amplitudes within the multiplet of the perturbation of 
gravity, while in the case of the strain-meter we use the 
appropriate theoretical amplitudes of the longitudinal 
strain in a horizontally placed long bar. 

These theoretical results are compared with observa- 
tions in Table III and in Figs. 1 and 2. It is seen that, 
in general, the doublets observed are those lines of the 
multiplet which are strongest theoretically, and that 
the missing lines would not be expected to stand out 
above the observed noise level. 


2. THEORY OF ROTATIONAL MULTIPLETS IN 
THE SPECTRUM OF THE EARTH 


In the absence of rotation, the analysis of the free 
oscillations of the earth proceeds by first determining 
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the equilibrium static solution, and then superimposing 
on it a perturbation velocity-field v which is controlled 
by the elastic and gravitational restoring forces. The 
static solution, which we shall designate by the sub- 
script zero, is spherically symmetrical and is governed 
by the equations 

dpo/dr=— gpo, (8) 


g= —dy/dr, (9) 
Vy= —4rGpo, (10) 
y denoting the gravitational potential and G the gravi- 


tational constant. If the earth now rotates with angular 
velocity w, Eq. (8) still retains the form'® 


V po= pov, (11) 


where ¥ is the geopotential, comprising the gravitational 
potential y defined in (10) and the centrifugal term, 


V=y7+4w"?’ sin’é, (12) 
in a spherical system of coordinates (r,0,6). The solu- 
tion of (11) is 

po= po(W), pr 


It can be shown" that the surfaces V 
of revolution whose maximum ellipticity is at the sur- 


dp/d¥=p (WV). (13) 


C are ellipsoids 
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Fic. 1. m=2. Spectral intensity of Chilean earthquake ob- 
served at Isabella by Benioff, Press, and Smith. Arrows show 
theoretical positions and amplitudes of multiplet for a compres- 
sional point-source. 


1H. Jeffreys, The Earth (Cambridge University Press, New 
York, 1958), p. 124. 
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Fic. 2. n=3. Spectral intensity of Chilean earthquake ob- 
served at Isabella by Benioff, Press, and Smith.? Arrows show 


theoretical positions and amplitudes of multiplet for a compres- 
sional point-source. 


face r=a, where to a close approximation 
r=al_1+ (1/297) (4—cos*6) ]. 


The geopotential surfaces are therefore nearly spherical 
throughout the volume of the earth, to within 1 part 
in 300. In the following, we shall therefore neglect the 
ellipticity of the geopotential surfaces and shall assume 
that po, po, and go are functions of r only. One can also 
demonstrate the smallness of the effect of the centrifugal 
force from the relation 


(14) 


VE = V+ 20’ = —4rGpt 20”, 


which, with po5, gives (2w?/4rGp)—~(1/400). 

The rotation does affect the motion through the 
“deflecting force of the earth’s rotation,” or the so- 
called Coriolis'® force C which, per unit volume, is 
given by 


(15) 


C= 2povXw. (16) 


Let u, v, w denote the components of displacement in 

a spherical system of coordinates r, 0, @. The equations 

of motion and of the perturbation in the gravity field 
‘ 8,9 
are® 

(17) 

(18) 

(19) 


p(0°u/dl)— 2wp sind (dw/dt)= R, 
p(0*v/dF) — 2wp cos6(dw/dt)=S, 
p(0°w/d?)+ 2wp cosd(dv/01)+-2wp sind (du/dt)=T, 
V=Wot+y, 
Vy=44G(pA+u6). (20) 


Here p denotes the unperturbed density po, A is the 
divergence of the displacement, and a dot denotes dif- 
ferentiation with respect to r. R, S, and T are linear 
functions of the displacements and of the components 


‘6 The ‘‘deflecting force of the earth’s rotation” is a dominant 
term in Laplace’s theory of ocean tides. Mém. acad. roy. sci. 88, 
75 (1775); Oeuvres Complétes 9, 88, and 187. Laplace does not 
call it the Coriolis force, for obvious reasons. See the discussion 
by A. T. Doodson, Advances in Geophysics (Academic Press, Inc., 
New York, 1958), Vol. 5, p. 122. 
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of the strain tensor e;;, as shown in the Appendix. The 
time does not appear explicitly in R, S, and T. 

Having solved*" for the functions Uo(r) and Vo(r) 
in (3) and for the corresponding oo(m) for the case of 
w=0, we now proceed to carry out a first-order per- 
turbation calculation in the small parameter a defined 
by 

a= (w/oo)K1. (21) 
Let 
S=SotaSi, etc.; (22) 


o=oytac1, U=Mm+an, 


then the zero-order equations are 
pote t+ So=0, 
Vyo— 4G (pAot+ uop)=0. 


poyruot+Ro= 0, 


poy’wot To= 0, 


(23) 
(24) 


Tke terms proportional to @ yield the equations for the 
determination of 2, v1, wi, and oy: 


(25) 
(26) 


por’uy+R\= — 2paor1u9— 2ipoy sinOwo, 
pov'vit Sy = 2payo 1Vo— 2ipay” cosbwo, 


poywit+ T= — 2pa yo wot 2ipay? cosbvo 
4+ Zipay? sinOuo, 


V2i— 4G (pAi+uip) =0. 


(27) 
(28) 


Let an asterisk signify the complex conjugate. It then 
follows from Eqs. (23)—(27) that 


(u1*Ro— uo* Ry +01* So — v0" Si +-wi* Ty — wo*T)) 
= [ 2paoo 1 (uouo*+ v0r0* + wowo*) 
+2ipay? sind (u9*w9— Upwo*) 
+ ipo? cosO(vo*wo—vewo*) ]. (29) 
It is shown in the Appendix that, by virtue of Eqs. 
(23)—(28) and the boundary conditions, 


J raf sino f dg (uy*Ro— uo* Ri +01*So 


— v9* $+ w1*To—wo*T1)=90. (30) 
Hence, by (29), the volume integral over the sphere of 
the right-hand side of (29) is zero. This furnishes a 
relation for determining co in terms of oo and the zero- 
order solutions defined in (3), The result, derived in 
the Appendix, is 


(31) 


o1=maor(n), 


with 7(m) given in Eqs. (6) and (7). 

It follows from Eqs. (31) or (5) that each spectral 
line in (3) of nonvanishing azimuthal number m is 
shifted either positively or negatively, depending on 
the sign of m. It is only when the excited mode is sym- 
metrical about the axis of rotation of the earth that the 
rotation has no effect. 

It may be noted that the free oscillations of a self- 
gravitating liquid Maclaurin ellipsoid, for which the 
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TaBLe II. Relative excitation of modes n=2 and n=3 of model 
Bullen B for a compressional point-source at the surface 


P,(a) 


0.359 
2.28 


Uy (a) Vo(a) 


1.00 
1.520 


0.0260 
—0.183 


multiplet-separation has been determined'’ for any 
finite w, approach the relation (5) in the limit of vanish- 
ing w, with r(m)=1/n. The separation in the normal 
Zeeman effect is also given'’ by a relation (5), with 
tT=1,m=m),, the magnetic quantum number, and 
w=wz, the Larmor precession frequency. 


3. LINE INTENSITIES IN ROTATIONAL 
MULTIPLETS 


We shall now determine the line intensities in the 
rotational multiplets of the terrestrial spectrum. In 
the first instance, we shall treat an explosive compres- 
sional point-source at the earthquake focus in Chile. 
The theory can be generalized to more complicated 
types of source. For each normal mode, the solution 
of Eqs. (23) and (24) yields the relative values of Uo(a) 
and Vo(a) entering in (3), as well as of the factor P(a) 
of Yam in the perturbation of gravity at the surface 
r=a. The relative excitation of the various modes by a 
compressional point-source has been determined’ for 
model Bullen B, and the relevant amplitudes at the 
surface are shown in Table II. These were determined 
for a source situated at the surface, but the relative 
values do not change by more than about 1% as the 
depth of focus increases to 200 km. 

Let us choose a spherical system of coordinates with 
the polar axis passing through the earthquake focus in 
Chile (38°S, 73.5°W), and let 6’ denote the polar dis- 
tance from Chile. Then the components of displacement 

; 


u’, v’, w’ and the perturbation of gravity at the surface 


P’ are given by 
u'= A (6’), 
w’ = (sind’)—'(3/d¢")B(0’) =0, 


v’ = (0/00’)B(6’), 
P’=C(6’), 


(32) 


where 

A (@’) = P»(cos0’ e**2'+- 1.520P3(cosd’ e'73'+ -- - : 

B(6’)=0.0260P2(cos6’ )e'*2 
—0.183P3(cosé’)ei3'+---, 

C(0’)=0.359P2(cosé’ e 
+2.28P3(cosd’)e'7s*+---. (36) 

Here o2 and a; denote the frequencies for n=2 and 

n= 3, respectively. 

In order to determine the rotational splitting of the 


7G. H. Bryan, Phil. Trans. Roy. Soc. London, Ser. A, 107 
(1889). Equation (87) should read: A\=>+A+(s/n)w. 

18M. A. Bethe and E. E. Salpeter, Quantum Mechanics of Two- 
Electron Atoms (Academic Press, Inc., New York, 1958), p. 206. 
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natural oscillations, we must transform the above quan- 
tities to the geographical coordinate system (r,6,o) 
referred to the axis of rotation of the earth, @ denoting 
colatitude and @ longitude. First we transform A (6’), 
B(@’), and C(@’) into A(6,4), B(0,6), and C(6,¢), re- 
spectively, by using the relation 


m=n (m—\m')! 


P,.(cos?’)= > 


m=—n (n-+-|m|)! 


» (cosé) 


X P»™(cos8)e™ (37) 
where P,,"(cos@) == P,,-”(cos@) are the associate Legendre 
polynomials. Here @) and ¢» denote the colatitude and 
lorigitude of the earthquake focus in Chile, and @ and ¢, 
the colatitude and longitude of the observing station. 
The components of displacement u,v, w and of the 
perturbation in gravity, P, in the geographical system 
of coordinates are then given by 


u=A(6,) (0/00)B(0,6), (38) 


w= (sin@)—(d 06) B(0,o), P C(6,0). 


with » and w now denoting displacements in the direc- 
tions of South and East, respectively. 
Thus we get for the vertical component of displace- 
ment #: 
u= A (0,6) = e'*2*{0.069P2(cos@) 
—0.243P,!(cosé)[ ee % +e 
+0.078P,?(cosd)[ e'?*-*%0) +-¢ 
+ e'#3{0.517P3(cos@)+0.134P3! (cos#) 
X [et(e-¢0) + e-i(e—40) ]— 0.073 P3?(cos8) 
X Letee-2o0 + ¢-' 2¢—2¢ + 0.019P.3(cos@) 
X [eto 3$0)-1 ¢ I}+---. (40) 


The rotational separation of 
tirely from the dependence on @ of 
and C(6,¢). 

The Fourier analysis of the multiplets for n=2 and 
n=3 was made by Benioff, Press, and Smith’ from the 
strain seismograms obtained at Isabella, California. For 
the interpretation of their results, we must derive an 
expression for the strain ¢ in a long quartz tube anchored 
to the ground in a horizontal position, with its axis 
making an angle 6 with the East direction. We have!® 


the multiplet stems en- 
1(6,o), B(6,o), 


e= (cos*Beg,g+sin8 cosGegg+sin*Begs), (41) 


e;; denoting the components of the strain tensor. Using 
Eq. (3), we get for each partial strain e,” corresponding 
to the spherical harmonic Y = Y »»,(0,¢), 

dj m 


esn= Ua + Ve costa cot pele v) 
00 sin’@ 


2im oy ey 
+-—— sind cosa —cot6¥ ) +sin's , (42) 
sind 06 Oe? 


# A. E. H. Love, The Mathematical Theory of Elasticity (Dover 
Publications, Inc., New York, 1944), p. 54. 
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This leads to 


OB 1 @B 
ae=| A-+cos'a( cot —-+— ; —) 
00 sin’? a¢? 


2 0 0B aB 
+—- sin8 cos6— ( ~cotoB ) +n‘ | (43) 
sin@ Og \ 00 OF 

where a denotes the radius of the earth, A=A (6,9), 
and B= B(6,¢). 

We note that this expression for the strain along a 
horizontal axis contains the term A (6,6) stemming from 
the vertical component of displacement . Since the 
ratio of A/B, as given in (34) and (35), is about 40 
for n= 2, and about 8 for n= 3, it follows that the first 
term in (43) predominates, so that in this case the 
response of the strain-seismograph is not sensitive to 
the orientation of its axis. Indeed, due to the pre- 
dominance of the A term, the response of the strain- 
seismograph in the various lines of the multiplet re- 
sembles the relative distribution of amplitude in the 
vertical component of displacement u and in the gravity 
perturbation P. 

Using the expressions (38), (39), and (43), we have 
computed the periods and amplitudes in the rotational 
multiplets of the Chilean earthquake for observing 
stations situated at Los Angeles and at Palisades, New 
York. For Los Angeles, the gravimetric amplitudes were 
computed from P in (39), and the seismic strain ampli- 
tudes” from Eq. (43). These results are shown in Table 
III and in Figs. 1 and 2. The values for the components 
of displacement u, v, and w in Table IV for the Palisades 
station are based on Eqs. (38) and (39). The periods in 
the multiplet are based on Eq. (5), with the values of 
r(m) given in Table V. 

Before proceeding to a comparison of theory with 
observations, we shall discuss the implications of our 


TABLE III. Theoretical periods T and amplitudes excited by a 
compressional point-source at Chile (6)>=128°), and observed at 
Los Angeles (@=56°). 





Amplitude 
Gravi- 
metric 


0.115 
0.242 
0.0015 
0.242 
0.115 
0.396 
1.257 
0.282 
0.624 
0.282 
1.257 
0.396 


Observed periods 
Gravi- 

Strain metric* Strain 
0.302 
0.615 
0.0023 
0.615 
0.302 
0.401 
1.46 
0.377 
0.873 
0.377 
1.46 
0.401 


a) 


54.98 


54.7 


52.80 53.1 


35.87 


| 
mrmowne 
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® See reference 6. 
b See reference 7. 


” The over-all sensitivity of the Isabella strain-meter varies by 
less than 10% in the period range of 17 to 54 min, so that its re- 
sponse is proportional to the strain within the above limit. 
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TasLe IV. Theoretical periods T and amplitudes of the dis- 
placements u, v, and w of multiplets in the spectrum of the earth 
excited by a point-source at Chile (@)=128°), and observed at 
Palisades, New York (@=49°). 





T u 
(min) Vertical 
55.33 0.265 
54.50 0.721 
53.70 0.020 
52.92 0.721 
52.15 0.265 
35.99 0.200 
35.83 0.814 
35.67 0.350 
35.50 0.288 
35.34 0.350 
35.18 0.814 
35.03 0.200 


0 w 
South 


0.0120 
0.0053 
0.0053 
0.0053 
0.0120 
0.063 
0.058 
0.144 
0.162 
0.144 
0.058 
0.063 
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assumption of an impulsive compressional point-source. 
To begin with, the SH torsional content of the source 
has excited torsional free modes which have been ob- 
served seismically’ and which lie in a different part 
of the spectrum. Secondly, we have to consider the 
evidence put forward by Benioff, Press, and Smith’ to 
the effect that the source was a progressive rupture 
proceeding from the epicenter southward for about 1000 
km with a velocity of about 3 km/sec. As far as the 
purely compressional content is concerned, such a dis- 
turbance could be represented by a point source travel- 
ing over a distance of about 10° of latitude and lasting 
some 5 min, with most of the energy probably released 
in the initial burst near the epicenter. The finite time 
extension, as against an assumed 6-function pulse, may 
affect the relative excitation of the entire modes n=2 
and n=3, but not the distribution of intensity within 
the multiplet of each mode. The spatial spreading of 
the source over 10° of latitude will change the coeffi- 
cients for the relative excitation of the components of a 
multiplet, such as is given in (40), to a degree by which 
the functions P,”(cos@o) vary as 4) goes from 128° to 
138°. For n=2 and n=3 this variation is small and is of 
the same order of magnitude as the a terms in (22), 
which we have neglected. Since a= (w/c) is around 
1/24, we may expect errors of that order of magnitude 
from the latter source in the amplitudes given in 
Tables III and IV. 

There remains to be considered the effect of torques 
(SV) whose axis has horizontal components. An SV 
torque will excite spheroidal oscillations which are not 
symmetrical about an axis passing through the source. 
These will have a different distribution of intensity in 
the rotational multiplets from that of a compressional 
point-source. 


4. COMPARISON OF THEORETICAL WITH 
OBSERVED MULTIPLETS IN THE 
SPECTRUM OF THE EARTH 


The theory presented above predicts that every fre- 
quency of spheroidal oscillations of the earth of order n 
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TABLE V. Values of r(m) in Eq. (6). 
Gutenberg model 
ooX 108 To 


(sec™!) (min) 


Bullen B model* 
ooX 108 T» 


(sec!) (min) 


Over 


tone T(n) 


= 


T(n) 


0.395 
0.230 
0.120 
0.182 
0.207 
0.098 
0.192 


0 1.951 
I 4.235 
IT 6.764 
0 2.953 
I 5.844 
0 4.076 
I 7.289 


0.395 
0.239 
0.117 
0.183 
0.213 
0.099 
0.198 


1.957 
4.306 
6.912 
2.964 
5.940 
4.100 
7.420 


53.67 
24.73 
15.48 
35.46 
17.92 
25.69 


14.37 


me wet u 
UN on Un de Ge 


em im Ge Ge bo to bo 
UD we wu 
mm GW UI bt 


*® The periods given here are taken from reference (9), where the com- 
pressional velocity Cp and the shear velocity C, in the top 33 km were taken 
as 7.65 km/sec and 4.30 km/sec, respectively. In reference (11), these 
values were changed to 6.10 km/sec and 3.54 km/sec, resulting in differences 
up to 0.04 min in the periods 


is split by rotation into a multiplet of (27+1) lines 
whose frequencies are given by Eq. (5), m denoting the 
azimuthal number appearing in (3) and (4). Values of 
r(m) are shown in Table V. Using these, and the previ- 
ously determined values" of the central frequencies 
a(n), we give in Table III the periods of the multiplet 
lines for the fundamental modes of spheroidal oscilla- 
tions of order n=2 and n=3, in the case of model 
Bullen B. Also shown are the theoretical amplitudes of 
the lines for an assumed compressional point-source at 
Chile, and the observed periods. 

As for the periods, we note that the average of each 
of the two observed doublets in the case n=2 is 53.9 
min, as against the theoretical value of 53.7 for model 
Bullen B. In the case n=3, the average period of the 
observed strain doublet is 35.7 and of the gravimetric 
doublet 35.56, as compared with the theoretical value 
of 35.5 for model Bullen B. These central frequencies 
depend on the model assumed, being even smaller by 
0.18 min each in the case of the Gutenberg model. The 
discrepancies with the observed values disappear for 
the Gutenberg model for m>5. It is not the purpose of 
the present discussion to deal with the question of the 
modifications which would be required in the structure 
of the model in order to eliminate the 0.2-min dis- 
crepancy with the observed central periods. We shall 
rather assume that the whole doublet is shifted so as to 
bring the central line into coincidence with the observed 
value, and we shall compare the observed intervals be- 
tween the lines in a multiplet with the theoretical 
values for the intervals. 


A. Gravimetric 


Referring to Table III, in the case n=2, the central 
line m= should be very weak and was actually not 
observed. The theoretical interval between the strongest 
m=—1 and m=1 lines is 1.6 min, as against the ob- 
served interval of 2.2 min. Since, however, the m= +2 
lines are theoretically half as strong as the m=-+1 
lines, the observed lines may represent the unresolved 


pairs m= 1 and m=2. The average periods of the pairs, 
weighted according to their amplitudes, are 54.77 and 
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52.67 min, giving an interval of 2.1 min, which is close 
to the observed interval of 2.2 min. 

In the case n=3, the strongest lines should be the 
pair m=-+2, which are very close to the observed two 
lines. The m=0 line should be half as strong, and should 
have been observed if the noise level were low and the 
resolution adequate. 

In addition to the doublets in the fundamental n=2 
and n=3 modes, the first overtone of the n=3 mode 
was also reported as a gravitational doublet: T= 17.88 
and 17.68 min. Theoretically, the relative amplitudes 
within a multiplet for the overtones should be the same 
as for the fundamental, as given in Table III. The 
strongest lines in all the overtones of m= 3 should there- 
fore again be the pair m=-+2. The frequency interval 
is 4wr1(3)=6.20 10-5 sec, using the value of 0.213 
for 71(3) given in Table V. This leads to a period- 
interval for the pair of 0.19 min, which agrees with the 
observed value of 0.20 min. 


B. Seismic 


Two doublets were reported by Benioff, Press, and 
Smith’ from a Fourier analysis of the strain seismogram 
at Isabella, California. In Fig. 1 is reproduced their 
spectral intensity curve in the vicinity of the n=2 pair 
of 54.7 and 53.1 min. In the same figure are shown by 
arrows the theoretical separations and amplitudes of 
the five lines making up the m= 2 quintet, in accordance 
with the results given in Table III. The central m=0 
line should be extremely weak, and is indeed below the 
background noise. The m=2 line is not far from the 
observed intensity level. On the other hand, the m 
line is above the observed intensity in its vicinity. One 
should expect a rise in intensity immediately to the left 
of this line, which is outside the limit of the figure. 

In Fig. 2 is shown the observed spectral curve for 
n=3, and the theoretical positions and amplitudes of 
the n=3 septet. There is an indication of the central 
m=0 line, and its theoretical intensity is close to the 
observed value. The m=-+1 
close to the general noise level 
neighborhoods. 

The answer to the question posed previously, as to 
why only two lines out of the quintet for x 
been observed at Angeles, is that the observed 
doublets are the theoretically strongest lines, that the 
central line should be weak, and that the outermost 
lines would not be expected to stand out above the pre- 
vailing noise level. In the case of the septet for n=3 
the observed doublets again theoretically the 
strongest; there is actually an indication of a third 
line at m=O in the strain record, while the missing two 
pairs m=+1 and m=+ 
within the background noise. 


-—2 


and m=-+3 pairs are 


in their respective 


2 have 


Los 


, 


are 


3 are theoreti ally again just 

It would be of interest to make a more refined Fourier 
analysis of the observed spectral curves in the multi- 
plets, and also to determine the theoretical multiplet 
intensities for an SV torque-source. Further test of the 
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theory could be made by observations at other lati- 
tudes, where the intensity distribution within the 
multiplet would be different. We are at the threshold 
of a new science: terrestrial spectroscopy. 
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APPENDIX 


We shall first prove that, by virtue of Eqs. (23)—(28) 
and the boundary conditions, 


] [ raf sinodo f dep (u,*Ro—uo*Ri+04*S 


— Vo" 51 +w *To—wo*T}) ==(), (A. 1) 

In the absence of rotation, the components of dis- 
placement mo, vo, and wo and the perturbation in the 
gravitational potential Yo are given by 


0 
Uy = Uol(r) ¥ nm(0,0), Vo= Vo(r)—V nm, (A.2) 
00 


Vo(r) 0 


2 , nmy Yo= Po(r) V nm, (A.3) 
sin? dd 
with 

Y nm(0,6) = P,.™(cosd)e™*?, (A.4) 


We have*® 
oy 0 

R,; |og-+p — p—(gu) 
or or 


0 Ou Oe re v7 
+ (asta. )+ Som 
or or r 00 rsiné dd 


de rd 


mM 
+ —(4e,--—2e99—2e54+cotbe,s) | 


, ie 
| poy a 
—s + (were) 


or 


(A.5) 


S 


| r 00 


10 m 
+— —(—gou+dA+ 2yeo)-+— 
r 00 rsind dd 


7 1dv v 1 dw 
+ 2 ( oo ——- cotd———_ |) +e] , 
r roo r r sind 2p ‘ 


(A.6) 
oy a 
+—(pe,s) 


or 


les 


le ial p 
T;=({- 
r sin? 0d 


Le O€G4 ; @ 
+ (— gou+dAA+2yess) 

r 00 rsinéd dd 

3u Qu 

+—e-g+— cotter} : (4a) 


r r 
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lov u 
—+-, 


roo fr 


Ou 
Crr= ’ eva= 


or 


Ou 
er~e=——-+ ~ - 
Or r 700 


1 w v u Ov t 
€4g=—— —+- coté+-, (A.9) 
rsinddd r r 
1 Ou Ow u 
€r4=——_ —+—_-, (A.10) 
rsindbdd or fr 
low w 1 ov 
: ——coté+ 
roo fr 


; (A.11) 

r sin? dd 

Ou 2u : 2 1 ow 
- (v sind)+ 

r sind 06 


A (A.12) 


Or r sind dd 
We now substitute from (A.5), (A.6), and (A.7) into 
(A.1) and carry out the indicated integration. Every 
term which involves derivatives of \, u, A and of the 
components of the strain-tensor e;; we integrate out 
partially. The integrated quantities vanish because of 
(1) the boundary conditions at the surface r=a: 
NA+ 2u(0u/dr) = ero= €rg=0, (A.13) 


(2) the regularity of the e;; and of A at the poles, and 
(3) the periodicity condition in ¢. It is found that the 
terms in the integrand multiplying A, wu, and gp each 
cancel out, leading to 


OWo ay, 1 OWo oa 
I fa p -- Uo* . + («* at i nt) 
4 00 06 


1 OW OW 
+ (wr -— Wy* —) | (A.14) 
r sind Op Op 


u,* 


or Or rr 


where fdr denotes the volume integral in (A.1). 
For the proof of the vanishing of (A.14), we make 
use of the equations for the gravity potential : 


V2ho* — 4G (pAo*+ u0* p) =(), (A.15) 
V*yi* —4rG (pAi*+1*6)=0. (A.16) 


Multiplying (A.15) by ¥: and (A.16) by —wo, adding, 
and integrating over the volume of the sphere, we get 


f sinodo f do @& 
Opo* Ow* 
x/u(- = —4Gpu*) -w( 2 ~4nGous*) 
or or r=a 
OW oy l 1 OWo Oy, 
= inG fl — uy*—+ ( - -n—) 
or Or rr 06 00 


1 Oo wr 
+ (wee) 1 extn 
r sind dg do 
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Now, while mw and yy in (A.2) and (A.3) are each 
represented by a single spherical harmonic of order n, 
the solutions for «; and y, from equations (25) and 
(28), respectively, are of more general type: 


m=) ,.m", wu 
w=Levi™, ¥ 


n / 


Uy = Uy" ; yw Yi 


U, k (7) V im (0,0). (A.18) 
(A.19) 


(A.20) 


P; (r) Y im(0,0), 


The boundary condition at the surface for the gravita- 
tional potential is*-* 


(dy /dr)—4rGpu = —[(k+1)/a ly; r=a, (A.21) 


for each k. Hence 


OW . ow i* 
|¥( —4nrGpu ‘) —y ( —— inGous*) 
Or Or 


1 
=F [(R+ 1 po ps*® — (m+ pot MY 7. 


ak 


(A.22) 


The surface integral of (A.22) vanishes because of the 
orthogonality of the spherical harmonics when nk, 
and because of identical vanishing for n=k. Hence, the 
volume integral in (A.17) vanishes, and with it J, as 
given by (A.14). 

The above derivation holds for both spheroidal and 
torsional oscillations, since all the boundary conditions 
are satisfied in both cases. In the case of the torsional 
oscillations, some of the boundary conditions are satis- 
fied identically because for them 


ug= Ao= To=Yo= 0. (A.23) 


Evaluation of <(n) 


In the case of spheroidal oscillations, mo, ve, and wo 
are given by (A.2) and (A.3), and the volume integral 
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of the right-hand side of (29) leads to 


dp\? mp 
dao, f dr | Urpt+ vel ( -) +— | 
( sin’ 


| dp 
= Amor? | dro UV op’? +cotdp—V 
dé 
where 
p(8) P,™(cos@). 
We have 


” y iv + m 
A= f sin6d@ p’ 
( 2n+1) (n—m 
- : ~*~ 
B= | sind d0=n(n+1)A— mC, 
0 do/ 
* dé 1 (n+m)! 
C= f p* ; 
9 sing m (n—m)! 


d dp 
mf cos6p—d0= 3m. 
0 dé 


Using these in (A.24), we are led to Eqs. (3) and (4). 


(A.29) 


In the case of torsional oscillations, we have® 


uy=0, Vo= (Vo(r) sin8) (OY... Od “ 


V a (OY... og). (A.30) 


and the volume integral of the right-hand side of (29) 
leads to 


2a aif ar pV PL (dp/d0)?+ (m?/sin0) p 


= Amos? fdr pV 


From this, relation (7) follows. 


-cotdp(dp/d8). (A.31) 
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Adiabatic Demagnetization in a Rotating Reference System* 


C. P. SLicHTERt AND WittiAm C, Hottont 
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(Received February 9, 1961) 


Redfield has proposed that under some circumstances, a mag- 
netic resonance should be described by saying the spin system has 
achieved a temperature in a reference system which rotates at 
the frequency of the applied alternating field. He based his pro- 
posal on experiments in which characteristic times of observation 
were long compared to the spin-lattice relaxation time. A theory 
of spin-lattice processes was necessary to analyze the results. 
We describe a set of experiments to verify his hypothesis, using 
times short compared to the spin-lattice relaxation, which test 
his hypothesis without need for a theory of spin-lattice relaxation. 


I. INTRODUCTION 


EVERAL years ago, Redfield' discovered that the 

behavior of magnetic resonances in strong alter- 
nating fields whose frequency was near to resonance was, 
in many instances, in conflict with generally accepted 
basic theory. In the absence of the alternating field, 
one finds customarily in solids that the component of 
magnetization perpendicular to the static field, Ho, 
decays to zero in a time (72) of about 100 usec (as for 
example when one observes the free induction decay 
following a strong pulse which tilts the direction of the 
magnetization away from that of Ho). Bloch’s? phenom- 
enological equations predict a similar decay when the 
alternating field is present. What Redfield observed 
was that if the alternating field is present, the magneti- 
zation persists for much longer times—times which may 
be seconds. 

In a penetrating analysis, he showed that the slow 
decay in the presence of the alternating field was closely 
related to the second law of thermodynamics. He 
showed, moreover, how one could, in fact, predict much 
of the observed behavior by introduction of the concept 
of spin temperature in a properly chosen reference sys- 
tem, one which rotated in the sense of the nuclear 
precession at a frequency equal to that of the alternating 
field. It we decompose the alternating field into two 
rotating components, each of amplitude Hi, we may 
neglect the component rotating in the opposite sense 
from the precession. The remaining component appears 
static in Redfield’s rotating reference frame. The system 
he chose can be called, crudely, that which has the least 
time-dependent Hamiltonian, for it converts the time- 
dependent coupling of the spins with H, in the labora- 
tory reference system to a static coupling in the rotating 


* Supported jointly by grants from the Alfred P. Sloan Founda- 
tion and the U. S. Atomic Energy Commission. 
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1A. G. Redfield, Phys. Rev. 98, 1787 (1955); 101, 67 (1956). 

2 See, for example, G. Pake, Advances in Solid-State Physics, 
edited by F. Seitz and D. Turnbull (Academic Press, Inc., New 
York, 1953), Vol. 2. 


The experiments are shown to be similar to conventional adiabatic 
demagnetization, performed, however, in a rotating reference 
frame. Redfield’s ideas are thereby presented in a particularly 
simple form. The difference between reversible and irreversible 
losses in magnetization are illustrated, and it is shown, for example, 
that one can invert the magnetization with respect to the static 
field by passing through the resonance using alternating fields 
much less than the linewidth. The studies were made using the 
Na resonance in NaCl. 


frame. In the process, certain other couplings become 
time dependent, but at a frequency which renders 
them ineffective. Redfield then argues that the system 
will achieve the “most probable” distribution among 
the eigenstates of the rotating reference system, hence 
will be describable by a temperature. Of vital concern 
is the rate at which the system achieves thermal equi- 
librium in the rotating reference system, since the 
temperature concept will only be valid if the parts of 
the spin system are more strongly coupled together 
than to the thermal reservoir provided by the lattice. 
Recently, Goldburg® has extended Redfield’s work to 
NaCl and CaF», studying the conditions under which 
one goes from the usual resonance theory at low H,; to 
Redfield’s large-H, case. 

Redfield’s and Goldburg’s experiments were per- 
formed under steady-state conditions, i.e., over time 
intervals long compared to the spin-lattice relaxation 
times. Their interpretation therefore requires a theory 
of the role of spin-lattice relaxation to determine the spin 
temperature which is effective in the rotating reference 
system (it is in general quite different from the lattice 
temperature). By working with times short compared to 
the spin-lattice relaxation time, one can effectively iso- 
late the spins from the lattice, and demonstrate many 
of the consequences of Redfield’s theory in a particularly 
simple manner. Such experiments involve a theory which 
is very similar to that of the standard adiabatic demag- 
netization. That such a theory applies was, of course, 
recognized by Redfield, and formed the basis for his 
measurements of relaxation times in Cu and Al (see 
Vol. 101 of reference 1); however, a detailed verification 
has not been published to our knowledge. In this 
paper we report a set of simple experiments, adiabatic 
demagnetization in the rotating reference frame,— 
which demonstrate the validity of Redfield’s spin tem- 
perature hypothesis. Although we add nothing new to 
Redfield’s basic ideas, we hope that our simple experi- 
ments will emphasize the ideas underlying Redfield’s 


3 W. Goldburg, Phys. Rev. 122, 831 (1961). 
1701 





1702 C. P. SLICKTER AND 
paper, and provide an added verification of his 


arguments.‘ 
Il. THEORY 
A. Classical Adiabatic Demagnetization 


The theory of the classical problem of adiabatic de- 
magnetization is due to a number of workers.® We 
review it briefly as background for the adiabatic de- 
magnetization in the rotating reference system. 

The energy of the spins consists of two terms, the 
Zeeman energy, due to the coupling of the spins to the 
external field, Ho, and the dipolar energy arising from 
the coupling of spins to the magnetic fields of their 
neighbors.* They are represented by terms 3, and 3, 
in the Hamiltonian. For example, 3-,= —yhHy ox Jt, 
where y is the nuclear gyromagnetic ratio, and J,, the 
z-component of spin of the &th nucleus. 

If the spin system is described by a temperature, 
6,, the relative population of levels is conveniently 
described by a density matrix p(6,) given by the 
operator 


p(6,)=[exp(—3C/k0,)/Tr exp(—3C/k8,) ], (1) 


where .=3C,+Ha, and the symbol “Tr” has its usual 
meaning of “‘trace’’ or ‘‘sum over the diagonal elements.” 
The average value, (G), of any operator G is then 
given by 
(G)=Tr[Gp(@,) | 
= {TrLG exp(—3C/k0,) |/Tr exp(—3C/k0,)}. (2) 
For example, the average energy, (£), is given by 
(E)={[Tr exp(—3C/k0,) |/Tr exp(—5C/k0,)}. (3) 
Using the facts (which can be verified explicitly) that 
Tr3c,=0, 
TrK d 0, 
Tr(a) = Tr(HH,) =, 


(4) 


and that exp(—3C/k@,)=1— (5C/k0,) (since the nuclear 
energies are all small compared to k@,). 
We get that 


(E)= (1/k0,)[Tr(302+35¢,2)/Tr exp(—3¢/k0,) ], 


(5) 
which can be written as 


=[—C(H?+H?)/6,], (6) 


‘In addition to references 1 and 3, other interesting references 
on the subject include: N. Bloembergen and P. P. Sorokin, Phys. 
Rev. 110, 865 (1958); D. F. Holcomb, ibid. 112, 1599 (1958); 
I. Solomon, Comptes rend. 248, 92 (1958). 

5 A good summary of important equations, together with basic 
references to the work of J. H. Van Vleck, H. B. G. Casimir, and 
F. K. du Pré, C. J. Gorter, and others, is found in the book, Para 
magnetic Relaxation by C. J. Gorter (Elsevier Publishers, New 
York). Further references for applications to nuclear resonance 
are: N. F. Ramsey and R. V. Pound, Phys. Rev. 81, 278 (1951); 
A. Abragam and W. G. Proctor, ibid. 106, 160 (1957); and 109, 
1441 (1958); A. Anderson and A. G. Redfield, ibid. 116, 583 (1959). 

6 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 
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where C is the nuclear Curie constant Vyh?/ (I+-1)/3k, 
NV being the number of nuclei, 7 
ratio, and J their spin. Equations (5) and (6) define 
the quantity H7?, which is a magnetic field of the order 
of the local field at one nucleus due to its neighbors. 
In any case, one can compute H? by evaluating Tr3c,’, 
a straightforward procedure. We give the result of an 
analogous problem later for the rotating reference 
system. 

The average magnetization is given by the average of 
its components, M,, M,, and M,, 


M yh >; I. 


their gyromagnetic 


where 

(7) 
Using Eq. (2) and taking the static field Ho along the 
z direction, we find, for example 
(M,)={TrLM, exp(—35C/k0,) |/Tr exp(—5C/k0,)} 

=(1 ké,)(TrH\M 2 Tr exp(—H k6,) | 
(CH /6,), (8) 

and 


(M..)=(M,)=0. 


Equation (8) is Curie’s law. We note several important 
points: 


(1) The magnetization is parallel to Ho; 


(2) Curie’s law holds irre spec tive of the 


of Hy and H:. 


relative size 


Adiabatic demagnetization involves changes in the 
external field. One then uses the first and second laws 
of thermodynamics to write’ 


6dS =dE+ MdH =Cyd0+0(0M/ 06) ndH, (9) 


where 
Cu=(C(He+H?)/0 

Setting dS=0, one can solve for the variation in spin 

temperature from its value @,(H;) for the initial field 

H; to its value at the final field H;. The result is 


6,(H;)=0,(H;){LH?+H [H?+H?}}. (10) 


If we demagnetize from a field large compared to H;, 
5 
with an initial magnetization M;, we then get a final 
magnetization (using Curie’s law) of 


M,;=M.H,/(H2+H 7}. (11) 


The results of Eqs. (10) and (11) are shown in Fig. 1. 
We see that in demagnetizing, the spin temperature 
is proportional to Hy for Ho>H;, but when H, is less 
than the local field, the spin temperature is independent 
of Ho. The physical origin of this result may be seen 
by considering the degree of alignment of nuclei along 
the resultant of the external field and the field of the 
neighbors. This alignment depends on the Boltzmann 
factor, hence on pH7/k0,, where Hr is some sort of 
effective sum of the external and local fields (H7? 
=H(?+H/?) and yu the nuclear moment. If we decrease 
H, slowly, the degree of alignment of spins along Hr 
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Fic. 1. Spin temperature, @,, and magnetization, M, as a func- 
tion of applied field, Ho, for an adiabatic demagnetization [Eqs. 
(10) and (11) of the text]. 


will remain constant so that H7/@, will not vary. Conse- 
quently, @, will be independent of Hy) when Hp becomes 
less than Ai. 

From Curie’s law, we find that M is independent of 
Hy as long as 0,« Ho, which is the case when Hp is 
greater than H;. However, if Ho is less than H;, we 
find M is proportional to Ho. Physically, we always 
maintain the same degree of alignment of nuclei along 
the total field, but when Hp is less than H;, the total 
field at different nuclei is rather randomly oriented in 
space and the bulk magnetization is less than it is for 
Ho greater than H;, for which the total fields at all nuclei 
are parallel. 

The important point for us to realize is that a nuclear 
system which has been adiabatically demagnetized to 
zero field still has the same degree of order as it had at 
high fields. The “loss in magnetization” is entirely 
reversible—one can recover the original magnetization 
simply by turning Ho back on again sufficiently slowly 
for the nuclei to follow it. 


B. Adiabatic Demagnetization in the Rotating 
Reference System 


Redfield’s theory for the case in which one has an 
alternating field is very similar to that outlined in the 
preceding section. He transforms away the time de- 
pendence of the alternating field by a coordinate change 
to the reference system rotating at the frequency of H. 
In so doing, he finds a new Hamiltonian. 


.w 
= yrh(Hyo—b$—+- Hit) -E 1+ E (Ape 
YI P p>4q 
+Bool epl eg +X Cool spice? } 2 (A por’ S, 
P.q r>p 
kus 
+BrpSirSep) +7 (Ho—-—+Ht)-¥ S, 
Ys r 
+time dependent terms. (12) 


We have assumed two species of nuclei to be present, 
and we are using the symbol J to denote the nucleus 
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whose resonance we are observing, S to denote the 
other. 
The terms A pg, By, and C,, are defined as 


A pq=A pq’ + (yPh*/1p,*) ($ COS pg—4), 
Byq=3(72°h?/1 pq?) (} COS pg —}), 


Cpq= 


(13) 


A pq’ — (yrysh?/1 2) (3 cos p_—1), 


where A,,’ is the pseudo-exchange coupling between 
nuclei p and g a distance r,, apart, whose line of centers 
makes an angle @,, with the direction of Ho (the z direc- 
tion). w is the angular frequency of H,. 

The time-dependent terms have a frequency w or 2, 
and come from those terms of the dipolar coupling which, 
in the laboratory reference system, would have non- 
vanishing matrix elements between states of different 
m, where m is the quantum number describing the z 
component of the total nuclear spin. They correspond 
to fields of the order of H;, rotating at either w or 2w. 

Equation (12) has, so to speak, traded a time- 
dependent. H,; in the laboratory system for a time- 
dependent dipolar coupling in the rotating system. How- 
ever, as Redfield points out, ; in the laboratory system 
is in resonance, whereas the dipolar terms in the rotating 
system are far from resonance. (In the rotating system, 
the resonance occurs for zero magnetic field and zero 
frequency, whereas the time-dependent dipolar terms 
are at w or 2w.) 

As a result of the nonresonant character of the dipolar 
coupling, it is ineffective. If we overlooked the non- 
resonant character, we might erroneously suppose that 
we should use the rotating system only when H,>H;, 
whereas in fact the rotating system must be “more 
static” than the laboratory system as long as H, is 
greater than H/?/Ho, since the dipolar terms can at 
most be nearly secular in the rotating system in second 
order. It would be interesting to see whether there are 
any observable changes for H, in this range of 
H,~H?/Ho, although it is probable that the only 
effect of the nonsecular terms is a slight change in the 
spin specific heat. The term y,4H,i->>,S, is likewise 
off-resonance, and can be neglected. The term 
yh (Hy—kw/y,;)-¥=,S, commutes with the rest of the 
Hamiltonian and may therefore be removed from the 
Hamiltonian since it will have no influence of the 
changes in magnetization of the system “J” during our 
experiments. 

We now make Redfield’s hypothesis that in the ro- 
tating reference system the spin system is described by 
a temperature, @,. The density matrix is as before 
p(0,)=exp(—3C/k0,)/TrLexp(—35/k8,) ] except that for 
5 we use Eq. (12), omitting the time-dependent terms 
and the term y,4(Hy—kw/y,+Hii)->- S,-. 

Calling the first term of Eq. (12) 5, and the remain- 
ing Ka, we find, following Redfield, a set of equations 
identical to Eqs. (6)—(11), with Ho replaced by 


[(Ho—w yr? +H? }, (14) 





r. SLICARTER 


(AH?) 11+(AH?®)15 
+4(¥s yt fs)(AP ss (15) 


(we have here set A,,’=0). In units of magnetic field, 
(AH?)7, is the contribution of spins J to their own second 
moment,® (AH*);s is the contribution of spins S to 
the second moment of spins 7, and (AH?) ss is the con- 
tribution of spins S to their own second moment. fr 
and fs are the fraction of spins which are of type J 
and S, respectively. 


III. EXPERIMENTAL PROCEDURE AND APPARATUS 


The experiments were performed on the Na* reson- 
ance in a single crystal of Harshaw NaCl. The static 
field was oriented along a [ 100 ] direction. In addition to 
the pulse experiments described below, steady-state 
resonances were run of both the Na*™ and Cl* nuclei 
using a Pound-Knight-Watkins spectrometer, built by 
W. W. Simmons of our laboratory. 

The basic procedure of our experiments is to sit off- 
resonance with H, turned off for a time long enough 
to achieve thermal equilibrium between the spins and 
the lattice. H, is then turned on, and the static field 
brought closer to the resonance. Denoting the final 
amount we are off-resonance by 4, we measure the mag- 
netization as a function of # and of H;. The change in 
Hy is sufficiently slow for thermodynamic reversibility 
to be possible, but fast enough to prevent spin-lattice 
relaxation to be significant. In order to have thermo- 
dynamic reversibility, the nucleus must precess many 
cycles in the time it takes the effective field to change 
significantly. Since H, is the minimum value of the 
effective field, and since the precession period for H, 
is 2x/yH,, thermodynamic reversibility is satisfied when 
(yH °/2x)>>dH>/dt. (In our experiments, at the lowest 
H, used, (yH/2r)=92 gauss/sec. dH»o/di measured 
from oscilloscope pictures of the emf produced in a 
pickup coil was not constant in time, but its maximum 
value, which occurred off resonance, was 50 gauss/sec, 
and its value near resonance was at most 25 gauss/sec. 
The necessary inequality was therefore fairly well 


Fic. 2. Resonance signal due to free precession of nuclei follow- 
ing turn-off of H;. The beats occur between the nuclear signal 
and an rf voltage injected into the early stages of the receiver. 
(Time scale: 50 usec/scale division). 
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satisfied at the lowest Ai,, and quite well satisfied for 
larger values.) 

The apparatus used has been described elsewhere.’ 
It consisted of a crystal-controlled 7 mc/sec oscillator, 
a gated power amplifier, a bridge, and a receiver. Ob- 
servation of the magnetization while H, is on is not 
possible, particularly with the H,’s of around 1 gauss 
which are needed for our experiments, because the 
amplifier is blocked by the signal passed by the bridge. 
Accordingly, we determined the magnetization by turn- 
ing off H,; and measuring the initial size of the free 
induction decay after the amplifier recovered (a time 
of about 20 usec). Although dH/di was not strictly zero 
when H, was turned off, the turn-off served to define 
the value of # appropriate to the data. In order to have 
linear operation of the detector, a small rf signal was 
fed into the input stages of the amplifier at a frequency 
of a few kilocycles from the nuclear precession frequency. 
The detector output shows the beat between the nuclear 
signal and the injected rf voltage (see Fig. 2). 

The variation in Hy was produced by discharging a 
condenser through a pair of coils mounted on the mag- 


SIGNAL HEIGHT(arbitrary units) 
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Fic. 3. Signal height vs # for 7; large compared to H 


(H,=1.9 gauss, 7;=0.9 gauss) 


net gap. The initial high current through the coils 
kicked the field about which it 
drifted back to its initial value in about 2 sec. The rate 
of return was determined partly by the condenser 
discharge time constant, and partly by the time for 
fields to penetrate the magnet iron. 

A gating signal was taken from the switch, which 
connected the condenser to the gap coils, was delayed 
one-half second (the time for the field to reach its 
maximum excursion), and used to trigger a gate which 
turned on H, for 2 sec. The turn-off of H, triggered the 
sweep of a Tektronix 545A oscilloscope, on whose 
screen the free induction decay was displayed and 
photographed. 

The initial value of Hy was monitored by measuring 
the frequency of a proton magnetic resonance. Since 
dH)/di was not strictly zero when H, was turned off, 
his not that given simply by the value of field measured 
from the proton resonance. Rather, it differs by an 
amount which is the same for all measurements. The 
correction was determined by plotting the resonances 


10 gauss, following 


7J. J. Spokas and C. P. Slichter, Phys. Rev. 113, 1462 (1959). 





DEMAGNETIZATION IN ROTATING REFERENCE SYSTEM 


as a function of the initial field values, (i.e., fields meas- 
ured by the proton resonance), and finding that value 
of initial field which corresponded to the peak of the 
resonance. We feel this procedure is justified since the 
resonances were symmetric about their center for a 
given H,, and the position of their centers was indepen- 
dent of Hi. 

The relative size of H, in various runs was determined 
by photographing the bridge output voltage during the 
pulse. Since this signal depends on the degree of bridge 
balance, it is necessary to take the data without 
changing the balance. The degree of balance was suffi- 
ciently low to be highly stable, as monitored by checking 
the unbalance voltage for the same power supply 
voltages. No doubt much of the stability is due to the 
facts that the oscillator frequency is crystal controlled 
and that the bridge design gives balance conditions 
which are nearly frequency independent. Reproduci- 
bility of output for the same voltages leads us to believe 
the relative values of 7; are known to about +10%. 
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‘1G. 4. Signal height vs 4 for H; small compared to H:. 
(H,=0.19 gauss, H,=0.9 gauss). 
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The absolute values of #, were determined by meas- 
uring (a) the width of the resonance for large H, and 
(b) rotary saturation. In addition, a rough check was 
made by measuring the bridge-unbalance voltage and 
pulse duration for a /2 pulse. 

The apparatus built by Spokas’ was intended for 
short pulses. The amplifier recovery from the 2-sec 
bursts of H, was much slower than it was after a 50 usec, 
x/2 pulse. We succeeded in getting fast recovery by 
putting a pair of diodes in parallel opposing across the 
plate loads of the first two amplifier stages (since no 
de flowed through the plate loads, the diodes had no 
dc bias). 


IV. EXPERIMENTAL RESULTS 


A. Adiabatic Demagnetization 


The experiments on adiabatic demagnetization as 
described in the preceding section all involve starting 
well off resonance, and coming to a field Hp— (w/y)=h 
away from the resonance. The effective field (H,) in 
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Fic. 5. Signal height vs H; for h=0. (H, expressed in volts 
bridge unbalance.) 1.4 gauss for 1 v unbalance. The two theoretical 
curves [Eq. (18) ] assume different values for Mo. 


the rotating coordinate system is then 


H.=(He+h}. (16) 


Since the magnetization off resonance is Mo, the thermal 
equilibrium magnetization, we find that 


M=M,{H./(H2+H?2}). (17) 


Our experimental method measures M, 


M.=M(H,/H)=MfHi/(H2+h+H2}3} 
={MoH,/(H2+H2}(1+h/(H2+H2)}}. (18) 


From Eq. (18), we see that if we plot signal vs & 
for a fixed H,, we should obtain a universal curve, the 
width of which is proportional to [H+H/?} and the 
peak height of which is MoH,/[H2+H?}. Figure 3 
shows experimental points for an H,; much larger than 
H, (H,=1.9 gauss) together with a theoretical curve 
whose peak-height and width have been chosen to 
approximate the data. Figure 4 shows experimental 
points for an A, which is smaller than H; (H,=0.19 
gauss) together with a theoretical curve calculated as- 
suming H;=0.88 gauss. We see that an equation of the 
general form of Eq. (18) describes the data. It is in- 
teresting to note that the magnetic field was pulsed to 
lower magnetic fields and the experiments done while 
the field was increasing to its original value. Thus, points 
to the right of the center of the resonance line involve 
a cycle of the effective field in which it has gone down 
to a minimum of H;, and then come back up to 
[H?2+/? }!. The symmetry of the experimental curves 
about their center illustrates that the magnetization 
loss at the center is reversible. This symmetry was found 
for all values of H,. 

Figure 5 shows the magnetization at the center of the 
resonance (#=0) as a function of H;. The ordinate is in 
units of bridge unbalance voltage. Two theoretical 
curves are shown: one for Mp=2.8 divisions, the other 
for My=3.1 divisions. From the decay following a r/2 
pulse, we measure My=2.9+0.1 divisions. A large 
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Fic. 6. Linewidth between points whose signal is half of 
the maximum signal vs //;. 


amount of data at large H, leads us to believe 3.0 
divisions is the best value. 

The theoretical curves in Fig. 5 have been fitted to 
H,=0.68 v. Since our calibration of bridge unbalance 
gives 1.4+0.15 gauss/v, we find H,;=0.95+0.1 gauss. 
We note in any event that the data fit the general 
form expected. It would be desirable to have larger 
H;,’s to establish the large H, asymptotic behavior; 
however, we were limited by the power available from 
the oscillator for 2-sec pulses. 

Figure 6 shows the linewidth vs H;, where the values 
of H, have been calculated from the bridge unbalance 
voltage. The quantity 6H is defined as the full width of 
the resonance between points where it is half of its 
peak height. From Eq. (18), we find 6H=[12(H? 
+H,*) }*. In the limit of large Hi, 5H=(12)!H;. Ac- 
cordingly, we have plotted 6H (12) vs H,. Two theoret- 
ical curves are given. The upper one is based on the as- 
sumption that H,;=0.88 gauss, a value chosen to 
approximate the data at low H; where 6H(12)-!=H;. 
Note that this measure of H; does not depend on our 
knowledge of H;, but solely on our measurements of h. 
Since # was found using a proton resonance, we con- 
sider it to be exceedingly reliable. On the other hand, 
since signals for low H, are small, the signal-to-noise 
ratio is at its worst, and reliable measurement of width 
corresponding difficult. 

Equation (15) enables us to calculate H; from first 
principles. Using it, we find H,;=0.57 gauss. This is 
significantly below the values of 0.88+0.1 gauss ob- 
tained from the low H, linewidth, or 0.95+-0.1 gauss 
obtained from Fig. 5. We believe the discrepancy be- 
tween these values and the theoretical value are outside 
of experimental error. Three possible sources of error 
might arise : (1) errors in calibrating H,, (2) inhomogenei- 
ties in H, over the sample, and (3) inhomogeneities in Ho 
due to the magnet. Neither items (1) or (2) would affect 
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the low H, linewidth. However, as pointed out above, 
the signal-to-noise ratio is at its worst for low Hy’s, 
and we may be unrealistic in quoting the linewidth. To 
some extent, our calibration of H, by observing either 
rotary saturation or the large H linebreadth should 
compensate for inhomogeneities. The magnet homo- 
geneity was checked by observing the Na® resonance 
in a solution of NaCl in water using a Pound-Knight 
spectrometer. Assuming a uniform field gradient de- 
duced from these measurements, the corrections to the 
resonance curves are only about 1%. 

One possible explanation for the large H; is the 
presence of a quadrupolar coupling. There are several 
ways of seeing that a quadrupole effect might increase 
H,. For example, H, represents a coupling to the nuclear 
spin. The more such couplings, the larger H;. Or, one 
may view H; as simply a measure of the spin specific 
heat. A quadrupole interaction would increase the spin 
specific heat.* Of course, the quadrupolar coupling 
would vanish in a perfect NaCl crystal, since each Na 
site has cubic symmetry, but might be nonzero if there 
were strains or impurities. The presence of quadrupole 
couplings can be checked by measuring the second 
moment of the resonance lines. Such measurements 
were made on both the Na® and Cl** nuclei. The 
second moments of both Na* and Cl** provide checks on 
Eq. (15). For Na™, the free induction decays enable 
one to measure the Na™ second moment, since the co- 
efficient of the @ term in the decay is proportional to 
the second moment. The theoretical root-second mo- 
ment is 0.73 gauss, whereas the Bloch decays gave 
values such as 0.71 gauss or 0.77 gauss. A steady-state 
absorption derivative was also run. Assuming a Gaussian 
shape, the peak-to-peak distance on the derivative 
gave 0.76 gauss for the second moment. For Cl**, an 
absorption derivative gave a second moment for the 
Cl** of 1.07 kc/sec (assuming a Gaussian shape), whereas 
the theoretical value is 1.10 kc/sec. 

We conclude that the width of the steady-state reso- 
nance curves is given well by the dipolar coupling. If 
there are quadrupolar couplings, they must affect only 
a small number of nuclei and be correspondingly large. 
We note that if 1% of the Na nuclei had a quadrupole 
energy which was ten times the magnetic energy of a 
Na® nucleus in its local field, the discrepancy would be 
resolved. As a corollary, measurements such as we 
describe provide a sensitive measure of quadrupole 
couplings, provided the “quadrupole nuclei” are able 
to maintain a spin temperature equilibrium with the 
rest of the nuclei. Anderson and Redfield, and Hebel® 
have shown similar effects in Al using standard adia- 
batic demagnetization. Our experiment has the ad- 
vantage of being done with larger M’s. 

As we have remarked above, the symmetry of the 
signal about the center of the resonance illustrates that 


8See, for example, the paper by Anderson and Redfield, 
reference 5, or L. C. Hebel, Bull. Am. Phys. Soc. 5, 176 (1960). 
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the loss in magnetization at the center of the resonance 
when H,<H, is reversible, as assumed in the spin tem- 
perature hypothesis. If one were to pass through the 
resonance with a value of #,<H), the magnetization 
should follow the effective field direction, but decrease 
in magnitude to a minimum value at the center of 
the resonance, and grow back to Mo when one is through 
the resonance an amount much greater than H;. (In 
other words, the “loss” in magnetization at the center 
of the resonance is reversible.) In the process, since the 
effective field is inverted in space, the magnetization 
will likewise be inverted. It should therefore be possible 
to invert My with respect to the external field by pas- 
sage through the resonance with H,<H, provided the 
passage is slow enough for the magnetization to follow 
the effective field and for a spin temperature to be 
established, yet fast enough to make spin-lattice re- 
laxation negligible. 

This technique has been used by Redfield to measure 
spin-lattice relaxation in Cu and Al. (See Vol. 101 of 
reference 1). To illustrate it, we performed the following 
experiment. Two passes were made through the reso- 
nance, the first pass of low 7,(H,H,/4, corresponding 
to 0.14 v in Fig. 5) to invert the magnetization, the 
second pass of large H, (H,=2.5H;, corresponding to 
1.5 v on Fig. 5) to inspect. As before, the static field 
was pulsed to lower fields, and H, turned on while the 
field returned to its original value. The static field was 
set about 2} gauss above the resonance. The first pass 
(at low H,), therefore carried. through the resonance, 
but the second pass (large H,) did not since the large 
H, was comparable to /, permitting us to observe a 
signal. The signal strength following the second pulse 
was measured as a function of the time, 7, between 
pulses. It is shown in Fig. 7. (In this procedure, the 
change from low to high H, was accomplished by manu- 
ally changing the screen voltage of the 3£29 rf power 
output tube, a fact which made it impossible to start 
the second pass any sooner than about 1 sec after the 
end of the first). We note from Fig. 7 that the signal 
strength decreases with T initially, then increases. This 
behavior is just what we would expect if the first pass 
inverted Mo, and if spin-lattice relaxation took place 
before the second pass. The z component of magnetiza- 
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Fic. 7. Signal after second of two passes through resonance 
(the first of small H,, the second of large H,) as a function of the 
time between passes. 
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tion then would obey the equation 


(dM ./dt)=(M,—M,)/T;, (19) 


where 7; is the spin-lattice relaxation time. Inserting 
the initial condition M,(0,)=— Mo gives 


M .=Mo—2Moe7!™, (20) 


Therefore, a plot of Myp—M, would give an exponential 
with a slope of 1/7; and an intercept 2M». Deducing M, 
from Fig. 7, and taking the value of Mo as the long-time 
asymptote (2.0 divisions), we have deduced Myp—M, 
and plotted it on semilog paper in Fig. 8. Note that the 
slope agrees well with that predicted from Wikner, 
Blumberg, and Hahn’s* measurement of 7;, and that 
the intercept of 3.7 is close to the predicted value of 
4.0 divisions. (Actually, we have plotted signal heights, 
which are proportional to M,—but M, is related to M 
by a simple projection, the same for each measurement, 
so that in effect, M,, M, and M, are constant multiples 
of one another.) Although the signal height extrapolated 
to T=0 gives |M,| only 85% of Mo, we should re- 
member that at the center of the line during the pass 
at this #,, M has diminished to 20% of Mo. Therefore, 
it is clear that the decrease in magnetization on passage 
with low A, is essentially reversible. 


B. Nonadiabatic Pulsing 


In the experiments described so far, the effective 
magnetic field is always changed slowly since even 


9E. G. Wikner, W. E. Blumberg, and E. L. Hahn, Phys. Rev. 
118, 631 (1960). 
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Fic. 9. Signal vs é& for constant 17» and a large H. The 
theoretical curve is given by Eq. (22). 


when H; is turned on, one is so far off resonance that 
H &h. We now describe some experiments in which H» 
is mot varied, but in which H, is pulsed on for a few 
msec, a time long compared to the decay time of free 
induction signals (about 0.2 msec). Since H; is turned 
on in a few microseconds, we may think of these experi- 
ments as being non-adiabatic switching of the effective 
field. They would be described by the sudden approxi- 
mation of quantum mechanics, i.e., immediately after 
turning on H,, the system wave function is identical 
to its value prior to switching, but the Hamiltonian has 
changed discontinuously. 

These experiments are interesting because of their 
contrast with the adiabatic switching. Figure 9 shows 
the signal vs é for a large H;. Unfortunately, bridge 
unbalance data cannot be used to give the Hi, but the 
power supply voltages are consistent with a value of 
3.3 gauss deduced from Fig. 9 as described below. The 
striking point about Fig. 9 is the sharp null at the center. 
(Note: The ordinate is the proton resonance frequency 
in the magnet—4.257 kc/sec equals 1 gauss.) 

A simple physical picture serves to explain the data. 
Prior to turning on H;, the magnetization is Mo and 
points along the z direction. After H, is turned on, the 
nuclear magnetization precesses around the effective 
field. Since the local fields may aid or oppose H,, there 
is a spread in precession frequencies. However, since 
H.>Hz,, to a good approximation, the precession is 
about a field whose direction is that of H,. Consequently, 
components of magnetization perpendicular to H, get 
out of step in a time of the order of T2, eventually 
cancelling each other. Components parallel to H, are 
preserved. As a result, after about 0.2 msec (the free 
induction decay time) we expect to find M parallel to 
H,, and in length simply the projection of My on H.,. 

Hence 


M=M,(h/H.). (21) 


The signal is proportional to M,, 


M,=M(H\/H,.)=MohH,/ (H?Y+?’). (22) 


Such a curve has been plotted in Fig. 9, the height and 
width being adjusted to fit the data. The width of the 
curve corresponds to H,=3.3 gauss. 

The peak height should be Mo/2. This gives Mp=3 
divisions, which is the value obtained from the adiabatic 
experiments, the amplifier gains all being the same. 
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The theory above applies to H.>H,. If H.~Hi, 
there would be corrections due to the exchange of 
energy between the spin-spin couplings and the energy 
in the effective field. 

The magnetic energy immediately after switching is 


— (CH?/0,)—Moh= —M of (H2/Ho) +h], (23) 


since the degree of alignment of spins in the local fields 
of their neighbors is that of the lattice temperature. 
After a spin temperature has been reached, the magnetic 
energy is 


—MH,—(CH?/0,)=—MH.—(MH/?/H.). (24) 


Equating Eqs. (23) and (24), we find 


M=(Mh/H,)(H2/H2+H?2)(1+H?/H A), 


(25) 


in agreement with the simple projection theory when 
H?2>H/?. Equation (25) has a simple physical inter- 
pretation. It is the product of three terms. The first is 
the projection of My on the effective field. The second 
factor represents the change in Mo due to the exchange 
of the Zeeman energy with spin-spin energy. When 
H >Hi), this exchange does not occur, and the factor is 
unity. The third term involves a correction H?/Hoh 
which arises because of the spin-spin energy present 
before turning on H. It is in general negligible. It pre- 
vents M from being strictly zero when one is at the 
center of the resonance. To a good approximation, the 
last factor can be called unity. 

It would be interesting to verify Eq. (25) as a function 
of H;. Note that the magnetization here 
(M <M,) is irreversible, in contrast to the “loss” from 
the slow changes in Ho. The irreversibility results from 
the sudden change in H, on the application of H;. From 
an experimental viewpoint, we wish to emphasize that 
turning on H, quickly is very easy, since it is at such 
a high frequency. It is quite easy to satisfy the sudden 
approximation in the rotating reference frame. 


loss in 


. 


V. CONCLUSIONS 


The experiments described demonstrate the principles 
proposed by Redfield in a very simple way. The basic 
point of reversibility in the demagnetization is clearly 
demonstrated. There is a close similarity between the 
adiabatic demagnetization experiments in the rotating 
reference frame and the conventional ones such as 
those of Anderson, Redfield, and Hebel. There are indi- 
cations that the spin specific heat in our samples is 
larger than that calculated only from dipolar coupling. 
Using the rotating frame, studies of quadrupole coup- 
lings of point defects may be possible. 
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The effect of a static electric field on positronium formation in some polymeric materials was detected 
by a study of the time delay spectrum of the annihilation y rays. Typical nonpolar polymers, like poly- 
ethylene and Teflon, show a strong decrease in positronium formation with increasing electric field, (33% 
and 13%, respectively, at 50 kv/cm), while no effect was found in polar polymers, like Lucite, nylon, and 


polyviny! chloride. 


ARIATIONS of the long lifetime of positronium 

and of its intensity in solids as a function of 
temperature and density have been repeatedly ob- 
served'; however, no information is yet available on 
the role played by some other simple experimental 
variables, such as a static electric field. We report here 
the results of our investigation, which show that in 
some cases the electric field strongly affects the posi- 
tronium formation in various insulators. 

Na” was used as the positron source, and the samples 
were prepared by evaporating one drop of high specific 
activity NaCl in aqueous solution directly on the 
target which is then covered with a second identical 
one. The targets, whose thickness was sufficient to 
stop the beta particles, were of polymeric materials. 
Each of these samples filled the gap between the 
parallel plates of a capacitor whose envelope was 
grounded to avoid spurious effects on the detection 
apparatus. The measurements were made in the cus- 
tomary way’ with two counters consisting of plastic 
scintillators 1}-in. diam, 1 in. thick, viewed by RCA- 
6342A photomultipliers; the first was biased to accept 
only the pulses belonging to the Compton edge of the 
1.28-Mev vy rays and the second was biased to accept 
only the Compton edge due to the annihilation radia- 
tion. The signals were sent into an nsec vernier time- 
delay analyzer and the output pulse heights were 
measured by means of a 200-channel pulse-height 
analyzer. The prompt resolution curve obtained with 
the y rays of Co® for the conditions of the present 
experiment fit a Gaussian curve with a full width at 
half maximum of 8.0X 10-” sec. 

The measurements consisted of several 6-min record- 
ing runs, alternatively with and without the field, the 
two series of runs being stored, respectively, in the 
first and in the second hundred channels. From the 
time delay spectra, the ratio between the intensity of 
the longer-lived positronium component with and with- 
out the field was deduced for each value of the electric 
field. Typical results are shown in Fig. 1 for three 
commercially cured plastics. It appears that the ma- 
terials have a strikingly different behavior with respect 
to the electric field which in no way affects the posi- 

1R. Wallace, in Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1960), Vol. 10, p. 1. 


2 A. Bisi, G. Faini, E. Gatti, and L. Zappa, Phys. Rev. Letters 
5, 59 (1960). 


tronium formation in polymethyl! methacrylate (Lucite), 
while strongly prevents it in polyethylene and in poly- 
tetrafluoroethylene (Teflon). This last behavior is dis- 
played also in paraffin. Polyvinyl chloride and nylon 
66, on the other hand, behave like Lucite, showing no 
electric perturbation. 

As far as the long lifetime is concerned, our measure- 
ments seem to indicate that the electric field slightly 
quenches the triplet positronium; in the whole range 
of the applied field a decrease in lifetime was ob- 
served, whose amount does not exceed 5%. No attempt 
has so far been made to obtain better information on 
this feature of the question. 

The following few comments can be made at present 
on the observed influence of the electric field on the 
positronium formation: Our effect is certainly quite 
different from that observed in gases by Marder and 
co-workers® and theoretically studied by Teutsch and 
Hughes‘; in fact, in this case the electric field gives rise 
to an increase of the positron fraction that forms posi- 
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Fic. 1. Ratio between the intensities of the long-lived posi- 
tronium component with and without the electric field for non- 
polar polymers (polyethylene, Teflon) and polar polymers 
(Lucite). 


*S. Marder, V. W. Hughes, C. S. Wu, and W. Bennett, Phys. 
Rev. 103, 1258 (1956). 
‘W. B. Teutsch and V. W. Hughes, Phys. Rev. 103, 1266 (1956). 
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tronium in some simple gases while no effect was found 
when the electric field was applied in polyatomic gases. 
On the other hand, a decrease was observed with in- 
creasing electric field for the gas SF, alone, but this 
fact remained unexplained. However, it is doubtful 
at present that a connection can exist between this 
result obtained in gas with our results obtained in 
solids. 

It is interesting to note that the investigated polymers 
which display the electric effect are typical nonpolar 
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AND ZAPPA 
polymers, i.e., structures in which there are no perma- 
nent dipole moments, while the materials where the 
positronium formation is unaffected by the field are 
typical polar polymers. 
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The magnetic properties of palladium and its alloys with iron group elements are discussed in terms of the 
splitting of the d orbitals. The paramagnetic properties of pure palladium are accounted for on the basis 
that the holes in the d shell are associated with the nonoverlapping e orbitals, whereas the ferromagnetic 
coupling in the face-centered 3d elements and their alloys is associated primarily with holes in the over 
lapping ¢ orbitals. On this basis and on the basis of a change in the splitting when palladium is alloyed with 
3d metals, it is possible to account for the paramagnetic and ferromagnetic properties of the Pd-dilute iron 
group alloys. Because of the larger amount of available data, attention is given primarily to the Pd-Fe 


system. 


i a recent paper! dealing with magnetic coupling in 
the 3d metals it was suggested without elaboration 
that the absence of magnetic ordering in palladium in 
contrast to nickel might be associated with a difference 
in the orbital location of the holes in the d shells. 

It is the purpose here to bring recent experimental 
evidence to bear on this point and on the palladium 
problem in general. 

On the previously suggested basis the ferromagnetic 
coupling in the face-centered 3d metals is to be as- 
sociated with electron sharing among the ?¢ orbitals 
which have strong overlaps between nearest neighbor 
atoms and to which the holes (~0.6 per atom) in the 
d shell are ascribed. The e orbitals in the face-centered 
3d metals have negligible overlaps between neighboring 
atoms and hence unpaired electrons in these orbitals 
should play no direct role in magnetic coupling. 

Palladium which has about 0.65 holes in the d shell 
remains paramagnetic down to 0°K and hence the 
d orbital overlaps pertinent to magnetic coupling must 
be of a different character than in the case of pure 
nickel. It was suggested that in pure palladium the 
orbital splitting might be reversed over that in nickel, 
and the holes in the d shell would then be located in 
the e orbitals. The negligible overlap of these orbitals 
with those of neighboring atoms would then account 
for the absence of ferromagnetic coupling in pure pal- 


a E. O. Wollan, Phys. Rev. 117, 387 (1960). 


ladium. That this might well be the case is suggested 
by the observation? that hydrogen dissolved in pal- 
ladium in the 6 phase goes into the octahedral sites 
which are most intimately associated with the e orbitals 
of the surrounding palladium atoms. It is, of course, 
true that the octahedral holes are the largest in the 
fcc structure, but for a hydrogen atom which essentially 
gives up its electron to the surrounding palladium 
atoms, it is conceivable that the location of the holes 
in the intimately associated e orbitals would play the 
more important role in determining the rather unique 
properties of palladium with regard to hydrogen uptake 
and proton diffusion in the lattice. This is an essential 
point on which new evidence will be brought to bear. 
Let us now consider first some measurements by 
Burger, Vogt, and Wucher*® on Pd-dilute iron alloys 
with and without hydrogenation. It was observed that 
a Pd-Fe alloy having 7 atomic percent iron had a 
maximum hydrogen uptake H/Pd=0.44 as against 0.65 
for pure palladium. This suggested to the authors that 
each of the iron atoms in the crystal had lost about 
(0.65 —0.44) /0.07 = (0.21/0.07) = 3 electrons which went 
to fill holes in the d shell of the palladium atoms and 
hence the iron atoms would be present in?the crystal 
with a spin of 3. This deduction which holds equally 
? J. E. Worsham, M. K. Wilkinson, and C. G. Shull, J. Phys. 
Chem. Solids 3, 303 (1957). ; 


* Jean-Paul Burger, Eckhart Vogt, and Jules Wucher, Compt. 
rend. 249, 1480 (1959). 
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well for the 3% and 5% alloys was suggested also by 
the paramagnetic susceptibility measurements of the 
hydrogenated systems which gave quite accurately a 
spin of $ fer the iron atoms on the assumption that the 
total spin of the system was to be assigned to these 
atoms. It is also observed that the Pd-Fe alloys become 
ferromagnetic when the iron concentration exceeds 
about 1%. 

The deduction that the small percent of solute atoms 
added to an alloy exist in a highly ionized state with 
regard to their d-shell occupation is certainly difficult 
to accept for a conducting metallic system. It also has 
the disadvantage in this and other cases that it leads 
to no reasonable explanation of the magnetic coupling 
properties of the system. 

On the basis of the previous considerations regarding 
the splitting of the d levels in a metal into e orbitals 
and ¢ orbitals and the respective occupation of these 
orbitals, it is possible now to consider the palladium 
systems in an entirely different light. In pure palladium 
all the holes in the d shell (0.65 per atom) are taken to 
be in the e orbitals and the purely paramagnetic 
properties of palladium are then ascribed to the non- 
overlapping character of these orbitals. A consistent 
picture of the ferromagnetic properties of the Pd-Fe 
group alloys can then be made on the assumption that 
small quantities of a 3d element such as iron have the 
effect of increasing the energy of the ¢ band relative 
to the e band so that holes will be present in both 
bands. For the 7% iron alloy the quantity (0.65—0.44) 
=(.21 should then be interpreted as holes in the ¢ 
orbitals of the alloy system rather than assigning them 


to the iron atoms only. On this basis the moments of * 


the constituents would be about 2.2 wg for the iron 
atoms and 0.2 ws for the palladium atoms in the 7% 
alloy, the number of holes in the ¢ orbitals would be a 
function of the iron concentration, and the interactions 
between these overlapping, partially filled orbitals 
would give rise to the ferromagnetic coupling just as 
in the case of the pure 3d metals and their alloys. 

Implicit in this interpretation is the assumption 
that the number of holes in the d shell of palladium 
remains essentially constant with composition, in con- 
trast to the idea that electrons from the iron atoms 
progressively fill the d-shell holes in the palladium 
atoms as the iron concentration increases. 

To directly prove this point it would, of course, be 
necessary to measure the moment of the palladium 
atoms as a function of alloy composition. In principle 
this can be done by neutron diffraction, but it does not 
appear feasible in the case of the very dilute Pd-Fe 
alloys. It has been found possible, however, to carry 
out such an experiment on the ordered Pd;Fe alloy.‘ 
The details of this experiment are being published 
elsewhere but we take here the data which bear on the 


* E. O. Wollan, J. W. Cable, W. C. Koehler, and M. K. Wilkin- 
son (to be published). 
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Fic, 1. Interpretation of orbital occupation as a function of 
composition in Pd-Fe alloy system. The quantities ha, h., and jy 
represent total holes in the d shell, and holes in the e orbitals and 
t orbitals, respectively. 


point in question. In this experiment it was ob- 
served for the ferromagnetically ordered moment that 
Lre~2.6 up and ppa~0.6 us. This moment value for 
the palladium atoms is plotted as the double circle in 
Fig. 1. It is consistent with the assumption that the 
number of holes in the d shell of palladium does not 
vary with alloy composition but rather that they are 
divided among the e orbitals and the ¢ orbitals as 
indicated. 

Let us now relate this ¢ orbital occupation pattern 
to the. ferromagnetic properties of the Pd-Fe system. 
According to the previous considerations the ferro- 
magnetic coupling in the face-centered 3d metals is 
directly associated with interactions between the over- 
lapping ¢ orbitals. In the case of the Ni-Cu system in 
which the holes in the d shell are all in the ¢ orbitals the 
strength of the coupling as measured by the Curie 
temperature is directly proportional to the average 
number of holes per atom (average atomic moment) 
in these orbitals, 


T.(NiCu)~ 1000h,. (1) 


For systems containing iron and cobalt atoms in 
which there are unpaired electrons in the e orbitals as 
well as in the / orbitals the proportionality constant is 
also a function of composition. For the dilute alloy 
case under consideration this constitutes a rather minor 
correction and hence it is of interest to apply Eq. (1) 
without modification to the Pd-Fe system. The avail- 
able Curie temperature data for this system*** are 
plotted as the open circles giving the curve of Fig. 2. 
The solid points in the figure represent T, as deter- 
mined by Eq. (1) with the values of h; taken from the 

5 J. Crangle, Phil. Mag. 5, 335 (1960). 

6 M. Fallot, Ann. phys. 10, 291 (1938). 
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Fic. 2. Curie temperatures as measured and as interpreted in 
terms of occupation of ¢ orbitals. The two values for Pd;Fe are 
based on a possible difference in /; for the ordered and disordered 
states of the alloy. 


lower curve of Fig. 1. The agreement is seen to be very 
satisfactory, especially since the proportionality con- 
stant was determined for the Ni-Cu system which in- 
volves only 3d wave functions whereas for the present 
case both 4d and 3d properties are involved. 

It is also of importance for an understanding of the 
properties of the palladium alloys to consider the 
saturation moment in the ferromagnetic state. In the 
Pd-Ni system for which it is generally assumed that 
the holes in the d shell remain essentially constant 


(~0.6 per atom) with composition, the saturation mo- 


ment is very much less than this value for low nickel 
concentrations. The saturation magnetization per atom 
for this case as measured by Gerstenberg’ is shown by 
the lower curve of Fig. 3. It is evident from these and 
other similar data that not all the moments associated 
with the holes in the d shell of this alloy system become 
ordered in the ferromagnetic state. There is insufficient 
data to discuss this system in more detail but there are 
obvious inferences regarding it that will come from the 
consideration of the Pd-Fe system. 

Ferromagnetic saturation data for this system as 
determined by Crangle® are plotted together with our 
point for Pd;Fe as the upper curve with the open 
circles in Fig. 3. Similar data obtained by Gerstenberg 
are plotted as crosses in the figure, but these data 
appear to have been less accurately determined at 
least at low iron concentrations. In any case it seems 
evident from these data that for low iron content the 
aligned moments in the Pd-Fe system are less than the 
total available moment. 

On the basis that the magnetic ordering interactions 
are associated with the overlapping / orbitals, the mo- 
ments associated with holes in these orbitals can be 
expected to be totally aligned in the ferromagnetic 


7D. Gerstenberg, Ann. Physik 2, 236 (1958). 


state. Also from what we know of the behavior of the 
3d face-centered alloys the two unpaired electrons in 
the e orbitals of the iron atoms are strongly Hund’s- 
rule, coupled with the electron spins in the ¢ orbitals 
and hence these two electrons must also be counted in 
the ordered moment. This is borne out by the total 
ordered moment and the iron atom moments in the 
Pd;Fe system. As to the remaining moments which 
are taken here as occupying the e orbitals of the pal- 
ladium atoms (0.65—/,) there is no @ priori evidence 
as to how they might participate in the magnetic 
ordering. To investigate this point, the part of the 
total moment which must surely be included in the 
ordered state, i.e., (4:+2np.) per atom, where mp, is 
the fractional iron atom content of the alloy, has been 
plotted as the solid points on the middle curve of Fig. 3. 
This curve coincides quite well with the crosses repre- 
senting the saturation data as determined by Gersten- 
berg and hence on this basis it would be concluded 
that the moments associated with the unpaired spins 
in the e orbitals of the palladium atoms take no part 
in the ordered state of the system. As has been pre- 
viously indicated, the results of Crangle appear to be 
the more reliable for the dilute alloys and on this basis 
one would conclude that there is indeed some ordering 
of the moments in the palladium e orbitals. The fact 
that only a small fraction of these electrons participate 
in the ordering suggests that the Hund’s rule coupling 
in palladium is small. That this is the case for the 4d 
elements in general has been suggested by Van Vleck,*® 
and it is born out by the nonmagnetic character of the 
4d metals and many of their compounds. 

There is some suggestion that the electrons in the 
e orbitals of the palladium atoms play a small role in 
the ferromagnetic coupling. It would be expected that 
the Hund’s rule coupling, however small it might be, 
would depend on the probability of finding unpaired 
electrons simultaneously in the e orbitals and ¢ orbitals 
of the same palladium atom. This probability would 
depend on the product 4,.X/; which should have its 
largest value in the middle of the range n(Fe)=0 to 
0.25. As one sees from Fig. 3 the fractional ordering of 
electrons in the e orbitals appears to follow such a 
behavior. 

Up to this point the magnetic coupling has been 
discussed in terms of a / band for the alloy as a whole 
in which the holes in the band have been taken as uni- 
formly distributed over the alloy. That this is approxi- 
mately true for the most concentrated sample (Pd3Fe) 
is borne out by the individual fractional moment values 
of about 0.6yus for palladium and iron. One might 
expect, however, that some point would be reached in 
the dilution of an alloy of this type in which only those 
palladium atoms in the near vicinity of the added iron 
atoms would be influenced. In other words, the holes 


8 J. H. Van Vleck, Electric and Magnetic Susceptibilities (Oxford 
University Press, New York, 1932), p. 313. 
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Fic. 3. Saturation moment data. The dashed line is interpreted 
as that part of the moment of the alloy not associated with holes 
in e orbitals of palladium. 


in the ¢ orbitals of palladium would fall off with some 
function of the distance from the iron atoms. 

In this connection let us consider more critically the 
susceptibility measurements of Burger ef al. on the 
hydrogenated Pd-Fe alloys with 1% to 7% iron atoms. 
In all cases these measurements gave very closely 5.9 uz 
as the effective paramagnetic moment per iron atom 
in the alloy. Since this value is consistent with magnetic 
entities, each having a spin of $, it was logical for the 
authors to assume that each iron atom had given up 
three d electrons to the d orbitals of the palladium 
atoms. How then can the over-all picture as here pre- 
sented which is consistent with so many other results 
on magnetic coupling in the transition elements be 
brought into line with these susceptibility measure- 
ments? One must conclude that the entity which has 
associated with it five coupled spins is not the iron 
atom itself but rather the iron atom and a group of 
surrounding palladium atom neighbors. In other words, 
the holes which decrease in number with distance 
from the iron atom are strongly spin coupled to the 
iron atom to which they are related. The paramagnetic 
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susceptibility data are thus of considerable significance 
to a better understanding of the nature of the magnetic 
coupling. It would thus be of interest to bring further 
experimental evidence to bear on this point. It is hoped 
that measurements of the field at the nucleus as a 
function of iron concentration by a Méssbauer experi- 
ment on these alloys will throw light on this problem. 

Let us now consider the ferromagnetic properties of 
the hydrogenated alloys. It was observed by Burger 
et al, that the Pd-Fe (7%) alloy had a Curie tempera- 
ture T.=195°K whereas when this alloy was hydro- 
genated the system remained ferromagnetic but with 
a lower Curie temperature T,.=92°K. Consider then 
the possibility that electrons from the iron atoms fill 
holes in the d shell of palladium and hence that the 
iron atoms exist in the alloy with a 3d° configuration. 
In the hydrogenated alloy the holes in the d shell of 
the palladium atoms would then be completely filled 
and the d electrons would play no role in the magnetic 
coupling. Since there must be some long-range coupling 
in these dilute alloys, one would then be forced to con- 
clude that this coupling takes place via the s electrons. 
One recognizes, however, that there are inconsistencies 
in such a line of argument. 

Consider, on the other hand, the picture that has 
been developed with regard to the splitting of the 
d levels of palladium. On this picture, the hydrogenated 
system is only slightly modified over the nonhydro- 
genated system relative to its magnetic coupling prop- 
erties. The hydrogenation of the alloy fills only the 
holes in the e orbitals which play a role only insofar 
as there is an intra-atomic Hund’s rule coupling be- 
tween the holes in the e orbitals and those in the ¢ 
orbitals. This effect is related to the fraction of the 
e orbital holes which are ferromagnetically aligned 
with ‘the ¢ orbital holes in the ferromagnetic state of 
the nonhydrogenated system. The loss of this coupling 
and also the increase in lattice parameter in the hydro- 
genated alloys would then appear to be the most im- 
portant factors in reducing the magnetic coupling 
which brings about the decrease in Curie temperature 
from 195° to 92°K in the 7% alloy. 
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Elastic Constants of Iron from 4.2 to 300°K 


J. A. RAYNE AND B. S. CHANDRASEKHAR 
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(Received February 1, 1961) 


The zero-field elastic constants of iron have been measured from 4.2 to 300°K using the ultrasonic pulse 
technique. Extrapolation of the data to absolute zero gives ¢;;=2.431+0.008, ¢i.=1.381+0.004, and 
Cu = 1.219+ 0.004, all expressed in units of 10" dyne cm™. The corresponding limiting value of the Debye 
temperature is @o>= (477+2)°K. Using this figure, the low-temperature heat capacity data for iron have 
been reanalyzed assuming the presence of a spin-wave contribution to the specific heat, i.e., the heat capacity 
is assumed to follow the relation C=yT+ 87*+aT?. A least squares fit of (C—87*)/T versus T} gives 
y = (11.7+0.1)X10™ cal mole“ deg, a=(2+1)X10-* cal mole deg~5/*. There is agreement, within 


experimental error, between the latter figure and the theoretical estimate of a=0.8X 10 


5 cal mole deg™*/? 


obtained from the low-temperature magnetization data of Fallot. From the room temperature elastic cor 


stants, the compressibility of iron is found to be K = (5.95+0,.02) K 10~" cm? dyne™, which 


with the static value obtained by Bridgman. 


I. INTRODUCTION 


T is well known! that, at low temperatures, there 

should be a spin-wave contribution to the specific 
heat of iron. Owing to the attendant high electronic 
heat capacity, it is not possible to obtain any infor- 
mation about the magnitude of this contribution from 
specific heat data alone. This situation arises from the 
circumstance that, over the temperate range available, 
a spin-wave term in the heat capacity cannot be dis- 
tinguished from a change in the lattice heat capacity 
with the accuracy currently available in low-tempera- 
ture calorimetry. If, however, an independent estimate 
of the lattice term can be obtained, this contribution 
can be subtracted from the total specific heat and the 
remainder can be analyzed in a fairly unambiguous 
way to obtain the spin-wave term. The magnitude of 
the low-temperature lattice heat capacity can, as has 
been demonstrated in numerous cases,? be obtained 
quite accurately from a knowledge of the elastic 
constants extrapolated to absolute zero, since only 
long-wavelength phonons are thermally excited at low 
temperatures. In this paper the results of elastic 
constant measurements on iron from 4.2° to 300°K 
are described. The limiting value of Debye tempera- 
ture ©» has been calculated from these data; it has 
then been used in a re-evaluation of the available low- 
temperature heat capacity data on iron.’ This re- 
evaluation reveals a spin-wave contribution to the 
specific heat in reasonable agreement with that expected 
from theory. A slight alteration in the value of y, the 
coefficient of the electronic term in the heat capacity, 
results from the present analysis. The contribution to 
the elastic constants of iron, arising from the com- 
pressibility of the electron gas, is also discussed. The 
low magnitude of this contribution suggests that the 


'N. F. Mott and H. Jones, The Theory of the Properties of Metals 
and Alloys (Oxford University Press, New York, 1936). 

* For a review, see G. A. Alers and J. R. Neighbours, Revs. 
Modern Phys. 31, 673 (1959). 

$C. H. Cheng, C. T. Wei, and P. A. Beck, Phys. Rev. 120, 426 
(1960). 


agrees exactly 


number of conduction electrons having an s character 
is quite small. 


II. EXPERIMENTAL DETAILS 


The single crystal of iron, used in the present work, 
was grown in this Laboratory by the strain-anneal 
method.* After orientation by the usual Laue back- 
reflection technique, two parallel flat surfaces per- 
pendicular to the [110] direction were ground on the 
crystal. The distance between these surfaces 
approximately 1.9 cm. Elastic constant measurements 
were made at 10 Mc/sec by the ultrasonic pulse 
technique using unrectified pulses to eliminate transit 
time errors. Details of the measuring technique have 
been described elsewhere.* In the present experimental 
arrangement, an electronic regulator has been added to 
enable the specimen temperature to be regulated to one 
one-hundredth of a degree at any temperature between 
4.2° and 300°K. Glycerine was found to give a satis- 
factory bond for all propagation modes below room 
temperature. The thermal expansion data of Nix and 
MacNair® were used to obtain the elastic moduli from 
the observed propagation velocities. Since their results 
extend only down to 92°K, it was necessary to extra- 
polate in order to cover the range down to liquid helium 
temperatures. Little error is involved in this procedure. 
however, since the total expansion in the range 4.2° to 
90°K is quite small. The density:of iron at absolute 
zero was taken to be pp=7.9240 gm cm, which value 
was obtained using the lattice parameter a= 2.86645 A 
at 293°K, as given by Pearson.’ 


was 


III. DISCUSSION AND RESULTS 


The results of the experiments are given graphically 
in Figs. 1 to 3. Smoothed values of the elastic constants 


4H. Sato, Research Report 8-0107-R3, Westinghouse Research 
Laboratories, 1956 (unpublished). 

5 J. A. Rayne, Phys. Rev. 115, 63 (1959). 

®F. C. Nix and D. MacNair, Phys. Rev. 60, 597 (1941). 

7™W. B. Pearson, A Handbook of Lattice Spacings and Structures 
of Metals and Alloys (Pergamon Press, New York, 1958) 
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ELASTIC CONSTANTS OF 


TABLE I. Smoothed values for zero-field elastic constants of iron, 
in units of 10% dyne cm~. 


Temperature 


(°K) $ (Cir t+€12) +045 Cu 


4.2 3.125+0.015 
20 3.125 
40 3.122 
60 3.118 
80 3.110 

100 3.102 
120 3.093 
140 3.085 
160 3.077 
180 
200 


$ (Ci1—C12) 


1.2190+0.005 0.5250-+0.0003 
1.2190 0.5250 
1.2183 0.5242 
1.2168 0.5228 
1.2148 0.5212 
1.2125 0.5190 
1.2100 0.5167 
1.2070 0.5142 
1.2040 0.5113 
1.2005 0.5084 
1.1970 0.5053 
1.1938 0.5020 
1.1900 0.4992 
1.1862 0.4953 
1.1825 0.4918 
0.4883 


are given in Table I. The error in these values is esti- 
mated conservatively at about one-half percent, al- 
though the internal consistency of the data is somewhat 
better. As noted previously no correction has been 
applied for so-called transit time errors, since it is felt 
that measurements on unrectified pulses, using the 
beginning of the first cycle, are free from such un- 
certainties. From the graphs it may be seen that there 
is reasonable agreement between the present work and 
that of Goens and Schmidt,* the maximum discrepancy 
being approximately 13%. The value of the compressi- 
bility of iron at 300°K calculated from our elastic data 
is K=5.95X10-" cm? dyne~', which agrees exactly 
with the static value of Bridgman.®° 


A. Limiting Value of Debye Temperature 


Using de Launay’s formula” and the values of elastic 
constants extrapolated to absolute zero, the Debye 
temperature © for iron was calculated to be 

O=477—0.05T°. (1) 
The limiting value of Debye temperature is @)>=477°K, 
which differs considerably from the figure of 445°K 
obtained by Cheng ef al.’ Since the dispersive term in 
Eq. (1) is negligible in the liquid helium range, it is 
believed that this discrepancy may be attributed to 
the presence of a spin-wave contribution to the specific 
heat. The presence of such a term would not, with the 
presently available accuracy of specific heat measure- 
ments, be distinguishable from an apparent change in 
the lattice heat capacity. Accordingly, the calorimetric 
data have been reanalyzed assuming a heat capacity 
of the form 


C=7T+6T'+aT', (2) 


8 E. Goens and E. Schmidt, Naturwissenschaften 19, 520 (1931). 

® P. W. Bridgman, Proc. Am. Acad. Arts Sci. 77, 187 (1949). 

0 J. de Launay, Solid-State Physics, edited by F. Seitz and D. 
Turnbull (Academic Press, Inc., New York, 1956), Vol. 2, pp. 
285, 277. 
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Fic. 1. Temperature variation of the elastic constant $(¢i,+¢12) 
+¢a for iron. The point marked with a square is the room tem- 
perature value of Goens and Schmidt. 


where the last term represents the spin-wave contri- 
bution and where 6 is known from the value of @po 
calculated from the elastic data. A least-squares fit of 
(C—8T*)/T vs T} yields 

y= (11.7+0.1) XK 10~ cal mole deg~, 


—_ Dies 1 § (3) 
a= (2+1)X10~— cal mole deg. 


Now from spin-wave theory, the magnetic contribution 
to the specific heat for a cubic metal is given by 


C=1.18R(co—<c) J0, (4) 


where go» is the saturation magnetization at absolute 
zero. At low temperatures the magnetization obeys the 
relation 

o=o9(1—AT), (5) 
the value of A for iron being 3.3X10~-®." From (4) and 
(5) we obtain 


a=0.8X 10° cal mole deg}, 


(6) 


which must be considered to be in reasonable agreement 
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Fic. 2. Temperature variation of the elastic constant c4, for 
iron. The point marked with a square is the room temperature 
value of Goens and Schmidt. 


" M. Fallot, Ann. phys. 6, 305 (1936). 
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Fic. 3. Temperature variation of the elastic constant 4$(¢1; —¢12) 
for iron. The point marked with a square is the room temperature 
value of Goens and Schmidt. 


with the estimate obtained from the calorimetric data 
in view of the considerable uncertainty of the latter 
figure. It is to be noted that the coefficient y of the 
electronic heat capacity of iron is slightly lower than 
that given by Cheng ef al. 


B. Deviation from the Cauchy Relation 


As has been discussed by de Launay,” the difference 
C12— C44 Can be attributed in a metal to the bulk modulus 
of the valence electrons. For a parabolic band of width 
¢ the electronic contribution to the bulk modulus is 


TABLE II. Calculated electron density corresponding to the 
difference ¢;2—C44. 


= b 


Cia— C44 Neale n 
(10 dyne cm) 


(electron/atom) (electron/atom) 


Metal 


Cu 0.46" 
Ni 0.42" 
Fe 0.25 


0.72 1 
0.70 0.6 
0.39 0.6 


® See reference 10. 
b See reference 12. 


S. CHANDRASEKHAR 


easily shown to be 

K = nt, (7) 
n being the density of valence electrons. By making 
the reasonable assumption that ¢=7 ev for Cu, Ni, 
and Fe, we can use the relation (7) to calculate the 
electron concentration necessary to explain the observed 
difference between ¢y2. and cq. The results of these 
calculations are shown in Table II, together with the 
actual number of s electrons.” It can be seen that there 
is a rough correlation between. the last two columns, 
which suggests that in the case of iron and nickel, the 
unfilled d band does not contribute to the bulk modulus 
of the electron gas. This situation is to be contrasted 
with palladium, where recent work" has indicated that 
the d band does indeed make a large contribution to the 
bulk modulus. The reason for the difference in the 
present case is somewhat difficult to understand, unless 
it is assumed that all the d band electrons in iron and 
nickel are fairly localized. 


IV. CONCLUSION 


The zero-field elastic constants of iron have been 
measured from 4.2° to 300°K and the limiting value 
of the Debye temperature for iron calculated therefrom. 
This value of Debye temperature has been used to 
re-evaluate the low-temperature specific heat data on 
iron. It is concluded that there is a spin-wave contri- 
bution to the heat capacity in approximate agreement 
with theory. The difference between ¢)2 and ¢44 is shown 
to be consistent with the bulk modulus of the s electrons 
in iron, thus suggesting that there is no contribution 
due to the unfilled d band. 
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Internal Magnetic Fields in Manganese-Tin Alloys* 
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The hyperfine fields at the tin sites in two manganese-tin alloys have been studied as a function of tem- 
perature to above the Curie points. In addition to the Zeeman splittings, observed and analyzed previously, 
a possible quadrupole interaction of about 27 Mc/sec is observed in Mn.,Sn. In Mn,Sn the hyperfine field 
is small and negative, about —45 koe; in Mn2Sn it is large and positive, about +200 koe. As in the case 
of the pure ferromagnetic transition elements, it seems necessary to invoke a positive term associated with 
conduction-electron polarization and a negative one arising from core polarization to explain these results. 





HE ferromagnetic alloys of manganese and tin, 

which were used previously’ in observing the 
Zeeman splitting of the nuclear levels of Sn" by means 
of resonant absorption,? have now been studied more 
extensively to determine the nature of the internal 
magnetic field at the tin nucleus. The magnitude of 
the field has been measured as a function of tempera- 
ture, and the measurements have been carried above the 
Curie point in order to observe possible quadrupole 
or other interactions in the absence of complications 
produced by magnetic splitting. In addition, the sign 
of the field in each alloy was established by observing 


Mng Sn 
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Fic. 1. Resonant absorption in Mn,Sn, with a metallic Sn'” 
source at 77°K, for various absorber temperatures above and 
below the Curie point. Absorber thickness is 39 mg/cm*. 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1S. S. Hanna, L. Meyer-Schiitzmeister, R. S. Preston, and D. 
H. Vincent, Phys. Rev. 120, 2211 (1960), hereafter referred to as I. 

2 R. L. Méssbauer, Z. Physik 151, 124 (1958). 


the change in the hyperfine structure on application 
of a large external magnetic field, as in our earlier work 
with iron.® 

Except as noted below, the experimental technique 
was the same as used in I. In Fig. 1 are shown measure- 
ments on Mn,Sn at several temperatures from room 
temperature to above the Curie point at about 150°C.‘ 
For these observations the Mn,Sn absorbing sample 
was clamped in vacuum in a frame which was warmed 
by an electrically heated coil of tungsten wire. The 
temperature was measured by a thermocouple in con- 
tact with the absorber. The Sn" source, which emits 
an unsplit line, was maintained at the temperature of 
liquid nitrogen. It will be recalled from I that the basic 
resonant absorption spectrum for Mn,Sn (with unsplit 
Sn source) consists of a doublet, each member of which 
is an unresolved triplet. The doublet separation is 
approximately equal to the magnetic splitting of the 
ground state. In Fig. 1 we can see this splitting decrease 
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Fic. 2. Temperature variation of the internal field at the tin 
nucleus in Mn,Sn. A Curie temperature T, of 423°K has been 
assumed. Data taken from Fig. 1. 


8S. S. Hanna, J. Heberle, G. J. Perlow, R. S. Preston, and D. 
H. Vincent, Phys. Rev. Letters 4, 513 (1960). 

*H. H. Potter, Phil. Mag. 12, 261 (1931). The Curie tempera- 
ture is given as 178°C by Ochsenfeld (reference 5). We continue 
to call this alloy Mn,Sn in accordance with much of the literature. 
However, the structure is close-packed hexagonal of the NisSn 
type (DO,). Actually, single phase samples appear to have a 
composition intermediate between Mn3Sn and Mn,Sn. We are 
greatly indebted to M. V. Nevitt for this information. 
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Fic. 3. Resonant absorption in Mn2Sn, with a metallic Sn 
source at 77°K, at absorber temperatures below and above the 
Curie point. At 370°K the absorber thickness is 54 mg/cm*; at 
80°K it is 91 mg/cm?. 


and then vanish as the temperature is raised to the 
Curie point. At these relatively high temperatures the 
absorption is very small and high precision has not been 
achieved in the data. The temperature variation of 
the internal field, as obtained from these and similar 
measurements, is displayed in Fig. 2. The data are 
normalized to the point obtained in I at the temperature 
of liquid nitrogen. The solid curve in the figure is a 
theoretical Weiss curve which is in rather good qualita- 
tive agreement with the experimental points. The value 
of the field at O°K is estimated to be roughly 45 koe. 

In Fig. 3 the absorption spectrum of Mn2Sn is shown 
at two temperatures, one well below and the other 
well above the Curie point at —11°C.° At the lower 
temperature one observes the Zeeman spectrum an- 
alyzed in I. The value of the internal field at 0°K is 
estimated to be about 200 koe. Above the Curie point 


5C. Guillaud, thesis, Strasbourg, 1943; quoted in R. M. 
Bozorth, Ferromagnetism (D. Van Nostrand Company, Inc., 
Princeton, New Jersey), p. 340; R. Ochsenfeld, Z. Metallkunde 
49, 472 (1958). This alloy is reported to have a structure of the 
filled NiAs type, W. Hume-Rothery and G. V. Raynor, The Struc 
ture of Metals and Alloys (The Institute of Metals, London, 
England). 


PRESTON, AND HANNA 

the spectrum collapses into a strong central absorption. 
Actually there is possibly a doublet structure in this 
central line as shown on an expanded velocity scale 
in Fig. 4. This structure is not strongly temperature 
dependent and would correspond to a quadrupole 
splitting of about 10~* ev or 27 Mc/sec. 

To obtain the sign of the interna! field in these alloys, 
the powder sample, deposited on beryllium (0.010 in. 
thick), was clamped between two pieces of Lucite (each 
js in. thick) and mounted in the gap (3 in.) of an elec- 
tromagnet capable of producing fields up to 20 koe. 
A 0.001-in. foil of Pd was also inserted to reduce the 
25-kev x ray from tin. The magnetic splittings in the 
absorption spectrum were then compared with the field 
off and on. Because of the small aperture provided by 
the absorber in the gap it was desirable in obtaining 
the absorption spectra to have the source oscillate as 
close as possible to the absorber in order to increase 
the counting rate. Since it was essential to keep the 
source cold, it was mounted in vacuum on a horizontal 
copper bar attached to a horizontal reservoir of liquid 
nitrogen. With this arrangement it was possible to bring 
the source to within about 1 in. of the absorber mounted 
vertically in the gap. The value of the fringing field at 
the average position of the source was about one sixth 
the field in the gap. 

In the case of Mn,Sn the measurements could be 
carried out with the absorber at room temperature, 
at which temperature the internal field at the tin nucleus 
has a value of about 40 koe.' Relative to this field the 
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Fic. 4. Resonant absorption in Mn2Sn, with a metallic Sn’ 
source at 77°K, at two absorber temperatures above the Curie 
point. The velocity scale is expanded over that in Fig. 3. Absorber 
thickness is 54 mg/cm’. 





INTERNAL MAGNETIC 


applied external field of about 17 koe should produce 
an easily detectible shift. The observations are shown 
in Fig. 5. On application of the external field the doublet 
separation is seen to decrease. Hence the internal field 
at the nucleus in Mn,Sn is negative. The amount of 
the shift is compatible with the linear relation, 


Hn= HH no— Hext, 


where H, and Hno are the hyperfine fields with and 
without the external field Hext. 

In the case of Mn.Sn it was necessary to cool the 
absorber below the Curie point (— 11°C) while keeping 
it in the gap of the electromagnet. To produce a con- 
venient internal field of about 40 koe the absorber was 
maintained at a temperature of about —23°C. This 
was accomplished by allowing a stream of nitrogen gas, 
cooled by passage through a coil immersed in liquid 
nitrogen, to strike each side of the Lucite holder con- 
taining the absorber. It was found that the temperature, 
measured with a thermocouple, could be held constant 
to within about 1° by carefully regulating the stream 
of cold nitrogen gas. It was necessary, however, to 
enclose the complete assembly (source, absorber, and 
pole pieces) in a plastic sheet in order to prevent mois- 
ture from condensing on the cold surfaces. The measure- 
ments were made by alternating many runs with field 
on and field off. The final averages are shown in Fig. 6. 
In this case the doublet separation is seen to increase 
on application of the field. Hence the hyperfine field 
at the tin nucleus in Mn,Sn is positive. The amount 
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Fic. 5. Resonant absorption in Mn,Sn at room temperature 
(~300°K) without an external magnetic field (above) and with 
an applied field of 17.5 koe (below). The splitting is decreased by 
application of the field. Absorber thickness is 42 mg/cm?*. Source 
temperature is 77°K. 
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Fic. 6. Resonant absorption in Mn2Sn at approximately 250°K 
without an external magnetic field (above) and with an applied 
field of 17.5 koe (below). The splitting is increased by application 
of the field. Absorber thickness is 45 mg/cm?. Source temperature 
is 77°K. 
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of shift is compatible with the relation, 
H,= Hnot Het. 


Thus, a possible demagnetizing effect of the applied 
field in the sample is not noticeable in the above 
measurements. 

Since the hyperfine field is large and negative 
(~—300 koe) in the pure ferromagnetic transition 
elements,*:*.” it is of considerable interest to find such a 
large positive field (+200 koe) at the tin site in the case 
of Mn.Sn. Moreover, this field is very sensitive to the 
Mn:Sn ratio, since it changes sign in going to Mn,Sn. 
It is significant, perhaps, that the saturation magneti- 
zation is some four times as great in Mn2Sn as in Mn,Sn.* 
The hyperfine field produced by the conduction electrons 
is given by Marshall* in the form 


H.= (8x/3)n|P(0) | up, 
6A. C. Gossard and A. M. Portis, Phys. Rev. Letters 3, 164 
(1959). 
7S. S. Hanna, J. Heberle, C. Littlejohn, G. J. Perlow, R. S. 
Preston, and D. H. Vincent, Phys. Rev. Letters 4, 177 (1960). 
8 W. Marshall, Phys. Rev. 110, 1280 (1958). 
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where m is the number of conduction electrons per atom, 
\¥(0)|? is the probability density of a conduction elec- 
tron at the nucleus, u is the Bohr magneton, and ? is 
the polarization of the conduction electrons. It would 
appear that |y(0)|* is roughly the same in the two 
alloys, since they show about the same isomer shift® 
(see Figs. 1 and 3). If, on the other hand, the polariza- 
tion of conduction electrons (produced by the adjacent 
magnetic electrons) increases with saturation magneti- 
zation, then the polarization and so also H, is greater 
numerically in Mn2Sn than in Mn,Sn. The simplest 
explanation of the large positive field in Mn,Sn is 
that H, is a positive field. 


*0. C. Kistner and A. W. Sunyar, Phys. Rev. Letters 4, 412 
(1960). 

% Note added in proof. We are indebted to V. Jaccarino for point- 
ing out that equality of the isomer shifts does not necessarily 
insure the above argument, since the polarization effect is localized 
at the top of the conduction band. 
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As for the pure transition elements,’ it is neces- 
sary to postulate, in addition to H,, the presence of a 
negative field, presumably associated with polarization 
of the core electrons of tin. In Mn,Sn this field pre- 
dominates. That this field is smaller, if different at all, 
in Mn.Sn is consistent with the fact that the Weiss 
field is smaller, since the Curie temperature is lower 
and the magnetization larger in Mn.Sn than in Mn,Sn. 

These effects observed in the manganese-tin alloys 
are somewhat analogous to those obtained by Boyle 
et al.” in dilute solutions of tin in the ferromagnetic 
transition elements. It is gratifying that essentially the 
same mechanisms” can be invoked to explain qualita- 
tively the observations on all these tin alloys. 

TD. A. Goodings and V. Heine, Phys 
(1960). 

4 A, J. Freeman and R. E. Watson, Phys. Rev. Letters 5, 
(1960). 

3A. J. F. Boyle, D. St. P. 
Rev. Letters 5, 553 (1960 
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Pressure Effect on Vacancy Migration Rate in Gold*} 


Roy M. Emricxt 
Department of Physics, University of Illinois, Urbana, Illinois 


(Received January 23, 1961) 


The effect of hydrostatic pressures up to 10000 kg/cm? on the 
annealing rate of vacancies quenched in gold is studied. High- 
purity gold wires are quenched from 700°C, trapping in the equi- 
librium concentration of vacancies at that temperature. The 
vacancies are then observed to anneal out in the vicinity of room 
temperature at various pressures by observing the decay of the 
quench-induced residual resistance increase. A simple relation for 
the temperature dependence of the annealing rate is derived, 
assuming a random distribution of vacancies and vacancy sinks. 
By applying thermodynamic relations to the expression for the 
vacancy annealing rate, a volume of motion is derived in terms of 
the experimentally determined pressure effect on the annealing 
rate. For gold, the motional volume is found to be 1.50+0.14 


I. INTRODUCTION 


HE annealing of lattice vacancies quenched in a 
close-packed metal is closely related to the self- 
diffusion process. In the quenching technique, a super- 
saturation of vacancies is trapped in the lattice by 
rapidly cooling it from elevated temperatures and then 
is allowed to reach equilibrium at lower temperatures. 
The presence of these quenched-in vacancies is deter- 
mined by the increase in the residual resistance of the 
lattice which they produce. Thus, the formation and 
* Supported in part by the U. S. Atomic Energy Commission. 
t Based on a thesis submitted to the University of Illinois in 
partial fulfillment of the requirements for the degree of Doctor 
of Philosophy in Physics. 
{Present address: Department of Physics, University of 
Arizona, Tucson, Arizona. 


cm*/mole compared with the atomic volume of 10.2 cm*/mole. 
A hard-spheres model for the jump process predicts about a one 
atomic volume increase of the lattice for the saddle-point con- 
figuration as well as a one atomic volume increase when a vacancy 
is formed. Many theoretical calculations of the lattice distortion 
around a vacancy and indirect experimental measurements of the 
volume change of the lattice on forming a vacancy indicate that 
there is considerable relaxation of the neighboring atoms about a 
vacancy. These results are used to explain the small value of the 
motional volume. Activation volumes derived from measurements 
of the effect of pressure on the rate of self-diffusion are seen to be 
consistent with the present experimental vlue 


motion of the vacancies can be observed separately. 
The sum of the energies of formation and of motion of 
vacancies quenched in various metals is generally in 
good agreement with self-diffusion activation energies 
measured for these metals by the radioactive tracer 
technique. Since most theories of diffusion treat the 
formation and motion of the defect separately, the 
quenching technique permits a more direct comparison 
of experiment with theory than is possible with tracer 
measurements. 

The jump of an atom into a neighboring vacant site 
cannot be accomplished by a simple shear of the barrier 
atoms. Some dilatation of the lattice must occur to 
permit the interchange. The purpose of the present 
experiment is to determine the volume change of the 
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TABLE I. Activation volumes for various materials. 








Diffu- 
sion 
mecha- 
nism* 


Activa- 
tion 
volume 
(cm®) 


Molar 
volume 
(cm!) 


Experi- 
mental 
method? 


68.2 sd 


12.4 24 sd 

Lead® fcc 13.0 18.2 sd 

Siiver-zinc! fcc 5.36 10.0 ar 

Oxygen- bec ; 1.7 ar 
vanadium* 

Nitrogen- bec i Ls ar 
vanadium® 


Struc- 
Material ture 





White 30.0 


phosphorus° 
Sodium! bec 


® »—vacancy mechanism; i—interstitial mechanism. 

> sd—self-diffusion; ar—anelastic relaxation. 

¢N. H. Nachtrieb and A. W. Lawson, J. Chem. Phys. 23, 1193 (1955). 

4 See reference 26, 

e N. H. Nachtrieb, H. A. Riesing, and S. A. Rice, J. Chem. Phys. 31, 
135 (1959). 

f See reference 11. 

& See reference 27. 


lattice when such a diffusive jump occurs. Because of 
this volume change, an increase in pressure on the lattice 
is expected to change the energy required for the jump 
and thus to alter the annealing rate. To be sure, even if 
no volume change occurred, pressure would influence 
the diffusion rate by changing the interatomic spacing 
and the normal mode spectrum of the lattice. In order 
to separate these effects, the interpretation of the effect 
of pressure on the annealing rate in terms of a volume 
change of the lattice must be based on a specific model 
for the atomic jump. 

By the simple picture of forming a vacancy by moving 
a lattice atom to the surface of the crystal an additional 
atomic volume is added to the volume of the lattice, if 
the atoms are considered to be hard spheres. The hard- 
spheres model predicts an additional increase in lattice 
volume of about one atomic volume when a diffusing 
atom is midway between adjacent lattice sites. The sum 
of the formation volume and motion volume is called 
the total activation volume for diffusion. 

The total activation volume has been determined for a 
number of substances by radioactive tracer and an- 
elastic relaxation techniques (Table I). It would be 
highly desirable to compare the sum of the volumes of 
formation and of motion as measured separately by 
quenching techniques with the total activation volume 
measured by the tracer techniques. To determine the 
volume of formation, it is necessary to quench the 
specimen at high pressure. Tomizuka! has shown the 
feasibility of quenching at pressure in a gas pressure 
system. However, for the present experiment, no gas 
system was available, and no satisfactory method for 
quenching the specimen in the liquid system was de- 
vised. The possibility of pulse heating the specimen has 
not been abandoned and will be investigated in the 
future. In this experiment, therefore, only the volume 
of motion is determined. 


1C. T. Tomizuka, Bull. Am. Phys. Soc. 4, 181 (1960). 
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The specimens, in the form of gold wires, are quenched 
from about 700°C at atmospheric pressure and then 
placed in a pressure vessel which is held at constant 
temperature. The isothermal annealing rate can then be 
measured as a function of hydrostatic pressure. Gold is 
chosen for the specimen material for several reasons. 
First, negligible contamination results from heating the 
wires in air and then dropping them into a bath of 
water. Secondly, the quenched-in vacancies anneal out 
in a temperature range which is easily maintained in the 
high pressure vessel. Finally, the availability of atmos- 
pheric pressure quench data for gold?* provides a check 
for the high-pressure data. 


Il. THEORETICAL BACKGROUND 


In the present experiment it is not necessary to know 
the absolute concentration of the vacancies quenched 
into the lattice. It is not even essential that the entire 
equilibrium concentration at the quench temperature be 
trapped in. Only the annealing behavior of the vacancies 
in excess of the equilibirum concentration at the anneal- 
ing temperature is required. However, the degree of 
association of the vacancies into divacancies or higher- 
order clusters and the distribution of these defects 
throughout the lattice has a direct bearing on the nature 
of the annealing kinetics. Koehler, Seitz, and Bauerle* 
have shown that as the quench temperature and the 
vacancy concentration increase, the concentration of 
divacancies becomes appreciable. The divacancies have 
a slightly lower energy of motion than single vacancies, 
so that as the divacancy concentration increases, the 
annealing kinetics become more complex. However, for 
quench temperatures less than 750°C, the divacancy 
concentration is apparently negligible. 

In addition to divacancy formation, complicated dis- 
location loops may be quenched in from temperatures 
near the melting point.®:* These loops are presumed to 
result from the collapse of large aggregations of va- 
cancies in the form of plates. Since dislocations are 
active sinks for vacancies, the vacancy concentration 
rapidly becomes that of the thermal equilibrium value 
in the vicinity of dislocation. For large dislocation 
densities, this effect results in a nonuniform vacancy 
distribution in bulk of the lattice after a quench. In the 
light of these considerations, quenches were made from 
700°C in order to make the annealing behavior as 
simple as possible. 

Koehler, Seitz, and Bauerle* derive the following ex- 
pression for the concentration of the quenched-in va- 


2 J. W. Kauffman and J. S. Koehler, Phys. Rev. 88, 149 (1952); 
Phys. Rev. 97, 555 (1955). 

3]. E. Bauerle and J. S. Koehler, Phys. Rev. 107, 1493 (1957). 

4]. S. Koehler, F. Seitz, and J. E. Bauerle, Phys. Rev. 107, 
1499 (1957). 

5 A. H. Cottrell, Institute of Metals Monograph and Report 
Ser. No. 23, (unpublished), p. 1. 

®*P. B. Hirsch, J. Silcox, R. E. Smallman, and K. H. West- 
macott, Phil. Mag. 3, 897 (1958). 
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cancies as a function of time: 


a 


C=Co ba {AJ o(anr)— B,No(anr)} exp(— Da,?t). (1) 


n=! 


An, Bn, and a, are constants determined from the 
boundary conditions. This expression presumes that the 
vacancies anneal by diffusion to dislocation lines. For 
low vacancy concentrations, Eq. (1) reduces to the 
simple expression which can be derived assuming a 
random distribution of vacancies migrating to a random 
distribution of sinks. 

For Eq. (1) to be of value, we must have an expression 
for D, the diffusion coefficient. The most widely accepted 
theory for the temperature dependence of the diffusion 
coefficient is that based on absolute reaction rate theory. 
One form of this theory’ results in the following expres- 
sion for the diffusion coefficient : 


D=aa’ fkipavo exp(—AG,,/RT), (2) 


where a=a constant determined by the lattice, »=a 
weighted mean frequency, a=the atomic spacing, 
:=the transmission coefficient, f= the correlation fac- 
tor, pa=the probability a vacant site is present, and 
AG,, = the change in Gibbs free energy when an atom is 
in the saddle configuration leaving out the degree of 
freedom associated with the direction of motion. 

Equation (2) can be rewritten by noting that pa, the 
probability that a vacancy is adjacent to a diffusing 
atom, is n,/n, the concentration of vacancies. The 
concentration n,/n can readily be shown to be 
exp(—AG,/kT), where AG, is the free energy required 
to form a vacancy. Then Eq. (2) becomes 


D=aa’ fkivy exp(— AGs+AG,,/RT). (3) 


The model used to derive this result is called the 
equilibrium model, since it presumes that the diffusing 
atom is in thermal equilibrium with the lattice at all 
times during a jump. This assumption is necessary in 
that the lifetime of the excited state must be sufficiently 
long to ascribe thermodynamic parameters to the saddle 
point configuration. Irreversibility of the jump is intro- 
duced by fiat and requires the assumption that a tem- 
perature-independent process exists whereby the lattice 
can absorb the excitation energy of the jumping atom. 
Other assumptions are also required and are noted in a 
review paper by Lazarus’ along with references to the 
detailed calculations. 

Rice* has recently proposed a different approach to 
the diffusion problem. This approach avoids many of 
the assumptions encountered in the equilibrium theory. 
In this dynamical theory, the diffusing atom attains 
sufficient amplitude to permit it to move from one 
lattice site to another from fluctuations of energy in the 

7 For a review of diffusion theories and a list of references, see 
D. Lazarus, Advances in Solid-State Physics, edited by F. Seitz 


and D. Turnbull (Academic Press, New York, 1960), Vol. 10, p. 71. 
8S. A. Rice, Phys. Rev. 112, 804 (1958). 
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subvolume in which it is contained. The bulk of the 
crystal is replaced by a reservoir assumed to be in 
thermal contact with every lattice point on the surface 
of the subvolume. To complete a jump, it is also neces- 
sary that the neighboring atoms which tend to obstruct 
the jump have a correlated out-of-phase motion of 
sufficient amplitude for the diffusing atom to pass be- 
tween them. The results of this calculation indicate a 
dependence principally on the potential energy of the 
interaction between neighboring atoms rather than on 
the free energy of the crystal. However, when irreversi- 
bility of the diffusion process is taken into account,° 
there is some indication that this theory, too, may result 
in a dependence on free energies. It will be assumed in 
this paper that the dependence is on free energies, with 
a dependence of the form indicated in Eq. (2). 

Regardless of the detailed nature of the sink, the 
annealing rate is determined by the jump frequency of 
the vacancies, as long as there is no long-range inter- 
action between a vacancy and the sink. For the present 
analysis, we shall use the simplest model of a random 
distribution of vacancies migrating to a random dis- 
tribution of sinks. The decrease in excess vacancy con- 
centration with time can then be written as 


(dn,/dt)=—n.T m, (4) 


where I’,, is the probability per unit time that a vacancy 
will reach a sink. I’,, is related to the jump frequency 
of a vacancy, vj, by 

T,n.= Nyj, (5) 


where N is the average number of jumps required for a 
vacancy to reach a sink. (V has been estimated by 
Bauerle’ to be of the order of 10° for gold when annealing 
rates are comparable to those in the present experiment.) 
The jump frequency is related to the vacancy diffusion 
coefficient as 

v;= D,/ a’. (6) 


(6). we obtain 


(dn,/dt) 


Combining Eqs. (4) 
—n,N D,/ a’. (7) 


The temperature dependence of D, ,the vacancy diffu- 
sion coefficient, may be written in terms of Eq. (2). 
Since attention is focused on vacancies already present 
in the lattice, pa in Eq. (2) is unity. The 


factor for a vacancy is also unity. Thus, D 


correlation 
becomes 
D,=aa*kivo exp(—AG,,/ RT). (8) 
Equation (7) can then be written as 
(dn,/dt)= —n,Nakiwo exp(—AG,,/kT). 
or in the logarithmic form 
d \nn,/dt 


— Nak, exp(- AG,,/ kT) (10) 


Let Z,, be the slope, (d InAp/di), of the experimental 
resistance annealing curve, InAp vs ¢. It is apparent from 


°S. A. Rice and H. L. Frisch, J. Chem. Phys. 32, 1026 (1960). 
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Fic. 1. Schematic diagram of 
the high-pressure system. 
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the vacancy model for the quenched-in resistance that 
— Zn=I,. (The explicit sign of 2,, has been included.) 
From Eq. (4) it can be seen that 2,, is the logarithmic 


derivative of m, with respect to time. Thus, 
Lm=ak,N vy exp(—AG,,/RT). (11) 


From the definition of the Gibb’s function, AG,, 
=AH,—TAS, so that Eq. (11) becomes 


2) 


Ym(T)=ak.N vo exp(AS,,/2) exp(—AH,,/kT). (1 


The energy of motion can be determined from the ratio 
of anneal rates at two different temperatures: 


[2m(T1)/2m(T2) 
=exp[—(AH»/k)(1/T:—-1/T2)]. (13) 


This expression has presumed first-order kinetics. Devia- 
tions of the experimental annealing data froma first order 
will be discussed later. 

It can be shown from thermodynamic relations that 
dG=VdP—SdT. It is apparent that for an isothermal 
process, the volume change of the system is related to 
the Gibbs free energy by the expression V = (0G/dP)r. 
If differences in the Gibbs energy are considered, 


AV = (0AG/OP)r. (14) 


The total activation volume for diffusion, using Eq. (3), 
is seen to be 


AV= —kT{a InD (aa? fkivo) OP |r. 


[t is this expression which is used to determine the 
activation volume from the experimentally determined 
pressure effects on tracer diffusion (see Table I). 
Taking the derivative of the logarithm of both sides 
of Eq. (11) with respect to pressure at constant tem- 


PLUG , ELECTRIC 
PUMP 


perature, we find 


(- In> mn (‘ ~~) 
oP ii oP , 
0 Invo 1 /OAG,, 
Crit 
OP Jr kTX\ OP 


The third term on the right in Eq. (15) is —AV,,/kT. 
If it is assumed that a, k;, and N are constant with 
respect to pressure, Eq. (15) can be written as 


AV m= —RT(O \nd»/OP)r+kT (A Invo/OP)r. (16) 


Although no pressure diffusion experiments have been 
carried out for gold, a rough estimate of the activation 
volume for motion can be made using the semiempirical 
relation proposed by Keyes,'® AV =46AH, where 8 is the 
compressibility. This relation gives agreement within 
about a factor of two for a large number of results. 
AH,,, as determined for gold by Bauerle’ is 0.82 ev. The 
compressibility of gold is 5.7 10-7 cm?/kg. Using these 
values, Keyes’ expression predicts an activation volume 
for motion in gold of about 1.8 cm*/mole in comparison 
with the atomic volume of 10.2 cm*/mole. 

Table I lists values of the total activation volume for 
a number of substances. It is apparent that the experi- 
mental AV is roughly half the atomic volume for these 
substances. Tichelaar and Lazarus" conclude from their 
experimental results and from the calculation of AV; by 
Tewordt” that the formation volume comprises most of 
the activation volume. On the basis of these considera- 
tions, the pressure effect on the annealing rate of 
quenched-in resistivity is expected to be small. As will be 

1 R. W. Keyes, J. Chem. Phys. 29, 467 (1958). 


1G. W. Tichelaar and D. Lazarus, Phys. Rev. 113, 438 (1959). 
2 L. Tewordt, Phys. Rev. 109, 61 (1958). 
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seen, this prediction is borne out by the present experi- 
mental results. 


Ill. EXPERIMENTAL RESULTS 


A standard intensifier-driven liquid pressure system 
is used in this experiment. A schematic diagram of the 
system is shown in Fig. 1. The pressure system is capable 
of producing hydrostatic pressures of 10000 kg/cm’. 
Both petroleum ether and 1 to 3 centistoke Dow-Corn- 
ing 200 fluid are used as pressure fluids. The pressure in 
the system is measured by means of a coil of No. 40 B 
and S manganin wire in a separate pressure vessel 
located in a region of fairly constant temperature. After 
a 5-hr anneal at 140°C in mineral oil, the manganin coil 
is calibrated by measuring the coil resistance at atmos- 
pheric pressure and at the freezing pressure (7640 
kg/cm?) of mercury at 0.00°C. According to Bridgman," 
the pressure coefficient of manganin is constant within 
one half percent from 0 kg/cm? to 12 000 kg/cm’. 

The pressure vessel is maintained at a uniform tem- 
perature by means of a large oil bath which can be 
raised to completely cover the vessel. The well-stirred 
temperature bath is controlled by a differential mercury 
thermoregulator. Observations with a Beckmann differ- 
ential mercury thermometer show the oil bath tempera- 
ture regulation to be +0.02 C° for better than a day. 
Absolute temperature measurements are made with 
ASTM thermometers with calibrations certified to 
+0.02C°. The absolute temperature of the interior of 
the pressure vessel is assumed to be the value recorded 
in the oil bath after thermal equilibrium is reached. 

A chromel-alumel thermocouple calibrated against 
the ASTM thermometers indicates that the fluctuations 
in the internal temperature of the vessel are smaller than 
the thermocouple calibration error of about +0.03C°. 
Agreement between internal and external temperature 
readings is also within +0.03C° after thermal equi- 
librium is established. 

The specimen-dummy arrangement and electrical 
measuring apparatus are similar to those used by 
Kauffman and Koehler? and by Bauerle and Koehler.* A 
bridge (see Fig. 2) compares the resistance of the 
quenched specimen with that of an unquenched dummy. 
In most experiments of this type, the specimen-dummy 
resistance difference is measured at liquid nitrogen or 
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Fic. 2. Schematic diagram of bridge used to compare 
specimen and dummy resistance. 


%P. W. Bridgman, The Physics of High Pressures (G. Bell & 
Sons, Ltd., London, 1952). 
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even liquid helium temperature to reduce the lattice 
contribution to the resistivity. The large thermal inertia 
of the pressure system requires that all measurements 
of quenched-in resistance in this experiment be carried 
out at the annealing temperature. Thus, a differential 
resistance measurement is even more important, since 
the dummy must balance out the thermal resistance of 
the specimen so that only the excess resistance due to 
quenched-in vacancies is measured. 

The specimen-dummy potentials are measured with a 
Rubicon type 2767 uv potentiometer which can detect 
potential differences of less than 10~* v. Bridge balance 
is limited by the accuracy of the standard resistors to 
one part in 25 000. Since the measuring current is kept 
at 0.10000 amp, the smallest specimen resistivity change 
which can be detected is 10" ohm cm for the specimen 
used in this experiment. This resistivity corresponds to 
about 0.1% of the resistivity quenched in from 700°C. 
The direction of the measuring current is reversed for 
each measurement and the average of the two voltage 
readings taken, in order to cancel out thermal emf’s. The 
thermal emf’s are found experimentally to be about 
0.6 wv out of a total emf of the order of 10 uv. As will 
be discussed later, fluctuations in specimen-dummy 
temperature difference rather than bridge sensitivity 
limit the experimental accuracy in measuring the re- 
sistance quenched in. 

The specimen and dummy are mounted on the ap- 
paratus plug of the pressut 
Electrical leads through the plug are of the standard 
pipestone cone insulated type. The pipestone cones have 
a wall thickness of about 0.012 in. and provide a resist- 
ance of at least 100 meg between the steel conductor 
cones and the plug at all temperatures and pressures 
encountered in the present experiment. Since the re- 
sistance of the specimen and dummy is less than 0.1 
ohm, the cone resistance would have a negligible effect 
on the experimental accuracy even if it should decrease 
by several orders of magnitude. 

The insertion of the steel cone in the copper potential 
lead does not present a serious problem despite a large 
copper-steel thermal emf, because of the current reversal 
in the measuring procedure. In addition to the steel 
cones, a chromel and an alumel cone permit the use of 
an internal thermocouple when the vessel is closed 
during the pressure run. The thermocouple junction is 
placed as close to the center of the specimen wire as 
possible, but is not in direct contact with it. After being 
mounted on the apparatus plug, this thermocouple is 
calibrated aginst the ASTM thermometers by placing 
the entire apparatus plug in a small oil bath. 

The specimens are made from hard drawn 99,999% 
pure gold wire 0.016 in. in diameter." Residual resist- 
ance measurements on well annealed samples confirm 
the purity quotation. The room temperature resistivity 


vessel as shown in Fig. 3. 
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New York. 
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Fic. 3. Cross section of apparatus plug 
in place in pressure vessel showing ar- 
rangement of specimen and dummy, S 
thermocouple location, and pressure seals. 
For clarity, only one electrical lead 
through the plug is shown. 
3.030" GOLD WIRE 
4..016" GOLD WIRE 
5. 002" GOLD WIRE 
6. SPOT WELD 
7, HARD SOLDER 
8. THERMOCOUPLE 


9, SAE 4340 STEEL APPARATUS PLUG 


of a sample of the wire from which the specimen and 
dummy used in the pressure runs were taken was 
4.99 10-* ohm cm. The liquid helium temperature 
(4.2°K) resistivity was 7.84<10-" ohm cm, giving a 
resistivity ratio [p(293°K)/p(4.2°K) ] of 6350. Measure- 
ment of the resistivity ratio of a section of the specimen 
itself after the series of pressure runs had a ratio of 
better than 1500. Accidental damage to the specimen 
after the runs prevented a more accurate measurement. 

Potential leads of 0.002-in. diam, 99.999%' pure gold 
wire are spot-welded to the specimen and dummy wires 
as shown in Fig. 3. A jig holds the specimen and dummy 
wires parallel while the 0.002-in. leads are held perpen- 
dicular {o the specimen and dummy and spot welded in 
place. This procedure keeps the dummy gauge length as 
nearly equal that of the specimen as possible. The gauge 
length is about 5 cm. The 0.016-in gold wire is then 
formed as shown in Fig. 3. The loops at the ends of the 
specimen and dummy keep thermal gradients away 
from the gauge length when they are being heated. 
Observations with an optical pyrometer show uniform 
temperature to within 2C° along the gauge length at 
the quench temperature. 

After assembling, the specimen and dummy are heat- 
treated at 950°C for 60 min, 720°C for 5 min, and 500°C 
for 60 min by passing an electric current from a bank 
of storage batteries through the wire. 

To determine the feasibility of making resistance 
measurements when the specimen and dummy were 
maintained at the annealing temperature, a light quench 
frame’ patterned after that described by Bauerle and 
Koehler* was constructed. Specimens were quenched by 
springing the frame into a tank of water. Measurements 
of the total resistance quenched in were made with the 
specimen frame in a stirred ice-water bath. Measure- 
ments of the annealing rates were made with the frame 
in a small water bath, controlled by a system similar to 
that used on the large oil bath. 
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2.422 ENAMELED COPPER WIRE 


© 


10. LEADED STEEL PACKING RING 
11, COPPER PACKING RING 

12, STEEL EXTRACTOR RING 

13. BRASS HOLDER 

14, ALUNDUM TUBING 

15. COLD-ROLLED STEEL CONE 
16, PIPESTONE CONE 

17, LEAD-OUT TUBE 


The experimental procedure for the pressure anneals 
is somewhat more complicated. The apparatus plug is 
mounted in a counterweighted cradle as shown in Fig. 4. 
A Lucite shield over the apparatus protects the heated 
specimen from drafts. The temperature of the heated 
specimen is determined by comparing the ratio of the 
specimen resistance at the elevated temperature to its 
resistance at 17.3°C, R(T)/R(17.3°C), with the resis- 
tivity ratios taken from the data of Northrup’ and of 
Meechan and Eggleston.'® 

Before each run, the apparatus plug is placed in the 
quench cradle and the specimen held at 950°C for 5 to 
10 min, at 720°C for 5 to 10 min, and at 500°C for 15 to 
20 min. The plug is then placed in a small oil bath which 
is controlled to within 0.02C° of the large oil bath tem- 
perature and the initial specimen-dummy resistance 
difference is measured. The resistance difference is taken 
as 6R=(Vss—Vis)/Im, where Vg, and Vy. are the 
averages of the potentials between the two points shown 
in Fig. 2 for J,,, the measuring current, in the forward 
and reverse direction. The fact that this resistance 
difference has a nonzero value indicates that the dummy 
does not exactly compensate for the specimen in the 
well-annealed state. It is therefore necessary to measure 
dR for the well-annealed state as a function of both 
pressure and temperature. The temperature calibration 
is taken care of simply by measuring 5R», the specimen- 
dummy resistance difference before quench, at the 
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Fic. 4. Sketch of 
quenching appara- 
tus. Cradle pivots on 
knife-edge, dropping 
heated specimen into 
water. 
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16 E. F. Northrup, J. Franklin Inst. 177, 287 (1914). 
16 C. J. Meechan and R. N. Eggleston, Acta. Met. 2, 680 (1954). 
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Fic. 5. Semilogarithmic plot of quenched-in resistivity vs 


reciprocal of the absolute quench temperature. Curves are dis- 
placed vertically for the sake of clarity. 


annealing temperature, since the anneals are isothermal. 
The effect of pressure is determined by measuring 
5R,(P) on a well-annealed specimen held at the anneal- 
ing temperature. The calibration is rechecked after 
every third or fourth anneal. 

After the measurement of 5R,, the apparatus plug is 
placed in the quenching cradle and the specimen is 
heated and quenched. No méasurement of the quench 
rate is made since all quenches are from 700°C+15C°, 
and the amount quenched in is reproducible and is com- 
parable to the amount quenched in by Bauerle from 
700°C. The specimen, dummy, and frame are rinsed with 
alcohol to remove any water remaining after the quench. 
A semicylinder of brass is then attached to the apparatus 
plug to fill the free volume of the vessel and to minimize 
thermal gradients within the vessel. The apparatus plug 
is placed in the pressure vessel, the closures tightened, 
and the oil bath raised about the vessel. Both the oil 
bath and the pressure vessel are preheated to the 
annealing temperature to minimize the time required to 
establish thermal equilibrium. The internal temperature 
of the pressure vessel is monitored with the internal 
thermocouple from the time that the pressure fluid is 
added, so that some correction for the warmup period 
can be made. 

Pressure is applied either immediately after raising 
the oil bath or after 40 to 50% of the quenched-in re- 
sistance has annealed out. The pumping process requires 
20 to 30 min. On the runs in which the pressure is applied 
at the beginning of the anneal, pressure is released after 
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40 to 50% of the quenched-in resistance has annealed 
out. The pressure release is made over a period of 5 to 
10 min so that there is no danger of deforming the 
specimen by sudden pressure fluid surges. 

Because of the low heat capacity and thermal con- 
ductivity of the pressure fluid, convection currents 
caused by Joule heating of the specimen can easily 
produce a temperature difference of several hundredths 
of a degree between the specimen and dummy when the 
power dissipation by the 0.016-in. wire is as low as 
0.01 w. (The resistance of the entire length of the 
0.016-in. wire is about 0.08 ohm). A simple calculation 
shows that a temperature difference of 0.01C° between 
the specimen and dummy results in a resistance differ- 
ence corresponding to about 1% of the resistance 
quenched in from 700°C. It was found experimentally 
that a current of 0.1 amp is the maximum value con- 
sistent with a thermally induced scatter of less than 2% 
of the total resistance quenched in. It is this scatter 
which limits the accuracy of the resistance measure- 
ments. Further reduction of the measuring current does 
not result in a commensurate decrease in scatter and 
therefore leads only to a loss in sensitivity. 

A typical set of data shortly after quench for 
measuring current of 0.10000 amp is 

Vis V 34 
4.968 uv -§.698 “Vv 


4.180 uv —9.172 uv 
4.574 uv — 8.931 uv 


forward current 
reverse current 
average value 


The thermal emf’s are seen to be about 0.6 uv. The dif- 


ference between the two readings is V343— Vy2= — 13.505 
uv. The sign of the measuring current is negative, so that 
the resistance difference between the specimen and 
dummy is 135.05 wohm. Since the resistance difference 
before quench was 111.11++0.11 wohm, the quenched-in 
resistance present in the specimen is 23.94 wohm. The 
error in this reading due to statistical and thermally 
induced fluctuations is about +0.3 wohm. 


IV. RESULTS 
A. Quenched-In Resistance 


Before beginning a discussion of the data, a number 
of frequently used terms will be defined: 


Ro=resistance of the specimen at 0°C; 
6R=measured resistance difference between spe i- 
men and dummy, 6R=[(V3s—V2)/T] 
5R,=6R measured before quench; 
5R,=65R measured after quench; 
AR o=6R immediately after quench—6R, 
sistance quenched into specimen ; 
AR=6R,—5R,; 
Tg= temperature from which specimen is quenched ; 
T,4=temperature at which specimen is annealed. 


total re- 


The dependence of the quenched-in resistivity, Ap, on 
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quench temperature is shown in Fig. 5, where a semi- 
logarithmic plot of Ap vs 1/Tg is made for three different 
specimens. For low quench temperatures, the results are 
consistent with the simple exponential relationship, 
Ap=A exp(—AH,;/kT). It is seen that for quench tem- 
peratures above 800°C there is a deviation from 
linearity. This deviation toward lower resistivities, 
generally observed in quenching experiments, is at- 
tributed to a loss of vacancies during quench. Bauerle’® 
obtained an increase in quench rate by using a salt-water 
quench bath and also by forcibly springing the wire 
through the quench bath. In the present experiment, all 
pressure runs are made from quench temperatures near 
700°C, so no special attempts are needed to increase the 
quench rate. It is emphasized that these measurements 
were made to check the quench apparatus and are not 
offered as accurately determined values. They serve to 
show that the present quench techniques result in values 
of AH; compatible with other experiments. 


B. Atmospheric Pressure Anneals 


Annealing behavior was studied only for quench tem- 
peratures near 700°C, because of the increased com- 
plexity of the annealing kinetics for quenches from 
higher temperatures.* Since the light quench frame used 
in these runs comes to equilibrium with the anneal bath 
in a few minutes, no warmup correction is necessary. 
In the anneals where the bath temperature is raised 
from 40° to 60°C, correction for the temperature shift 
in 6R due to the uncompensated specimen resistance is 
made by matching the slopes of the anneal curves at 
the time of the temperature increase. 

The data are shown in a semilogarithmic plot of 
(AR/ARo) vs ¢ for comparison with Eq. (12). The AH,, 
values are taken from the tangents to the annealing 
curves at the point of the temperature change using 
Eq. (13). The use of the tangents is necessary since 
first-order kinetics are not obtained. Other workers 
report a constant value of AH,, during an anneal, re- 
gardless of the annealing kinetics, indicating that AH,, 
is independent of the vacancy concentration. Because 
of this fact, it is a matter of experimental convenience 
at which point the temperature is changed. The slope 
for each anneal temperature is most accurately deter- 
mined when the temperature is changed after 507% of 
the quenched-in resistance has annealed out. 

The data and the values of AH, derived from the two- 
temperature anneals are tabulated in Fig. 6. Although 
the value for the faster anneal is lower than that for the 
two slower anneals, the three AH,, determinations agree 
within experimental error. The average value for AH,, 
is 0.79+0.10 ev. This result compares well with the 
values for Tg less than 750°C determined by Bauerle.* 


C. High-Pressure Anneals 


The pressure effect on the anneal rate, in principle, 
could have been most accurately detected by the change 
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Specimen NO} 
Run T, Atm ev 
708 0.8220.09 
723 0.7240.10 
Til —_—_— 


718 §=0,86220,05 











O15 150 


1 
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Fic. 6. Energy of motion determination for three quench tem- 
peratures near 700°C and anneals at 39.1° and 59.1°C. 


in 74, the time required for one-half of the quenched-in 
resistance to anneal out at a constant temperature. 
However, factors other than pressure also have a large 
effect on 7;. In the £,, determinations (see Fig. 6), where 
quench and anneal temperatures were identical, three 
anneals had 150-hr half-times, the fourth had only a 
100-hr half-time. To cancel the differences caused by 
other factors, pressure effects in the present experiment 
were determined by comparing the annealing rate at 
pressure with that at some reference pressure during the 
course of a single anneal. Thus, all factors except for 
pressure were the same during an anneal. In two runs 
with atmospheric reference pressures, the AR values 
show considerable scatter. A reference pressure of 50 
kg/cm? to 100 kg/cm? seems to suppress the scatter, but 
higher pressures do not decrease the scatter further. 
Scatter at atmospheric pressure is attributed to vapori- 
zation of the volatile pressure fluid, causing currents in 
the fluid which result in temperature differences between 
the specimen and dummy. 

In treating the data, two corrections must be applied. 
First, pressure corrections as described in Sec. III are 
applied to all measurements of AR made at pressures 
above 1000 kg/cm? to account for pressure-induced 
changes of resistivity in the uncompensated length of 
the specimen. The correction to AR at a pressure of 
10 000 kg/cm? is roughly 5 to 10% of the resistance 
quenched in from 700°C. 

Second, the fact that about 2 hr are required for the 
temperature inside the pressure vessel to come to within 
0.03C° of equilibrium requires a temperature correction 
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Fic. 7. Influence of pressure on 
isothermal annealing rate. Curves 
are displaced horizontally for 
clarity; time origins are indicated 
by heavy vertical lines. All pres- 
sures are in kg/cm?. 
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during the initial portion of the anneal. Three or four 
strokes of the intensifier piston are made to bring the 
system to full pressure, causing the temperature to 
fluctuate over a range of 50C° in a short period. Similar 
temperature changes occur when the pressure is released 
during an anneal. The effect of these temperature 
changes is compensated by shifting the time scale of the 
anneal. A plot of the internal thermocouple readings as 
a function of time is approximated by constant-tem- 
perature line segments. Using the measured energy of 
motion, the ratio of annealing rate 2; at the actual 
temperature to the annealing rate 2» at the equilibrium 
annealing temperature is determined from Eq. (13). 
The effective annealing time at the equilibrium tempera- 
ture can be derived, the effective time origin determined, 
and the data plotted as in the atmospheric pressure 
anneals, i.e., a semilogarithmic plot of (AR/AR») vs ¢. 
The compensated data for some typical pressure runs 
are shown in Fig. 7. 

The slopes of the annealing curves are determined by 
drawing the best straight lines through the experimental 
points. The error in the slopes is estimated by drawing 
the maximum and minimum slopes through the points. 
Despite the warmup correction, there is some initial 
curvature before the straight line portion of the anneal- 
ing curve is reached, resulting in some error in deter- 
mining the slope. The estimated error limits are un- 
symmetrical because of the curvature and range from 
5 to 10% of the slope value. Except for the few anneals 
which exhibit little scatter and curvature, the data are 
also treated by a least-squares analysis. The resulting 
slope values agree within a few percent with the graphi- 
cally determined slopes. The calculated standard devia- 
tion, which is a measure only of the statistical scatter of 
the data, is generally 2 to 3% of the slope value. For the 
least-squares analysis, only those points in the straight- 


line portion of the curve are used. However, because of 
the initial curvature, there is some uncertainty in the 
choice of the number of points to be fitted to a straight 
line. 

The data for the pressure anneals listed in 
Table II. P, is the pressure at which the anneal rate 
was determined; Py is the reference pressure. LY, is the 
slope of the annealing curve at P,; Zo is the slope at Po. 
The errors indicated for the slopes are the standard 
deviations only. In view of the discussion above, a more 
accurate estimate of the slope error would be +5%, 
resulting in an error in the ratio of slopes of 7 to 8%. 
The error in the logarithm of the ratio is therefore 
+10% to +12%, since the ratio is between } and 1. 

Indicated anneal temperature errors are the relative 
fluctuations. This error figure is important as an indica- 
tion that the anneal is isothermal. Absolute temperature 
errors are probably less than 0.2C° and therefore negli- 
gible in determining the value of AV,,. Absolute pressure 
errors are less than 1 percent and are also negligible. 

The experimental values of — kT In(2,/Zo) are plotted 
as a function of AP= P,— P» in Fig. 8. The points are 
fitted with a least-squares straight line passing through 
the origin. The resulting value of —k7T(A ln2/AP) is 
2.40X10-* cm’® with a weighted mean error of 
+0.23X 10-** cm’. 

Systematic errors in Tg are relatively unimportant in 
the accuracy of the present experimental results. The 
simple theory derived in Section II indicates that the 
annealing kinetics should be independent of Tg. 
Bauerle’s® results show that the annealing kinetics do 
depend on T¢@, but only in a qualitative way. As long as 
Tq is less than 750°C, the annealing kinetics appear to 
be simple and to be independent of T9. In the present 
experiment, the quench temperatures are reproducible 
from quench to quench, as are the concentrations 
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PRESSURE EFFECT 


ON VACANCY MIGRATION 


RATE IN Au 1729 


TABLE II. Summary of data for pressure runs. AR, is the total resistance quenched in from temperature Tg. Isothermal anneals 
are made at temperature 7'4 and the logarithmic slope 2>=d(InAR)/dt is measured at pressure Py. The slope 2» is measured at the 


reference pressure Po. 











Ta AR, Ta P» 
(°C) (uohm) (°C) (kg/cm?) 


zx 108 
(sec) 


2X 105 


—kT In(2,/2o) 
(sec) (ev) 





728 30.50.3 
722 37.0+0.4 
713 33.741.0 
722 33.1+0.3 
715 25.5+0.3 
707 28.1+0.5 


69.99+0.03 
70.10+0.10 
70.060.05 
70.07+0.07 
70.00+0.13 
70.05+0.05 


8170+120 
8200+ 50 
8070+ 55 
7290+ 25 
9940+ 150 
9840+ 45 
9500+ 120° 
10190+ 60 
7085+ 15 
5195+ 15 
9050+ 150 
9400+ 150 
9300+ 150 
7315+ 10 


708 27.7+0.6 
703 29.8+0.3 
700 28.5+0.3 
703 27.8+0.3 
708 30.7+0.2 
707 30.7+0.2 
16 704 32.340.3 


70.00+0.05 
70.07 +0.07 
70.15+0.10 
80.04+0,.07 
79.98+0.05 
80.01 +-0.07 
79.95+0.05 


Po 
(kg/cm?) 


1 

1 
930+ 20 
900+ 24 
82+ 16 
475+ 30 


525+ 10 
170+ 5 
85+ 10 
100+ 100 
100+ 100 
150-+150 
110+ 10 





— 2.209+0.003 
—4,72 +0.04 
—3.783+0.038 
—2.89 +0.03 
—1.760+0.035 
—1,528+0.016 
—1.55 +0.05 
—1,47 +0.03 
—0.865+0.03 
—0.819+0.04 
—1.64 +0.05 
—1.95 +0.04 
—1.620+0.015 
—1.375+0.015 


—3.186+0.014 
—5.84 +0.24 
—4.345+0.08 
—3.64 +0.08 
—3,034+0.054 
— 2.474+0.040 


0.0109=+-0.0006 
0.0062+0.0012 
0.0040+-0.0007 
0.0068 0.0007 
0.0161++0.0008 
0.0142+-0.0007 
0.0137+0.0010 
0.0128+0.0013 
0.0100+0.0012 
0.0066+0.0011 
0.0476+0.0011 
0.0111+0.0008 
0.0182+0.0005 
0.0100+0.0005 


—2.26 +0.03 
—1.21 +0.04 
—1.02 +0.03 
—2.93 +0.85 
—2.80 +0.09 
—2.939+0.027 
—1.88 +0.02 








* This run was made with pressure on, off, then on again. Thus, two slope ratios result. See anneal P2-2-7 in Fig. 7. 


quenched in. Reproducibility of quench temperature is 
more important than accuracy in determining the abso- 
lute value of Tg as long as TQ is less than 750°C. It is 
unlikely that the absolute 7g values are in error by 
more than 10°C. 


V. DISCUSSION 
A. Atmospheric Pressure Data 
Quenches 


The quench data are consistent with the vacancy 
model, in which the equilibrium concentration of va- 
cancies at the quench temperature is trapped in by rapid 
cooling. Since the quenches in the present experiment 
were made only to check techniques, sufficient data for 
an accurate determination of the pertinent parameters 
were not taken. For a discussion of quench results, 
attention is called to quenching experiments on gold 
(see references 3, 4, 17) and on aluminum and platinum 
(see references 18, 19). 


Anneals 


The model of a random distribution of vacancies 
diffusing to a random distribution of sinks has been 
shown to result in first-order kinetics for the annealing 
process. While Bauerle* reports first-order kinetics for 
anneals with low initial vacancy concentrations, other 
workers'’.**.2! report a variety of kinetics other than first 
order over the entire quench-temperature range. In the 
present experiment it was observed during the AH,, 
determination anneals that the annealing rate decreased 
slowly with time. The decrease became quite noticeable 


17 F, J. Bradshaw and S. Pearson, Phil. Mag. 2, 379 (1957). 

18 F, J. Bradshaw and S. Pearson, Phil. Mag. 1, 812 (1956). 

19 W. DeSorbo and D. Turnbull, Phys. Rev. 115, 560 (1959). 

2” B. G. Lazarev and O. N. Ovcharenko, J. Exptl. Theoret. 
Phys. (U. S. S. R.) 36, 60 (1959). 

21M. Meshii, F. Mori, and J. W. Kauffman, Bull. Am. Phys. 
Soc. 4, 455 (1959). 


after 80% of the quenched-in resistance had annealed 
out. The data could be arbitrarily fitted to a relation 
of the form | 

(17) 


The resistance change AR already contains a term in 
the form of an additive constant to correct for the tem- 
perature effect on the uncompensated portion of the 
specimen. An error in this term could appear as a de- 
parture from first-order kinetics. However, the magni- 


log(AR—6/AR») = bt. 
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Fic. 8. Experimental values of —kT In(2,/Zo) vs AP, where 
AP is the difference between the pressures at which the isothermal 
annealing rates 2, and 2X» were measured. The heavy line is the 
least-squares fit of the data, while the lighter lines indicate slopes 
one standard deviation, o, from the best slope. 
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tude of 6 in the above expression was more than half the 
temperature correction. It is unlikely that such a large 
error could be made in the correction term. 

To remove the uncertainties caused by changing the 
annealing temperature during the course of an anneal, a 
series of isothermal anneals were made. Values of 
specimen-dummy resistance before and after quench 
were measured in the annealing bath at the annealing 
temperature so that no temperature correction was re- 
quired. The results of some of these anneals, shown in 
Fig. 9, reveal the same slower than exponential anneal- 
ing rate observed before. Thus, the observed behavior 
is not due to an error in the temperature correction. 
Treatment of the data with the relation (17) again re- 
sulted in a straight line when a suitable 6 was chosen. In 
most cases, the anneals were stopped when the deviation 
from first-order kinetics became apparent, so that 15 to 
20% of AR» still remained. 

A few very long anneals were made to see if Eq. (17) 
was valid at low vacancy concentrations. In one in- 
stance, run P1-1-1 Fig. 9, the temperature was raised to 
100°C for 24 hr after 60% of AR» had annealed out and 
then returned to the initial annealing temperature. The 
remaining resistance, AR, was found to be less than 
4% of AR». Since the scatter of the data at the very small 
AR values is large, a more reasonable estimate of the 
residue is 2%+2% of AR». Other long anneals showed 
similar low resistance residues. It is therefore concluded 
that any residue, if present, is small and that the relation 





PI-I-1 
T,695°C 
_T,=60.6°C & 
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Fic. 9. Semilogarithmic plot of AR/AR» vs ¢ for isothermal 
anneals, showing the relative effects of anneal temperature and 
specimen preparation. Preparation procedures are described in 
the text. 
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expressed by Eq. (17) is an approximation for only a 
limited portion of the anneal. 

It is possible that the dislocation density also has an 
effect on the annealing kinetics. An attempt was made 
to reduce the dislocation content of the specimen below 
that resulting from the standard heat treatment to see 
if any change in annealing kinetics occurred. Heat 
treatments long enough to permit diffusion over lengths 
comparable to the specimen dimensions are required to 
move dislocations out of the crystal. Gold self-diffusion 
data* show that at the standard 950°C heat treatment 
10 hr would be required for a diffusion distance of 8 mils, 
the radius of the wire. In the one-hour heat treatment, 
the diffusion distance was 2.5 mils. This should have 
been sufficient to remove a large part of the cold-work 
in a new specimen. 

To determine experimentally the effect of heat treat- 
ment on the annealing behavior, a specimen was placed 
in a furnace and held at more than 1000°C for 12 hr. 
After removal from the furnace, the 
mounted in the quench frame and its temperature raised 
to 950°C for one hour, 500°C for two hours, and 400°C 
for one hour to remove the cold-work incurred during 
mounting. The specimen was then quenched from 700°C 
and annealed at 60°C. The results are shown in Fig. 9, 
specimen P1-1-1. The annealing half-time of 50 hr is 
roughly double that of specimens heat-treated for the 
standard one hour at 950°C, consistent with previous 
similar measurements by Bradshaw and Pearson.’ Be- 
cause of this increase in 7;, it can be assumed that the 
dislocation density has decreased. However, within the 
accuracy of the measurements, the annealing kinetics 
do not differ from those of specimens receiving the 
standard heat treatment. 

It is possible that impurities can cause a departure 
from the first-order kinetics predicted by the simple 
model of random vacancies and sinks. An impurity atom 
can pin a dislocation so that it cannot climb. As va- 
cancies reach jogs in a pinned dislocation, no climb 
occurs and the dislocation becomes ineffective as a sink. 
Thus the sink concentration could decrease with time, 
as dislocations become pinned during climb while the 
excess vacancies are removed. It is not known if the 
impurity concentration indicated by residual resistance 
measurements on the present specimens is compatible 
with the observed decrease in annealing rate with time. 
It would be desirable to study the effect of impurity 
concentration on the annealing behavior. 


specimen was 


B. Pressure Anneals 


From Eq. (16) it is seen that the value of the activa- 
tion volume for motion depends not only on the pressure 
derivative of the annealing rate, but also on the pressure 
derivative of the frequency factor vp. No detailed calcu- 
lations of vo have been made, since a knowledge of the 


2S. M. Makin, A. H. Rowe, and A. D. LeClaire, Proc. Phys. 
Soc. (London) 70, 545 (1957). 
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vibrational spectrum in the neighborhood of a vacancy 
is required. However, Lawson, Rice, e/ al.” have esti- 
mated that in the region of a vacancy the normal mode 
frequencies may vary by a factor of three, while the 
factor vp may vary by only 10 to 20%. As a first 
approximation, therefore, it is reasonable to use the 
volume properties of the crystal to estimate the pressure 
effect on vo. The natural frequency of vibration of a 
harmonic system is given by v/A, where »v is the wave 
velocity in the system and A the wavelength. For our 
approximation it is assumed that v9 is proportional to 
the ratio of the velocity of the elastic wave propagation 
through the crystal to the atomic spacing. The experi- 
mental data of Daniels and Smith* give the effect of 
pressure on the velocity of propagation of elastic shear 
waves in gold. The elastic wave velocity, v, is given by 
Y =yv", where Y is the elastic constant and yu is the 
density of the crystal. Taking an average value for the 
experimental pressure derivatives of the two shear wave 
velocities, 


RT (0 Invp/OP) kT (0 Inv/0P)p=8X 10 cm’, 


for T=70°C. Approximately the same value results 
when the change in the longitudinal wave velocity is 
considered. This value is small compared with the 
logarithmic pressure derivative. It is, in fact, a factor of 
three smaller than the statistical error in the logarithmic 
pressure derivative and for this reason has been neg- 
lected in determining the value of AV». 

The value for AV,, measured in the present experi- 
ment is (2.48+0.23) 10-4 cm*. This value is 15% of 
the atomic volume of gold, 17 10~-** cm*. In terms of 
molar volumes, AV,,=1.50+0.14 cm*/mole and the 
atomic volume is 10.2 cm*/mole. 

It is interesting to compare this result with a predic- 
tion based on the macroscopic elastic constants. 
Lazarus has estimated the change in the energy of 
motion of an impurity, AH,,,;, diffusing into an adjacent 
vacancy relative to that for a solvent atom by consider- 
ing the changes in the shear modulus of the lattice in 
the vicinity of the impurity. He shows that for the case 
of noble metals, the change in energy of motion for the 
impurity may be related to the change in the small 
shear modulus by 


AH mi=ALV X4 (C11 — C12) J. (18) 


where V is the atomic volume. This analysis should be 
equally valid for pressure-induced shear modulus 
changes. The data of Daniels and Smith™ show that at 
10000 kg/cm’, the change in the elastic modulus 
$(Ci1— C12) is 4.30 10° ergs/cm*. Combining this value 
with the atomic volume of gold, 17 10-** cm’, results 
in a value for AE,,; of 0.046 ev. In the present experi- 


23 A. W. Lawson, S. A. Rice, R. D. Corneliussen, and N. H. 
Nachtrieb, J. Chem. Phys. 32, 447 (1960). 
*W. B. Daniels and C. S. Smith, Phys. Rev. 111, 713 (1958). 


2 —. Lazarus, in Impurities and Imperfections (American 


Society for Metals, Cleveland, Ohio, 1955), p. 111ff. 
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ment, the value of AV,, is 2.48 10-* cm*. Assuming 
that 6AH,,=PAV,, the pressure-induced change in 
energy of motion, 5AH,,, at 10 000 kg/cm? is 0.015 ev. 
Thus, Eq. (18) overestimates the experimentally deter- 
mined change in energy of motion by a factor of three. 

A pressure dependence of AV,, is possible, and some 
pressure diffusion experiments indicate a slight pressure 
variation of AV,,.2°-?8 No such effect is found, within 
limits of error, in the present experiment. It may be 
desirable to extend the pressure range of the experiment 
to reduce the fractional errors in the logarithmic slope 
ratio. Since the absolute errors are relatively constant, 
the magnitude and pressure dependence of AV, could 
then be determined with much greater accuracy. 

There is no apparent dependence of the pressure de- 
rivative of the slope ratio on the order in which the 
pressure is applied, i.e., in the first or second half of the 
anneal. Furthermore, no unexpected differences are ob- 
served between the 70° and 80°C anneals, despite an 
increase in the annealing rate at the higher temperature. 
Thus, to the accuracy of the experiment, the derived 
AV, appears to be independent of vacancy concentra- 
tion and of the annealing rate. For the simple model of 
vacancies diffusing to sinks, no such dependence would 
be expected. 

The data are not sufficiently accurate enough to 
indicate any temperature dependence of the activation 
volume. Higher annealing temperatures would result 
in such short annealing times that the warmup period 
would occupy the major portion of the measurable 
anneal. Lower annealing temperatures would result in 
such long anneals that the pressure could not be main- 
tained long enough to measure the annealing rate ac- 
curately. Again, it would be desirable to extend the 
pressure range so that more accurate slope ratios could 
be measured and a possible temperature dependence 
investigated. 

In addition to the jump rate of the vacancies, pressure 
could also affect the effective sink concentration. If such 
were the case, the observed changes in annealing rate 
could not be used to derive an activation volume for 
motion of the vacancies. The possibility of such effects 
and their influence on the annealing rate will now be 
considered. 

First, the density of dislocations might change with 
pressure. At the pressures reached in the present experi- 
ment, the PV energy available per lattice site is only 
about 0.01 ev. Thus, very few dislocations could be 
moved out of the crystal at the annealing temperature 
during the time of an anneal. As was shown earlier, 
several hours at 1000°C are necessary to make an 
appreciable change in the sink concentration. 

Second, the pressure-induced change in strain dis- 


26 N. H. Nachtrieb, J. A. Weil, E. Catalano, arid A. W. Lawson, 
J. Chem. Phys. 20, 1189 (1952). 

27 G. W. Tichelaar, R. V. Coleman, and D. Lazarus, (to be 
published). 

28 R. V. Coleman (private communication). 
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tribution about a dislocation could change its cross- 
section for trapping a vacancy. Such a change would 
affect the average number of jumps required for a 
vacancy to reach a sink. It is estimated” that the effect 
of a dislocation is felt over only a few atomic distances. 
Even changing this number by an order of magnitude 
would not change appreciably the number of random 
jumps required for a vacancy to reach a sink. Thus, 
since it is estimated that 10° jumps® are required to 
reach a dislocation,” this pressure effect would be 
negligible. 

These estimates indicate that the effect of pressure on 
the dislocation sink density probably does not change 
the annealing rate. If any appreciable change in sink 
concentration does occur because of pressure applica- 
tion, the change is reversible, for in the series of pressure 
anneals the only change in annealing rate between 
successive runs was a slow increase in 7;. This increase 
has already been explained in terms of the removal of 
dislocations by the prequench heat treatment. It is con- 
cluded that the observed pressure effects on the anneal- 
ing rate of the quenched-in resistance are due only to 
changes in the jump frequency of the vacancies. 


C. Comparison of Results with Theory 
and Experiment 


As noted earlier, a hard-spheres atomic model predicts 
a total activation volume for diffusion of two atomic 
volumes, while pressure diffusion measurements give a 
derived value of one-half an atomic volume. The present 
value for the volume of motion of 15% of the atomic 
volume is consistent with the low values observed in the 
diffusion experiments. It has been proposed that relaxa- 
tion of the atoms neighboring a vacancy will account for 
the small experimental values of the volumes associated 
with the diffusion process. 

A number of calculations pertinent to this effect have 
been made of the lattice distortion around a vacancy. 
Theimer® compares calculations of the entropy of forma- 
tion of a vacancy in NaC] with experimental values and 
concludes that the relaxation of the atoms surrounding 
the vacancy is of the order of thermal amplitude. Calcu- 
lations for crystalline rare gases by Kanzaki® for a 
discrete atomic lattice model using a normal-coordinate 
expansion of the type used in the dynamical diffusion 
theory result in nearest-neighbor relaxations of a frac- 
tion of a percent of the interatomic spacing. Nardelli 
and Repanai® use an elastic model and a Lennard-Jones 
6-12 potential for crystalline rare gases and obtain the 
same result as Kanzaki. Again, negligible relaxation of 

% J. J. Jackson (private communication). 

* The motional energies and annealing rates for the specimens 
used in the present experiment agree with those measured by 
Bauerle within experimental error. Thus, dislocation densities 
comparable to those found by Bauerle are assumed to be present 
in the specimens used in the present experiment. 

31 Q. Theimer, Phys. Rev. 112, 1857 (1958). 

#H. Kanzaki, J. Phys. Chem. Solids 2, 24 (1957). 

% G. Nardelli and A. Repanai, Physica 24, 5182 (1958). 
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the neighboring atoms result from calculations of static 
lattice energies in metals by Girifalco and Streetman™ 
and by Hall.** These calculations support the hard 
spheres model for AV y. 

Lawson ef al.” point out that no relaxation is possible 
for the case in which the restoring force is linear in the 
displacement, as in the elastic continuum models. It is 
anharmonic forces which are responsible for relaxation 
and such forces must be included in the calculations if 
the relaxation is to be determined. Lawson et al. con- 
sider a simple cubic crystal with a vacancy and its six 
nearest-neighbor atoms. The six-atom shell is assumed 
stable, and its interaction with the surrounding atoms 
is simulated by adjusting the force constants among 
the atoms. The calculation indicates a relaxation 
of about 4 of an atomic volume about a vacancy. 
Tewordt” uses a more refined model in which the dis- 
crete nearest-neighbor atoms of a vacancy in an fcc 
crystal are considered to be nonelastically deformed. 
These atoms are joined by a set of proper elastic solu- 
tions to the bulk of the crystal by an intermediate region 
of discrete elastically deformed atoms. This calculation 
indicates a relaxation of as much as 3 an atomic volume 
about a vacancy in copper. 

Experimental evidence for relaxation is indirect. 
Using a theoretical value for Ap/atom percent of 
1.3 10-*, Bauerle® uses his values of A in the relation 


Ap=A exp(—AH/kT), (19) 
and of the volume change vs resistance change to esti- 
mate that the volume of a vacancy is 0.4 atomic volume. 
DeSorbo** has measured the energy released on the 
annealing of vacancies quenched in gold. The concen- 
tration of vacancies quenched in was determined from 
the ratio of the heat evolved on annealing to Bauerle’s 
value of E;. By combining Bauerle’s value of the pre- 
exponential factor in Eq. (19) with the energy ratio, a 
value of Ap/c of about 2.4 10-* ohm cm/atom percent 
was obtained. Finally, by comparing this value with 
Bauerle’s ratio of resistance change to specimen volume 
change, DeSorbo concludes that the vacancy volume is 
about 0.7 atomic volume. Although the experimental 
uncertainties in these two determinations are large, it is 
apparent that they are consistent with the 
calculations. It seems quite reasonable to assume that 
relaxation does occur about a vacancy so that the 
volume of formation is about one-half an atomic volume. 
As soon as techniques for quenching at pressure can be 
developed, it will be most desirable to verify this as- 
sumption by direct measurement. 

There are few calculations of the activation volume 
for motion. A hard-spheres model indicates an expansion 
of the crystal of about one atomic volume for a diffusive 


anharmonic 


#L. Girifalco and J. Streetman, J. Phys 
(1958). 

3G. L. Hall, J. Phys. Chem. Solids 3, 210 (1957). 

86 Warren DeSorbo, Phys. Rev. Letters 1, 238 (1958). 
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PRESSURE EFFECT ON VACANCY MIGRATION RATE IN Au 


jump. Huntington and Seitz*’ calculate that the atoms 
in the shell around a vacancy are displaced by about 
10 percent when the diffusing atom is in the saddle 
configuration. This is roughly twice the value calculated 
by Fumi.** 

These results consider only the expansion of the lattice 
caused when the diffusing atom passes through the shell 
of atoms surrounding the vacancy. Fumi** points out 
that when the lattice is in the saddle configuration, two 
partial vacancies are present : One is at the site to which 
the diffusing atom is jumping, the other is at the site 
which the diffusing atom has left. If there is relaxation 
of the neighboring atoms toward these partial vacancies, 
part of the lattice expansion may be cancelled. For a 
very rough estimate of the net effect to be expected, 
Tewordt’s calculation of the expansion of the lattice 
due to an interstitial may be compared with twice his 
calculation of the relaxation about a vacancy. The 
calculated AV; of an interstitial is 1.7—-2.0 atomic 
volumes, while twice the volume of formation of a 
vacancy is 0.9-1.1 atomic volumes. Thus, using these 
values for the model of an interstitial with two vacancies 
as an approximation to the saddle configuration, a 
motional volume of greater than half an atomic volume 
is obtained. The actual saddle point configuration 
probably involves much less crowding than would be 
encountered in creating an interstitial. The hard spheres 
model predicts only about a one atomic volume increase 
for the saddle configuration. Relaxation of one-half 
atomic volume per partial vacancy could just cancel this 
increase. While neither of these approximations can be 
expected to give accurate results, they do show that a 
small motional volume is not inconsistent with the 
vacancy model, if relaxation effects are considered. 

Other models to explain the small motional volume 
can be constructed. Still consistent with the vacancy 
model would be the polarization of the diffusing atom. 
However, from energy considerations, it is unlikely that 

37H. B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942); 


H. B. Huntington, Phys. Rev. 61, 325 (1942). 
38. G. Fumi, Phil. Mag. 7, 46, 1007 (1955). 
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polarization could account for any great decrease in the 
displacement of the barrier atoms. Nachtrieb*® has pro- 
posed a defect much less localized than a vacancy, the 
relaxion, somewhat like a small melted region of the 
crystal. In such a region containing a hundred atoms or 
so, one atom would be missing in comparison with the 
normal lattice arrangement. The vacant site would be 
distributed over the entire disturbance. Such a defect 
could move by a process similar to local melting and 
refeezing. However, it is rather difficult to explain the 
annihilation of such a defect during anneal. 

If we assume that AV, for a vacancy is 0.5 atomic 
volume as calculated by Tewordt, the present value of 
AV. gives a total activation volume for diffusion of 
about 6.5 cm*/mole. This is somewhat larger than the 
value of AV of 4 cm*/mole predicted by Keyes’ semi- 
empirical relation between AV and AH. Recent pre- 
liminary results on the pressure effect on self-diffusion 
in silver by Tomizuka® show that the activation volume 
may be as much as 0.85 atomic volume. Thus, the semi- 
empirical relation may underestimate AV for noble 
metals. The present value for AV,, appears to be con- 
sistent with the self-diffusion data and with the theo- 
retical and experimental values for the relaxation about 
a vacancy. 
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Optical bleaching of F centers in x-rayed and additively colored KCI has been studied at 77°K with pulse 
irradiation methods. Constant “F light” incident on the colored crystal establishes a photostationary 
equilibrium between F and F’ centers. The application of a high-intensity light flash of appropriate spectrum 
displaces the system from equilibrium to either direction. The return to equilibrium is exponential in time, 
with a rate controlled by the intensity and spectrum of the constant light, but not depending on the F’-center 
concentration or the method of coloration. The results are in agreement with a kinetic model involving only 
F-to-F’ center interconversions. Prior room-temperature optical bleaching inhibits the extent and rate of 
low-temperature bleaching, probably due to the growth of other bands under the F band. The saturation of 
the extent of bleaching at high pulse-light intensity and a lower bleaching efficiency for the additively 


colored crystal indicate that the distribution of F centers in the crystal is significant in low-temperaturé 


bleaching. 


INTRODUCTION 


CENTERS in: KCl can be bleached by irradiation 

with “F light” and the mechanism depends on the 
bleaching temperature. Near and above room tempera- 
ture, optical bleaching causes several new bands to 
appear at longer wavelengths than the F band. The M 
band increases until a maximum height is reached, after 
which time it diminishes, while the R; and R» bands at 
shorter wavelength continue to increase.! Although the 
details of the process are not known, it is believed that 
the migration of vacancies is involved. Below about 
190°K, the M and R bands do not appear on optical 
bleaching, but instead the very broad F’ band grows. 
The F’ center consists of two electrons trapped in a 
negative-ion vacancy and is produced by the photo- 
ionization of an F center and the subsequent capture of 
the electron at another F center. The efficiency with 
which F centers are converted to F’ centers diminishes 
at low temperatures. In the region where F’ centers are 
easily produced and are thermally stable, a two-step 
bleaching process occurs; optical excitation of the F 
center is followed by a thermally-activated release of the 
electron to the conduction band. At 170°K approxi- 
mately 80% of the F band can be converted to the F’ 
band.?* Saturation occurs for two reasons: First, the F’ 
band overlaps the F band so that continued irradiation 
also bleaches F’ centers; and second, negative-ion 
vacancies compete with F centers for the electrons re- 
leased from F centers. Photoconductivity measurements 
show that the bleaching quantum efficiency at 177°K is 
about 100 times larger than at 77°K.* Markham, Platt, 
and Mador‘ made a careful investigation of the optical 


* Supported by the U. S. Atomic Energy Commission. 

t Abstracted from a thesis submitted in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy in physics at 
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8H. Pick, Ann. Physik 31, 373 (1938). 
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bleaching of KBr between 4° and 77°K and found that 
the rate depends on the temperature of x-ray irradiation 
and furthermore, did not detect optical bleaching in 
additively colored crystals. They suggested that tun- 
neling accounts for the observed low-temperature 
bleaching, assuming that some F centers in x-rayed KBr 
are clustered, while F centers in additively colored KBr 
are uniformly distributed at distances too large for 
tunneling. It was shown in a previous publication® that 
substantial transient in occur 
when x-rayed KC] is irradiated with a bright light flash 
at low temperature. Irradiation with a flash of green 
“F light” causes a fast decrease in the F band with a 
subsequent recovery after about 0.2 sec, and irradiation 
with a flash of red ‘“‘F’ light” causes a fast increase in the 
F band with a decay requiring approximately the same 
duration. This paper reports further investigation of 
these effects. In the experiments reported here, the x- 
raying was done at room temperature to minimize the 
effects of unstable V bands. Results for crystals x-rayed 
at low temperature will be reported at a later time. The 
earlier conclusion is substantiated that F-to-F’ center 
conversions are involved, new information is given on 
the influence of the constant monitoring lamp, and a 
simple kinetic model is proposed which explains many 
of the results. 


changes transmission 


EXPERIMENTAL METHODS 


The samples used were Harshaw KCl cleaved into 
1X1 cm wafers, varying in thickness from 0.03-0.10 
mm. They were irradiated in the dark at room tempera- 
ture with 45-kv copper x rays, inside an evacuated 
metal sample holder with three 2-mm fused-silica optical 
windows and a 0.8-mm beryllium window for x-ray 
irradiation. In all experiments, except those requiring 
prior room-temperature bleaching, the irradiated crys- 
tals containing 10'*-10'’ F centers per cc were rapidly 
cooled to 77°K and optically bleached to saturation 
with “F light” in a Beckman DU spectrophotometer. 


® A. R. Reinberg and L. I. Grossweiner, J. Chem. Phys. 30, 1616 
(1959). 
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LOW-TEMPERATURE 


The flash-bleaching experiments were then performed in 
the apparatus shown in Fig. 1. The constant light source 
was a tungsten-filament lamp operated from a 6-v 
storage battery. The beam was focused on the front 
slit of a Bausch & Lomb “large wavelength” prism 
spectrometer. The light intensity at the rear slit was 
monitored with a 1P28 photomultiplier, whose signal 
was coupled to a Tektronix 545 oscilloscope. The flash 
light source was an Edgerton FX-1 flashtube with a 1-in. 
gap. It was energized from a 2-yf capacitor at 8 kv 
and provided a 10-ysec flash with a continuous spec- 
trum from 220 my to the near infrared. The crystal 
was located between the constant lamp and spectrome- 
ter, and the crystal face made an angle of 45° to both the 
constant lamp and the flash lamp. The intensity of the 
constant and flash irradiation was varied with Bausch & 
Lomb neutral density filters. The flash-lamp spectrum 
was separated into two general regions with broad-band 
filters. The “green” light flash covered 450-610 my, 
peaking at 525 my, and the “red” light flash covered 
from 610 my to about 3 uw. Three spectral distributions 
were considered in each experiment: the constant lamp 
incident on the crystal, the flash lamp, and the moni- 
toring wavelength of the spectrometer. Transient 
changes in optical transmission, as measured with the 
photomultiplier, can be converted into optical densities 
with the following equation: 

—AD=logio(VstVac)/V ae, (1) 
where Vae is the steady photoelectric signal at the 
monitoring wavelength and V, is the instantaneous 
voltage change measured on the oscilloscope. Changes in 
transmission of one part in ten thousand were readily 
measured. 

RESULTS 


For the purpose of this discussion, the return of 
optical density toward the original value after a mo- 
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Fic. 1. Experimental arrangement for kinetic spectrophotometry. 
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Fic. 2. Dependence of the initial extent of bleaching at 540 my on 
the wavelength of flash irradiation. 
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mentary increase is called a “decay” and the return 
after a momentary decrease is called a “recovery.” 


1. Identification of the Bands Bleached 
by Flash Irradiation 


Although irradiation with a green light flash increases 
the transmission at 540 my and irradiation with a red 
light flash decreases the transmission at 540 my, this is 
not adequate proof that F and F’ centers are bleached. 
For example, Compton and Klick* found that a complex 
series of bands appeared and disappeared while KCl 
containing R and M centers was exposed to “R” or “F 
light” at low temperature. Figure 2 shows how the 
initial change in optical density at 540 my varies with 
the wavelength of the flash irradiation. The latter was 
varied in 50-my steps with Farrand narrow-band inter- 
ference filters from 400-700 my. The largest optical 
density decrease coincides with irradiation in the maxi- 
mum of the F band, establishing that green flash irradi- 
ation bleaches F centers. The optical density increase at 
540 mu due to irradiation above the F band strongly 
suggests that F’ centers are bleached. In other experi- 
ments the crystal was irradiated with red flash light and 
the monitoring wavelength was varied. Figure 3 shows 
the initial change in optical density at various moni- 
toring wavelengths. For comparison, the absorption 
spectrum of a KCI crystal x-rayed at room temperature 
and measured in the Beckman DU spectrophotometer 
at 77°K is normalized to the same maximum height. The 
coincidence of the wavelength maxima is further evi- 
dence that the red flash light converts F’ centers to F 
centers. The optical density decrease on either side of 
the F band is interpreted as the bleaching of F’ centers. 
The narrower width of the flash-produced F band on the 
short-wavelength side can be explained by assuming that 
the “pure” F band is being measured, since the experi- 
mental method automatically subtracts absorptions 
that are not due to the F center. The observed half- 


6 W. D. Compton and C. C. Klick, Phys. Rev. 112, 1620 (1958). 
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Fic. 3. Initial extent of bleaching at various wavelengths due to 
red-flash irradiation. 


width is 0.16 ev, which is 0.03 ev smaller than the value 
reported for the “pure” F band by Konitzer and 
Markham.’ It is interesting to compare the optical 
density decrease at 540 my to the optical density in- 
crease at 610 my after bleaching with a green light flash. 
Figure 4 shows the dependence of these quantities at 
various times after a flash irradiation. The linearity 
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flash bleaching. 


a D. Konitzer and J. J. Markham, J. Chem. Phys. 32, 843 
(1960). 
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shows that the number of F centers bleached is always 
proportional to the number of F’ centers produced, and 
further substantiates the identification of these processes 
as F-to-F’ center interconversions. 


2. Kinetics of the Bleaching Processes 
(a). Red-Flash Bleaching 


When crystals containing F centers are bleached with 
red flash light, additional F centers are produced due to 
absorption in the F’ band. The subsequent decay of F 
centers measured at 540 my is due to the bleaching of 
the “excess” F centers by the constant lamp. Figure 5 
shows representative decay data plotted as exponential 
functions of time for various constant lamp intensities 
There is good agreement with first-order decay. It is 
convenient to measure the bleaching rate as (1/7), where 
r is the time required for the number of “excess” F 
centers to fall to e~ of the value at any chosen time. 





Ip*1/32 


OPTICAL DENSITY CHANGE AT 540 mu 








1 
2 
TIME (SECONDS) 





5. Decay of ‘‘excess” F centers after red-flash bleaching, as a 
function of time and the constant lan 


p intensity. 

Figure 6 shows the dependence of (1/7) on the constant 
lamp intensity for various total F-center concentrations. 
The constant lamp intensity was modified with neutral 
density fiiters so that the spectrum remained unchanged. 
The F-center concentrations were modified by varying 
the x-ray time from 5 to 600 min at 15-ma anode 
current. The straight line passing through the origin 
shows that the rate of bleaching of “‘excess” F centers is 
directly proportional to the intensity of the constant 
lamp and that the latter is entirely responsible for the 
return to the original F-center concentration, at the 
constant lamp intensities used. One set of points are for 
an additively colored crystal containing 5.8X10'° F 
centers per cc.§ Although the initial optical density 
change is about four times smaller than for a corre- 


8 The additively colored crystal was obtained from Zenith Radio 
Corporation, through the courtesy of J. J. Markham. 





LOW-TEMPERATURE 


sponding x-rayed crystal, the decay time and its varia- 
tion with constant lamp intensity coincide with the 
values for x-rayed crystals. The measured bleaching 
decay rates depend on the spectrum of the constant 
lamp. When the latter was restricted to 540 my with a 
narrow-band filter, the initial extent of optical bleaching 
was larger and the rate of decay was slower. The ex- 
planation for the former is that the constant lamp 
produces a higher concentration of F’ centers when it is 
restricted to the F-band maximum. The slower decay 
rate is due to a combination of lower total intensity and 
spectral effects. 

Red-flash bleaching makes it possible to measure the 
number of F’ centers produced by the constant lamp, 
although their spectrum cannot be resolved in- the 
spectrophotometer under usual conditions. Table I 
shows optical densities at the F-band maximum for 
crystals which had been x-rayed at room temperature 
for various times. Columns (2) and (3) show D,, the 
optical density after x-raying and D,, the optical density 


Taste I. Comparison of F centers bleached by constant “F 
light” to F centers recovered by red flash bleaching. D, is the 
optical density at the F-band maximum after x-ray irradiation, D, 
is the optical density after bleaching with constant “F light” to 
saturation, and AD, is the change due to red-flash irradiation. 
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3A4D;/D, AD;/(D.—D,) 
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(2) (4) (6) 
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(minutes) JD, D, 





0.08 
0.19 
0.20 
0.24 
0.39 
0.43 
0.50 


0.0027 
0.0070 
0.0090 
0.012 
0.022 
0.030 
0.040 


0.126 
0.250 
0.296 
0.382 
0.612 
0.910 
1.412 


0.161 
0.287 
0.342 
0.432 
0.668 
0.980 
1.492 


0.011 
0.014 
0.015 
0.016 
0.018 
0.017 
0.014 
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after bleaching to saturation at 77°K with “F light.” 
The initial optical density change obtained by bleaching 
with a strong red light flash is shown in column (4). The 
ratio of }AD,; to D, in column (5) should be the actual 
F’-to-F center ratio, noting that each F’ center bleached 
produces two F centers and that saturation data given 
below shows that most of the F’ centers are bleached, by 
the red light flash. The constancy of this quantity over 
the range of F-center concentrations indicates that the 
F and F’ centers are in equilibrium with the constant 
lamp. It is interesting to note that the measured number 
of F’ centers is smaller than the number of F centers 
bleached. Column (6) shows that their ratio increases 
with the F-center concentration. The apparent explana- 
tion is that other centers produced during the early 
stages of x-ray irradiation compete with F centers for 
the electrons released from bleached F centers. It is 
probable that these centers also are in equilibrium with 
F and F’ centers during bleaching, to account for the 
constant ratio in column (5). 
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Fic. 6. Dependence of the red-flash bleaching decay rate on the 
constant lamp intensity. 


(b). Green-Flash Bleaching 


When x-rayed crystals are bleached to saturation 
with the constant lamp at 77°K and are then irradiated 
with a green light flash, the F band is further bleached 
and subsequently recovers to the saturation optical 
density. Figure 7 shows representative recovery data for 
various constant lamp intensities. In contrast to the 
red-flash bleaching decay, the optical density change is 
exponential only at longer times. Figure 8 shows a 
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Fic. 7, Recovery of bleached F centers after green-flash bleaching, 
as a function of time and the constant lamp intensity. 
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Fic. 8. Comparison of red- and green-flash bleaching. 


comparison of a red-flash decay and a green-flash re- 
covery under otherwise similar conditions. The expo- 
nential portions of both processes have the same rate. 
The recovery after green-flash bleaching is due to a 
bleaching of F’ centers by the constant lamp, including 
wavelength regions where the F band and F’ band 
overlap. This is an efficient process at low temperatures. 
The decay of F’ centers can be followed directly by 
monitoring the transmission changes above the F band, 
Fig. 9. The dependence on time and the constant lamp 
intensity is consistent with the corresponding changes in 
the F band shown in Fig. 7. 
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. 9. Decay of F’ centers at 610 my after green-flash bleaching. 
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‘1G. 10. Dependence of the F-center recovery rate after green-flash 
bleaching on the initial extent of bleaching 


Although the green bleaching recovery deviates from 
exponential at short times, the process can be shown to 
be of first order in the number of bleached F centers by 
varying the intensity of the flash lamp under otherwise 
constant conditions. In a first-order process, the time 
required for completion of any chosen fraction of the 
process is independent of the starting point. In Fig. 10, 
green bleaching recovery curves are compared for runs 
where the initial extent of bleaching was varied from 
0.016 to 0.146 optical density by changing the flash- 
lamp intensity. In each case, the instantaneous fraction 
of the unrecovered initial bleaching is plotted against 
time. (This only shifts the curves vertically on the 
figure, so that a visual comparison can be made.) The 
superposition of the data for various initial displace- 
ments shows that the process is of first order in the 
number of bleached F centers. The data points for the 
additively colored crystal fall on the same line. 


(c). Saturation of Flash Bleaching 


Table II shows how the initial extent of red-flash 
bleaching and the corresponding decay time vary with 
the intensity of the flash lamp. The initial bleaching 
saturates at high flash-lamp intensities. The decay time 
is almost constant, with a possible slowly decreasing 
trend at low flash intensities. Figure 11 shows the varia- 
tion of the initial extent of red-flash bleaching with the 


TABLE II. Dependence of the initial extent of red flash bleaching 
and decay time on the intensity of the flash lamp. 


Flash lamp 
intensity 
(relative) 


1.000 
0.500 
0.250 
0.125 
0.063 
0.032 
0.016 
0.008 


Decay time 
AD; 


0.044 
0.036 
0.029 
0.020 
0.014 
0.0070 
0.0040 
0.0025 
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constant lamp and flash-lamp intensities, where the 
former was monochromatic at 540 my to provide larger 
bleaching signals. There is a small variation of bleaching 
efficiency with constant lamp intensity, and saturation 
occurs at the highest constant lamp intensity used. The 
variation of the initial extent of green-flash bleaching 
with flash-lamp intensity is shown in Fig. 12 for two 
F-center concentrations. Saturation occurs in this case 
also, the implications of which are discussed below. 


(d). Prior Room-Temperature Bleaching 


The above results show that the rates of decay and 
recovery after flash bleaching are independent of the F- 
center concentration in the range studied. However, 
prior room-temperature bleaching markedly changes the 
flash-bleaching properties at 77°K. Table III shows how 
the initial extent of red-flash bleaching and the decay 
rate vary with the magnitude of the M band produced 
by room-temperature optical bleaching. The F-band 
optical density is always sufficient to absorb almost all 


TaBLe III. Effect of prior room-temperature bleaching on red- 
flash bleaching at 77°K. 





Room 
temperature 
bleaching 
time 

(min) 


M-band* 
optical 
density 

0.12 
0.16 
0.24 
0.32 


F-band* 
optical 
density 


Bleaching 
decay rate 
AD; 


0 0.036 
10 0.028 
40 0.026 
i00 0.025 
220 0.027 0.44 
460 0.012 0.36 0.258 


© me ee pe et be 
O — U1 7100 
hmm OW bt 





*® As measured at band maximum in Beckman DU spectrophotometer. 


incident light; nevertheless, the results indicate that 
only 25-30% of the original F band is effective in low- 
temperature bleaching processes after 460 min of room- 
temperature bleaching. The largest decrease in the ex- 
tent of initial flash bleaching takes place after the M 
band has attained its maximum height and has started 
to diminish. Possible explanations are suggested below. 


DISCUSSION 


The characteristic features of the low-temperature 
bleaching of F centers are the low quantum efficiency 
and the small extent of ultimate yield. The low quantum 
efficiency has been explained by assuming that thermal 
activation is required to ionize the excited F center.’ It 
does not explain the small extent of bleaching at and 
below 77°K, or why the bleaching efficiency depends on 
the method of coloration. Our results show that major 
factors limiting the extent of low-temperature bleaching 


9N. F. Mott and R. W. Gurnery, Electronic Processes in Ionic 
Crystals (Oxford University Press, New York, 1948). 
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Fic. 11. Dependence of the initial extent of red-flash bleaching on 
the intensity of the flash lamp and the constant lamp. 


of KCl are the overlap of the F’ band and F band and 
the high bleaching efficiency of the former at low tem- 
peratures. The simplest kinetic model consistent with 
the results is one in which F and F’ centers are the only 
imperfections involved in low-temperature bleaching 
and where the differential bleaching rates are propor- 
tional to the rate of light absorption in the respective 
bands; let 


(dF /dt)= —AkI p+Ak'I pr, (2) 


where F is the number of F centers, A is the irradiated 
face area of the crystal, & and k’ are rate-constants, and 
Ip and Ip: are the rates of light absorption in the F and 
F’ bands. The latter quantities are related to the re- 
spective number of color centers by 


Ip= f T(A){1—exp[—2.303Fo p(A)/A Jaa, 


(3) 
Ip = fro 1—exp[—2.303F’or-(A)/A ]}dd, 





INITIAL OPTICAL DENSITY CHANGE AT 540 mu 








1 1 1 1 1 1 
3 ~ 5 6 7 8 9 1.0 
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Fic. 12. Dependence of the initial extent of green-flash bleaching 
on the flash lamp intensity for two F-center concentrations. 
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where J (A) is the incident light intensity per unit wave- 
length and ¢ is an absorption cross section related to the 
optical density by: D(A)=No(A)/A, where N is the 
number of absorbing centers. To obtain a solution in 
closed form we assume that D1. This is a very good 
approximation for integration over the F’ band, but the 
neglect of the nonlinear terms introduces a possible 
error in the integral over the F band—this point is dis- 
cussed below. With this approximation, 


Al r= 2.303F { T(X)or)dd= cl oF, 
(4) 


AI p:=2.3( BF” { TO)er-Q)dd= cI oF’, 


where c and c’ are constants which depend only on the 
spectrum of the incident light and J» is the total incident 
light intensity. Substitution of Eq. (4) into Eq. (2) gives 


(dF /dt)= —keI pF +k'c'I oF’. (5) 


Several solutions to Eq. (5) are pertinent. The equi- 
librium condition holds when (dF/dt) is equal to zero: 


(F’ )eq/Feq= ke/k'c’. (6) 


Equation (6) shows that the equilibrium ratio of F’-to-F 
centers is independent of the incident light intensity and 
the number of F centers, but does depend on the lamp 
spectrum. This is in good agreement with the data of 
Table I. To obtain the transient solutions, it is assumed 
that all optically bleached F centers produce F’ centers."° 
The approach to equilibrium under the constant lamp 
is given by 


F=Fyq{1+ (2ke/k'c’) expl—(ke+k’c’/2)Iot]}, (7) 


where 


Foq=[4h'c'/(ke+4k'c’) Fo (8) 


and Fo is the number of F centers present immediately 
after x-ray irradiation. The transients after flash bleach- 
ing can be obtained by assuming that F=F,,+AF; at 
t=0, where AF; is the initial displacement from equi- 
librium produced by the flash lamp; the solution is 


F—F.g=+AF;, exp[— (kc+4$hk'c’)I of]. (9) 


The quantity (F—F,,) is directly proportional to AD in 
Eq. (1). Equation (9) predicts an exponential return to 
equilibrium after displacement in either direction, with 
a rate-constant linear in the constant lamp intensity and 
varying with its spectrum. This is in agreement with the 
data of Figs. 5-10. The independence of the rate con- 
stants of the extent or method of coloration (for crystals 
which have not been exposed to “F light” at room tem- 


1 The data in Table I show that some bleached F centers do not 
produce F’ centers, but go to other centers instead. If the number 
of such centers is constant in time, then the rate equations are 
modified only to the extent that Fy is not the measured initial 
number of F centers, but some smaller constant value. 


REINBERG AND 
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perature) is taken as evidence that the mechanism for 
low-temperature bleaching is the same for all stages of 
x-ray coloration and is the same for the x-rayed and 
the additively colored crystal. 

The saturation of flash bleaching shown in Figs. 11 
and 12 indicates that an appreciable fraction of the 
available color centers are bleached. The instantaneous 
rate of F’ center (red flash) bleaching is given by 


(dF’/dt)= —A4 {10,9900 


X {1—exp[—2.303F’opr-(A)/A ]}dd, (10) 
where J (X,/) is the instantaneous incident light intensity 
per unit wavelength of the flash lamp and n(A) is the 
quantum efficiency for photobleaching the F’ band. As 
before, the exponential can be expanded, giving 


(dF’/dt)= —GI())F’, (11) 


where 


GI(t) 2.303 f T0,)n)o, (A)dXr (12) 


and Jo(¢) is the instantaneous total incident light in- 
tensity of the flash lamp. Integration of Eq. (11) gives 


(F') = (Fea %*, (13) 


where (F’), and (F’).q are the final and initial numbers 
of F’ centers, and E is the total incident light in the 
flash. It is convenient to express Eq. (13) in terms of the 
initial change in the F band after red-flash bleaching: 


AF ;=2(F")eq(1—e~@). (14) 


Equation (14) predicts that the extent of initial red- 
flash bleaching is linear in the flash-lamp intensity at 
low intensities (for a constant pulse shape), and satu- 
rates to twice the number of available F’ centers at high 
intensities. This is in good agreement with the shape of 
the lines in Fig. 11. An analogous expression can be 
derived for green-flash bleaching, involving the equi- 
librium number of “bleachable”’ F centers and a G 
characteristic of the F band. A comparison of Figs. 11 
and 12 shows that the initial slope of the lines is higher 
for red-flash bleaching. This must be due to a much 
larger quantum efficiency 7 for bleaching F’ centers 
since all other quantities in Eq. (12) are smaller for the 
red-flash case. The observed saturation of green-flash 
bleaching indicates that only a small fraction of the F 
centers are “bleachable” at 77°K and justifies the ex- 
pansion of the exponential in Eq. (4). 

Experimental deviations from these equations should 
be noted. The departure of the green-flash bleaching 
recovery from exponential at short times cannot be 
explained at present. The results in Fig. 10 suggest that 
the exact dependence may be a superposition of ex- 
ponential functions of different time constants, but 
there is no apparent reason for this to occur. Another 
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unexplained deviation is the small dependence of the 
initial extent of red bleaching in Fig. 11 on the intensity 
of the constant lamp. Finally, there may be a small 
systematic dependence of the rate for red flash-bleaching 
decay on flash-lamp intensity as shown in the data of 
Table II. 

Despite the deviations, the proposed model predicts 
the experimental findings with reasonable success. The 
essential feature is that the constant lamp establishes an 
equilibrium between F and F’ centers, which can be 
displaced to either direction by a light flash. These 
processes are shown schematically in Fig. 13, where 
time and optical density changes are drawn to scale. 
Since the rate-controlling steps are optically excited, the 
kinetics cannot give direct information on whether 
tunneling or electron transport is responsible for the 
conversion of F centers to F’ centers. Evidence for 
tunneling or another distribution-controlled process is 
the lower bleaching efficiency for the additively colored 
crystal and the measurements showing that only part of 
the F band contains “bleachable” F centers. 

The decrease in the low-temperature bleaching rate 
after room-temperature optical bleaching, Table III, 
suggests that a large fraction of the light incident on the 
F band is no longer effective in bleaching the “excess” F 
centers produced by red-flash bleaching. In fact, when 
the optical density at the F peak has been reduced to 
approximately one-half its original value, the bleaching 
decay rate-constant indicates that only 25% of the re- 
maining absorption is actually due to F centers. A 
possible explanation is that the effective incident light 
is reduced by the inner-filtering action of other bands 
under the F band, which are due to room-temperature 
bleaching." An alternative explanation is based on the 
proposal of Lambe and Compton" that excited F 
centers transfer energy to M and R centers by a reso- 
nance process. This could compete with bleaching and 
reduce the measured rate. If tunneling is important in 
low-temperature bleaching, then this mechanism is not 
consistent with the results in Table III. Continued 
room-temperature bleaching steadily diminishes the 
bleaching rate, but the extent of initial bleaching is 
almost constant during 10-220 min of room-temperature 
bleaching. Therefore, room-temperature bleaching has 
not appreciably reduced the number of “bleachable”’ F 
centers during this period. However, one would expect 
that the closely distributed “bleachable” F centers 
would be the first converted to M centers at room 
temperature. Our results show that the F-center dis- 
tribution does influence the low-temperature bleaching 
of KCl, in agreement with the results for KBr,‘ and we 
favor the first explanation relating to inner-filtering by 
other bands under the F band. 

In conclusion, it might be noted that no attempt has 


1 C, Z. van Doorn and Y. Haven, Philips Research Rept. 11, 479 
(1956). 

12S, Petroff, Z. Physik 127, 443 (1950). 

13 J. Lambe and W. D. Compton, Phys. Rev. 106, 684 (1957). 
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been made to interpret the experimental results in terms 
of specific elementary processes involving the pertinent 
point-imperfections. The above measurements show 
that the rate-controlling steps are the rates of light 
absorption, and do not distinguish between alternative 
subsequent processes. This is particularly true for 
tunneling processes, where the initial and final states of 
the color centers are not known. 


CONCLUSIONS 


1. Constant “F light” incident on an x-rayed or 
additively colored KCl crystal at 77°K establishes a 
photostationary equilibrium between F and F’ centers. 
The equilibrium concentration ratio for x-rayed crystals 
is independent of the light intensity and the total 
number of color centers. 

2. The relative concentration of color centers can be 
temporarily displaced to either direction by a light pulse 
of appropriate wavelengths. The extent of this process 
saturates at high pulse-light intensities, indicating that 
only a fraction of the F centers are bleachable at low 
temperature. All F centers bleached do not produce F’ 
centers, and the fraction which go to F’ centers in- 
creases with the extent of x-ray coloration. 

3. The return to the equilibrium condition after pulse 
irradiation takes place by a process which is exponential 
in time, with a rate which varies linearly with the con- 
stant light intensity and is independent of the direction 
of displacement. The bleaching rates are independent of 
the F-center concentration for x-rayed KCl and are the 
same for an additively colored crystal. However, the 
bleaching efficiency of the additively colored crystal is 
considerably smaller, indicating that the distribution of 
F centers is significant. 

4, The results can be explained by a simple kinetic 
model which assumes that the bleaching rates of F and 
F’ centers are proportional to the light absorption in the 
respective bands. 

5. The presence of M centers, due to prior room- 
temperature bleaching, decreases the measured low- 
temperature bleaching rates. This is probably due to the 
production of new bands under the F band which absorb 
“F light.” 
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Low-Frequency Conductivity Due to Hopping Processes in Silicon 
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The complex conductivity has been measured in n-type silicon with various kinds of impurities at fre 
quencies between 10? and 10° cps and temperatures between 1 and 20°K. In most cases it is orders of magni 
tude larger than the measured de conductivity and is attributed to polarization caused by hopping processes 


The observed frequency dependence in the measured range can be expressed as Aw' 
At the low-temperature end the conductivity is roughly proportional to minority impurity con 


constant. 


8. where A is a con plex 


centration and is almost independent of the majority impurity concentration and At higher temperatures 


the conductivity becomes approximately proportional to the product of both concentrations 


A simple 


theory, based on the currently accepted model of impurity conduction, is given for the higher temperature 


rang 
magnitude absolute agreement is obtained. 


I. INTRODUCTION 


INCE Hung and Gleissman! first observed a new 
conduction mechanism in their low-temperature 
investigation of Ge, a considerable number of papers 
have been published on the topic.?~"® The accepted 
term for this conduction mechanism has become im- 
purity conduction. All the investigations have been 
concerned with transport resulting from the applica- 
tion of steady fields. Most theoretical workers on im- 
purity conduction used essentially the model intro- 
duced by Conwell and Mott. The more refined theo- 
ries’? are in good agreement with the published ex- 
perimental results, and hence we can hope that the 
model is realistic. According to that model which is 
valid for low concentrations, the transport occurs by 
electrons hopping between states which are essentially 
localized around acceptor or donor impurities. For such 
a hopping to take place it is necessary for some of the 
localized states to be vacant and hence compensation 
of the majority impurity becomes an essential feature 
of impurity conduction. This indeed has been demon- 
* Present address: Westinghouse Research Laboratories, Pitts 
burgh, Pennsylvania. Part of this work has been performed while 
at ~ {~~ address. 
S. Hung and J. R. Gleissman, Phys. Rev. 79, 726 (1950). 
. Fritzsche and K. Lark-Horowitz, Physica 20, 834 (1954). 
. M. emg Phys. Rev. 103, 51 (1956). 
. F. Mott, Can. J. Phys. 34, 1356 (1956). 


>. J. Price, IBM J. of Researc h Develop. 2, 123 (1958). 
— and R. J. Sladek, J. Phys. Chem. Solids 1, 143 
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iL. Koenig and G. 
T1987). 
+H. Fritzsche, J. Chem. Phys. Solids 6, 69 (1958) ; 8, 257 (1959) ; 

Rev. 119, 1899 (1960). 

. T. Kasuya and S. Kiode, J. Phys. Soc. Japan 13, 1287 (1958). 

], A. Kurova and S. G. Kalashnikov, Soviet Phys.—Seolid 
State 1, 1353 (1960). 

1! P. Csavinszky, Phys. Rev. 119, 1605 (1960). 

22 A. Miller and E. Abrahams, Phys. Rev. 120, 745 (1960). 

3 R. J. Sladek and R. W. Keyes, Proceedings of the Inter- 
national Conference on Semiconductors, Prague, 1960 (to be pub- 
lished as Paper E3); Phys. Rev. 122, 437 (1961). 

4M. Pollak and T. H. Geballe, Proceedings of the International 
Conference on Semiconductors, Prague, 1960 (to be published as 
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e. It accounts well for the observed frequency and concentration dependences. However, only order-of 


strated by Fritzsche.’ Because of the Coulombic forces 
between the ionized impurities, the state of lowest 
energy is achieved when the majority impurity nearest 
to a given minority impurity is ionized, as illustrated 
in Fig. 1. On application of a steady electric field a 
current can be perpetuated only if thermal energy is 
sufficient to overcome the Coulombic potential around 
the minority impurity. On the other hand, even if there 
is insufficient thermal energy, the potential is altered 
by the applied electric field and a new equilibrium has 
to be established. This will take a time of the order of 
the hopping time and a net polarization will occur. 
The rate of polarization can be detected as a current 


in an ac experiment. The fact that such an experiment 





Fic. 1. A two-dimensional representation of the Mott-Conwell 
model for impurity conduction. The upper half of the figure shows 
a random distribution of majority donor atoms in the Coulombic 
potential of the negatively charged acceptor. The charge distribu 
tion can respond to an applied field « by an electron hop (with 
energy increase AE) from an adjacent uncharged donor to the 
charged donor as indicated by the dashed line. The lower half of 
the figure shows the impurity atoms projected on the plane con 
taining the field ¢ and illustrates the notation used in the text. 
Ionized donors and acceptors are represented by plus and minus 
signs; neutral donors by open circles. 


1742 





LOW 


should yield information about the hopping times 
provided the stimulus for the present work. 


II. EXPERIMENTAL PROCEDURE 


The real and the imaginary parts of the conductivity 
of a series of samples were evaluated from capacitance 
and loss-angle measurements. The measurements were 
made in decade increments over a frequency range 
from 10° to 10° cps with a precision capacitance bridge 
in connection with a high-sensitivity narrow-band am- 
plifier. Capacitance changes as small as 0.01 yyuf could 
be detected. The imaginary part of the conductance 
was reproducible to 3X10~ wohm. The real part of 
conductance was reproducible to better than 20% at 
10-" wohm™ and this improved at higher conduc- 
tances. The samples were disk-shaped, about 1 cm? in 
cross section and } mm thick, so that conductivities of 
the order of 10- w could be meaningfully measured. 
Impedances formed by various parallel connections of 
known capacitors and known high-value resistors were 
connected in place of the sample in order to check the 
capability of the system to measure conductances. The 
values of resistance obtained from the bridge measure- 
ments came close to the nominal values of the resistors 
used but were consistently about 15% lower. 

The samples were prepared from a variety of Si 
crystals with different concentrations of group-III and 
group-V impurities. Considerable care was taken to 
determine the impurity concentrations. Essentially 
three different ways were used. (1) Advantage was 
taken of the fact that boron has a segregation coefficient 
of unity in silicon. Therefore the boron concentration 
throughout a crystal which was grown!® with boron 
added to the melt was assumed to be constant. A 
group-V element was added to the melt during the 
growth as the majority impurity. The minority (p 
type) concentration was then evaluated from Hall or 
conductivity measurements at the seed end of the 
crystal. The majority carrier concentration was de- 
termined by probing the sample. (2) A series of crystals 
was grown using pile-activated indium as a minority 
impurity. The concentration of indium in the samples 
was determined by counting methods. The relative 
accuracy between samples is 3% except for the lowest 
counting rates. The absolute concentration is estimated 
to be determined to 10%.'7 (3) A series of n-type 
samples was prepared in which phosphorus was pro- 
duced by transmutation of Si*® by low-energy neutron 
bombardment. The minority concentration was de- 
termined before bombardment. The phosphorus con- 
centration can be determined from the total neutron 


16 We are indebted to P. E. 
The material supplied to the workers in reference 15 was also 
from some of these crystals. 

17 We are indebted to J. Struthers, P. Donovan, and W. Gibson 
for advice on the preparation and evaluation of these crystals. 
The indium was activated at the Brookhaven National Labora- 


Freeland for growing these crystals. 


tory. The low-background counting was performed under con- 
tract by Tracerlab Inc., Waltham, Massachusetts. 
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flux, the relative abundance of Si® and the known 
capture cross section for the reaction.'* Tanenbaum 
has shown that the measured phosphorus concentration 
is in reasonable agreement with such a calculation 
provided that a simple annealing procedure is followed. 
The experimental results obtained from samples in this 
category are inconclusive and further experiments with 
neutron-bombarded samples are in progress. 

Table I lists the samples measured, together with the 
kind and concentration of the majority and minority 
impurities. The method used for evaluating concen- 
trations is indicated by (1), (2), or (3) in accordance 
with the above description. 

Electrodes were applied to the flat surfaces of the 
disk-shaped sample in various ways to see whether 
contacts affected our measurements. It was found that 
simple gold contacts electroplated on lapped surfaces 
gave the same results as heavily doped N* contacts pre- 
pared by diffusing phosphorus into the surface. This is 
not surprising for ac measurements where the surface 
capacitance should provide a large series admittance 
irrespective of the conductance. However, it was sur- 
prising to find the dc conductivity unaffected by the 
surface treatment and consistent with the expected ion- 
ization energy in the appropriate temperature range 
indicating that the contact resistance was less than the 


TABLE I. Sample characteristics. 





Method 
of prepara 

tion* and Crystal Kind Kind Na Nob 
sample’ no. no. Na Nob Orient. (cm) (cm7*) 


@ €9 > P fill} Small 15x10 
(i) 9 F P [100] 08x10 1.4 X10 
(1) OA P [100] 08X10" 1.6X10' 
(1) 9B =. P [100] 0.8X10% 1.21018 
(1) 12 : P [100] 08X10" 1.110" 
(1) 13 21s P [100] 08x10" 2.7x10" 
(2) 16 1X-5 As [100] 13X10" 1.151016 
G) 17 ‘Ga As [111] 2.6X108 1.1510" 
(2) 18 1X-5 P [111] 62x10% 2.310" 
(2) 19 1X-§ As [ill] 6.610% 2.3x10" 
(2) 20 1X-5 As 49X10 1.7108 
(2) 21> 1X-5 As 21X10 1.710" 
(2) 22» 1X-5 As 6.2X10"% 6.810" 
(2) 23 1X-5 As 1.2X10% 7.5X10" 
(2) 24 1X-5 P 1.2X10% 4X10" 
(3) 25 FZ-I- P 5.0X10"  3.1X10" 
(3) 26 FZ-I-19% P 8.3X10% 3.1K10" 
(3) 27 FZ-I-193 P 50X10" = 6X15 
(3) 28 FZ-I-19% P 70X10" 1.410" 
(3) 29° FZ-I-193 P 1.05X10 1.410" 
(3) 31 FZ-I- P 8.3X10% 1.4108 
(1) 32 1X- Sb 1.1X10% 1.4108 
(1) 34 1X-5 Sb 1.1X10% 3.210" 
(1) 35 1X- Sb 1.1X10% 5.6108 
(1) 36 1X-3 Sb 5.2X10%  1.5X10' 
(i) St. a Sb 5.2X10  4.5X10'8 
(1) 38 1X-§ As 3.8X10% 1.4 10" 
(1) 39 1X-5 B As 3.8X10% 5.4 10" 





A 





F100) 
£1007 








®* For method of preparation for est ablishing compensation, see text. 
b Samples from 1X-562 were nonlinear in response to applied voltage 
except at the lowest temperatures. 


18 M. Tanenbaum, J. Electrochemical Society (to be published). 
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bulk resistance. Conductance due to surface leakage or 
other spurious effects was orders of magnitude below 
the lowest ac conductance measured. A further check 
for leakage paths was performed by control experiments 
on a high-purity undoped sample. No measurable 
losses were found at 4.2°K; the capacitance was inde- 
pendent of w and could be fully accounted for by the 
dielectric constant of silicon. 

Further evidence for interpreting the ac measure- 
ments as being due to impurity conduction and not 
spurious effects can be seen in Fig. 13, where the ac 
measurements are correlated with the dc measurements. 

The samples (Fig. 2) were inserted as the dielectric 
of a condenser which was an integral part of a low- 
temperature sample holder. The holder was filled with 
a fraction of a mm of He gas at 4.2°K. Precautions 
were taken to prevent room-temperature radiation 
from reaching the sample. The contacts to the con- 
denser were made by a coaxial arrangement. The 
outer conductor was grounded; the inner conductor 
was brought through a glass capillary tube. Stress 
could be applied via the glass tube to the sample. A 
spring arrangement was added to disconnect the central 
lead at the sample to determine the parallel conduc- 
tance due to the holder. 

The measurements were made over a temperature 
range from 1.2°K up to the ionization range where 
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Fic. 3. Frequency dependence of the real and imaginary 
parts of the conductivity for sample 9 


conduction band electrons obscured the impurity con- 
duction, usually about 25°K. Temperatures were meas- 
ured with a carbon resistor. It was calibrated against 
the vapor pressures of hydrogen and helium and 
against a platinum thermometer previously calibrated 
by the National Bureau of Standards. The sample 
holder was surrounded by a charcoal pot and heater. 
Good temperature stability was available over the 
whole range. 


Ill. EXPERIMENTAL RESULTS 


For all the samples investigated, the conductivity 
increases with w over the four decades measured ac- 
cording to the relation 


Cac=9—Cae= Aw’, (1) 


where s is close to 0.8 and A is complex. Typical data 
are pres::.ted in Fig. 3. The slope s varies slowly from 
0.79 at 3°K to 0.74 at 12°K. The Kramers-Kronig rela- 
tion for Eq. (1) implies” 


Im(A)/Re(A)=tan(4sz). (2) 


The experimental data closely follow Eq. (2), indicating 
Eq. (1) holds at least a decade on either side of the 
frequency range actually measured. The magnitude 
of A varies with temperature, donor concentration, and 
degree of compensation. 

Figure 4 shows the temperature dependence of Re(c) 
of sample 8. The dc measurements represent transport 
by electrons ionized into the conduction band; there is 
no indication of dc impurity conduction. The ac results 


19 See, e.g., H. W. Bode, Network Analysis and Feedback Ampli- 
fiers Design (D. Van Nostrand Company, Inc., Princeton, New 
Jersey, 1945), p. 314. 
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coincide with the dc in the ionization range. At lower 
temperatures, however, there is an abrupt departure. 
Re(c) is much less temperature dependent and rapidly 
becomes orders of magnitude greater than oa. The 
w°*-§ dependence can be seen at any particular tempera- 
ture. The plot also demonstrates the reproducibility of 
the measurements. The points are for two different 
runs made several weeks apart during which period 
the sample was removed from the holder. Figure 5 is 
for a much more heavily doped sample, 13, which shows 
de impurity conduction, The plot is made against re- 
ciprocal temperature in order to demonstrate the ac- 
tivation energy (0.006 ev) for the dc impurity conduc- 
tion. The increased slope at the very high temperature 
end represents the ionization range. The reduced slope 
at the low-temperature end of the dc curve may or 
may not be significant since it involved measurements 
at the limit of the sensitivity of the electrometer. The 
logarithmic scale is misleading in the region where the 
ac measurements seem to merge with the dc curve. Al- 
though the ac impurity conductivity becomes of the 
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Fic. 4. Temperature dependence of the real part of the con- 
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Fic. 5. Inverse temperature dependence of the real part of the 
conductivity, and the dc conductivity for sample 13. 


same order as the dc, it is always appreciably larger. The 
frequency dependence of the ac conductivity is w°® for 
this sample, the largest exponent we have observed. 

The dependence upon majority impurity concentra- 
tion is shown in Figs. 6 and 7. Figure 6 shows Re(c) 
and Im(c) for a series of samples with the same minority 
concentration. Three of the samples are from adjacent 
slices and have only slightly different majority concen- 
trations, whereas the fourth, No. 12, has about an 
order of magnitude more. It can be seen that at the 
lowest measured temperatures the conductivity be- 
comes almost independent of majority concentration, 
whereas at higher temperatures the dependence is pro- 
nounced. The high-temperature end of the Re(c) plot 
again shows the onset of the ionization region. The 
curves representing sample 12 include an appreciable 
contribution from dc impurity conduction above 4°K. 
The resemblance between the real and imaginary parts 
of the conductivity where the dc conductivity is in- 
appreciable is a consequence of the Kramers-Kronig 
relation. Figure 7 is a similar demonstration of the 
independence of ¢ upon majority impurity concentra- 
tion at the lowest temperatures for other chemical 
impurities. Re(c) at 100 cps is plotted for two addi- 
tional sets of samples with arsenic and antimony 
majority impurities instead of phosphorus. 

The dependence upon minority impurity concentra- 
tion is shown in Figs. 8 and 9. Figure 8 shows the result 
of increasing the boron concentration from 1.110" 
to 5.210", In contrast to the majority impurity case 
the dependence on the minority impurity concentration 
exists throughout the measured temperature range. 
The ratio of the conductivities of the two samples 





M. POLLAK AND T. H. GEBALLE 





f- with differing electrodes. The squares represent the 
-. + initial measurements with gold-plated electrodes. The 
Fai g 4s gold plating was removed (but incompletely) and 
mf of phosphorus was diffused into the surface a depth of 
7 ot &} about 15 w in order to form \* electrodes. Apparently 

/ a small amount of the much more rapidly diffusing 
residual gold entered the sample during the phosphorus 
diffusion. The increased compensation resulting from 
this diffused gold can be seen in the shift of the ioniza- 
tion range to higher temperatures (circles, Fig. 9). In 
the impurity conduction range the increased compensa- 
tion causes increased conductivity. Finally, the N* 
contacts were lapped away and gold-plated electrodes 
again introduced. It is scen from the triangles, which 
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Fic. 7. The effect of varying majority concentration. Tempera 
ture dependence of the real part of the conductivity for samples 
containing the same boron concentrations and varying concentra 
tions of arsenic or antimony as indicated. Sample numbers are 
indicated in parentheses. 
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Fic. 6. The effect of varying majority concentration. Tempera- 
ture dependence of the conductivity for a series of samples with 
the same boron concentration and varying concentrations of 
phosphorus donors. (a) The real part; (b) the imaginary part. 
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minority concentration ratio. Figure 9 is for sample Fic. 8. The effect of varying minority concentration. Tempera- 


a ? ture dependence of the real part of the conductivity for samples 
9B for which three series of measurements were made with different boron and similar antimony concentrations. 
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represent the latter case, that the surface treatment 
hardly affected the results. Whatever difference is 
noticeable can probably be attributed to the incomplete 
homogenization of gold throughout the sample. 

Figure 10 demonstrates the effect of minority and 
majority impurity concentration on Re(¢) at the 
lowest temperatures. The points all show a simple 
power law dependence on minority concentration which 
is almost unaffected by majority concentration. Only 
the kind of majority impurity seems to matter; the 
arsenic points lie below those for phosphorus and an- 
timony. The slope of both curves is about 0.85 so that 
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Fic. 9. The effect of contacts and gold diffusion on the real 
part of the conductivity for sample 9B. 
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Fic. 11. Effect of different donors, phosphorus and arsenic, on 
the real part of the conductivity for samples with similar minority 
and majority concentrations. 


the conductivity is almost proportional to the minority 
impurity concentration. Figure 11 for samples 18 and 19 
shows the difference between arsenic- and phosphorus- 
doped samples over the whole temperature range. 
Both minority and majority concentrations for those 
samples are almost the same. 

An attempt was made to detect effects of stress on 
the impurity conduction. Even under the most favor- 
able conditions, namely, antimony-doped [100] sam- 
ples, no effect was observed over the temperature 
range with stresses up to 5X10" d cm™. 


IV. ANALYSIS OF THE RESULTS 


In this section we present an analysis of our data. 
First of all we indicate how the direct measurements 
were converted into conductivity values. Following this 
a qualitative discussion is presented of what to expect 
when the Conwell-Mott impurity conduction model, 
established from steady field experiments, is subjected 
to alternating fields. A quantitative theory is given 
next. It expresses the conductivity in the form of an 
integral. Two methods are developed for comparing 
the theoretical expression with the experimental re- 
sults. In both only the real part of the conductivity is 
treated because the imaginary part follows from the 
Kramers-Kronig relation. In the first method, integra- 
tion is avoided by expressing the integrand itself in 
terms of experimentally measured quantities. This 
treatment, though subject to less approximation than 
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Fic. 12. Temperature dependence of the measured capaci- 
tance of the sample plus holder including frequency-independent 
parts 


the second one, requires the solution of an integral 
equation of the first kind. It is limited to certain func- 
tional dependences of Re(c) on the frequency. The 
second method is an approximate integration and is 
more general. Both methods are used to compare the 
magnitude, frequency, and impurity concentration de- 
pendence of the theory with our experimental results. 
Finally, a way is outlined to use ac impurity con- 
duction measurements for the determination of im- 
purity distributions. 

The direct measurements of the capacitance and the 
loss factor D are related to the relevant quantities 
Re(c) and Im(c). The real part is obtained directly 
from the capacitance and loss angle from the formula”® 


Re(c)= (wDC/1+D*)(1—2DD»)a/d, 


where DD, is a correction tabulated in reference 20, 
and a/d is the geometric factor. To find the imaginary 
part, the capacitances due to the holder and the di- 
electric constant of Si have to be subtracted from the 
measured capacitance. It would be difficult to subtract 
these quantities by direct measurements as they ac- 
count for almost all of the measured capacitance. 
Hence, either of the following procedures was followed: 
(1) Curves of capacitance versus temperature were 
drawn at different frequencies as in Fig. 12. Log[ Re(c) ] 
was plotted against w at some arbitrary temperature 
to determine s in Eq. (1). As Im(c) has to follow the 
same power law of w as Re(c) does (Kramers-Kronig), 
we have 
[Ime (w)/Imo (we) |= (wi/we)*. 


If the measured capacitance is C(w) and the part to be 
subtracted Cy (which can be assumed to be independent 

* Operating instructions for General Radio type 716-C capaci- 
tance bridge. 
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of w), then 


Imo(w1) wil C(w)—C 


. = (w1/we)*. 

Ima(w2) wef C(ws)—Co | 

From this Cp can be evaluated. (2) Another alternative 
to obtain Cy is from Eq. (2), and the measurements of 
C and Re(c) at any arbitrary temperature and 
frequency : 


Im[o(w) J=olC(w) —Co |(a/d) = tan($sr)Re[o (w) ]. 


The procedures correspond to the use of the Kramers- 
Kronig relation at one temperature to fit either the 
slope of Im(c) between two frequencies or the magni- 
tude of Im(c) at one frequency. Our statement in Sec. 
III that the data follow Eq. (2) is not appreciably 
weakened. 

Figure 13 demonstrates that the ac conductivity is 
correlated to the dc impurity conductivity. We expect 
therefore the same processes to be responsible for the 
dc and ac conductivities and treat our results in terms 
of the model of dc conductivity mentioned in the 
introduction.”! It is indeed reasonable as such a model 
will provide us with a mechanism for producing ac 
conductivity much larger than a de conductivity. One 
would expect the real part of the conductivity to be a 
monotonically increasing function of frequency. Macro- 
scopically, the model implies a situation where the 
conductivity is finite at isolated parts of the crystal 
(near the ionized minorities) and vanishing in the other 
parts. The resulting conductance therefore consists of 
regions of finite conductivities coupled via capacities 
of the nonconducting parts. Such an arrangement of 
capacities and resistors must demonstrate an impedance 
which has a real part monotonically increasing with 
frequency. The macroscopic concept, however,’ does 
not apply to our problem as it involves the possibility 
of using Ohm’s law for the regions of finite conductivity. 
This possibility does not exist on the scale of the 
neighborhood of a minority impurity. 

Microscopically, if one considers an electron (or 
hole) jumping between two states with a certain sta- 
tistical rate, the following statements will hold: at 
frequencies much lower than the jumping rate, equi- 
librium can be established much faster than the applied 
field changes. Hence the polarization will keep pace 
with the applied field without appreciable phase shift 
and the time derivative of the polarization will have a 
very small in-phase part, i.e., the real part of the con- 
ductivity will be very small. The magnitude of the 
polarization will gradually decrease with increasing 
frequency as it has less and less chance to keep up with 
the field variation. This decrease will never be faster 
than inversely proportional to frequency (i.e., propor- 


In this connection we might add that our experimental 
activation energies for dc conduction are not in as good agree- 
ment with dc theory as the cases treated by Miller and Abrahams 
(reference 12). 
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Fic. 13. Correlation (at 10°K) between the rea] part of the com- 
plex conducitvity (108 cps) and the dc conductivity. 


tional to the rate of change of field). This inverse de- 
pendence will be approached at frequencies very high 
compared to hopping time, when the zero field equi- 
librium hardly has time to be disturbed. Because the 
conductance is proportional to w times the polarization, 
the magnitude of the conductance has to be a nonde- 
creasing function of w. As the importance of the real 
part relative to the imaginary part becomes more im- 
portant at higher frequencies, the real part of the con- 
ductance must also be an increasing function of fre- 
quency. If many noninteracting centers are involved, 
the total conductance will be a sum of increasing 
functions, again an increasing function of frequency. 
Hence, if the proposed model is to hold, the resulting 
real parts of the conductance should increase mono- 
tonically with frequency. Our results show such be- 
havior over the measured frequency range. Tanaka,” 
working at higher frequencies, has results which indicate 
that the Re(c) increases all the way to 9000 Mc/sec. 
It is thus seen that a model where hopping is localized 
in certain parts of the crystals has a frequency de- 
pendence in qualitative agreement with experiment. 

In order to test the model, we shall compare our 
experimental results with’the behavior expected from 
it in a more quantitative way. Disregarding the dc 
conduction, the current will be given (in rationalized 
units) by 

j= P, (3) 


p=V DiieXifi, (4) 


where 


2S. Tanaka (private communication). 
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e is the electronic charge, V is the volume over which 
the summation extends, X; is the projection along the 
field direction of the separation of the ith majority 
impurity and the nearest minority impurity, and f; is 
the occupancy probability (for a hole in m type) of the 
ith majority impurity, and is given by the solution of 


f=Xi Wafi—Xi Wie, (5) 
together with the normalizing condition 
iat fi=Na. (6) 


The transition rates W,; have been calculated by 
various workers.’ The only difference between (5) 
and the results of Kasuya and Koide and of Miller 
and Abrahams is the omission of the exclusion factor 
(1—f). We omit this factor because the occupancy of 
site 7 and nonoccupancy at site i are not independent 
events. Indeed, in the case of low compensation, the 
second is practically implied by the first. In the case 
of heavy compensation the situation is not very clear. 
Miller® estimated that including the factor in the 
latter case is a better approximation. Most of our 
samples are, however, in the low-compensation range 
and hence we shall write the equations in the form of 
Eq. (5). 

For the general case Eq. (5) is very difficult to solve. 
Hence we shall idealize the situation by assuming that 
hopping occurs exclusively between pairs of majority 
impurities. This idealization is justified for most of 
our data in Appendix A. A second assumption that we 
shall make is that the jumping in a given pair is inde- 
pendent of the others, i.e., that the electric field at one 
hopping center is just the applied field, unaffected by 
the field produced by hopping in other pairs. This 
assumption is experimentally justified by the almost 
linear dependence of ¢ on minority impurity. We shall 
first investigate the conductivity of a cube of 1 cm? 
with identical jumping centers. Each center consists 
of a pair of majority impurity atoms separated by an 
energy AE, distance r, and having all the same orienta- 
tion @ with respect to the applied field (Fig. 1). Apply- 
ing Eqs. (6) to (3) to this ensemble and substituting 
for i, j the indices 1, 2 which account for the two 
atoms of the m pairs, the equations acquire the form 


fi=1—/fa, (7) 
fi=Wrfr—Wafi=—(WatWu)fitWr, (8) 
p=ne(XifitXefe)=ne(Xi—X2)fitneXs, (9) 
j=p=ne(X1—X2)fi=ner cos6f. (10) 


We shall follow the behavior of f; after a sudden ap- 
plication of a steady electric field, «. This is given by 
the solution of Eq. (8) with proper boundary condi- 
tions, i.e., at =0 


fi (0) -_ (eSB? 4-4 Bl kT) | 


% A. Miller (private communication). 
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and at {= « 


filo) =(ae-*2"/1+ae-A8It) with 
a= eer 098/kT) — J — (eer cos6, kT). 


The solution is 


fAil)=fi(0)+LfA(~)— fi) ]a—e-*4), 
with 


K2r7=WrtWa. 


From the symmetry of the problem, half of the 
pairs for which a hop occurs in the direction of «€ will 
go to states which are higher in energy at zero field, 
and half to states lower in energy. This can be taken 
into account by changing indices for half the pairs, 
and gives 

1 1 


eer Cosd 
j(t)=-nr cosber— _ 1 
+ cosh?(AE/2kT) kT 


t/r 


Transforming into the frequency-dependent form by 
the Laplace method: 


q(w) 1 1 
—=-—nr* cos*be?— _ 
kT cosh*(AE/2kT) 


€(w) 


ad 
xr it 
1+? 


We have to consider now that the pairs are actually 
not identical but are randomly arranged. As we assume 
that there is no interaction between hopping centers, 
the total conductivity will be an additive function of 
the contributions from all pairs. We can therefore 
employ a straightforward integration process weighting 
the partial contributions from different pairs according 
to their probability of occurrence. The integration has 
to be done over AZ, r, and @. The last part is simple and 
yields 


WT 


 Saceene 
1+w?7? 


> 


e 


1 
da(r, AEjw) =—dp(r, AE) N s— 
12 kT 


eiet WT l 
xref NB ' | 520A I 
I+w*7? -.1+w*r? Icosh?(AE/2kT) 


dp(r,AE) is the number of pairs of spacing r and energy 
separation AE; Nx is the total density of pairs and is 
equal to the number of acceptors. The equation is in 
agreement with one obtained by Lax™ using the 
Nyquist theorem and a generalized theory of the ac 
diffusion constant. The averaging over AE and r is 
much more involved. Properly, as both AE and r in- 
fluence ¢, one should integrate over the distribution 
of pairs using the whole energy difference and distance 
spectra. The resulting integral is prohibitive. 

The strong influence of AE on a is through the factor 


* M. Lax (to be published). 
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TABLE II. Concentration dependence at 20°K for Re(c) 
at 100 kc/sec for arsenic majority atoms. 


Re(a) NaNp 


1.4X10-@ 
1.3X10-” 
1.4XxX10-” 


NaNpb 
3.0X 10 


8.6X 10%! 
0.92 10%! 


Re a) 
4.2X10° 


11x 10~° 
1.3x10~° 


Sample no. 


cosh*(AE/2kT), while r+ itself is not a very strong 
function of AZ. It is, however, an exponential of the 
distance. When AE is not much larger than kT, 
cosh*(AE/2kT) is close to unity, and hence at high 
enough temperature we can probably neglect the AE 
dependence. With such an assumption, Re(o) becomes 


1 e (wr) 
NaNp fr 
12 kT 1+ (wr)? 


since for random impurity distribution 


lrr’dr, (11) 


Re(c)= 


dp(r,AE) =4rN prdr. 


A few important results are apparent without explicit 
integration. (1) The conductivity should vary linearly 
with majority concentration as well as with minority 
concentration. This seems to be fairly well borne out 
at higher temperatures as illustrated in Table II. At 
low temperatures, however, the experimental results 
indicate that Re(c) is almost independent of majority 
impurities. However, at these temperatures it is no 
longer justified to neglect averaging over AE. We are 
indebted to M. Lax for attempts to evaluate the be- 
havior of Re(c). His preliminary results indicate that 
the majority dependence should indeed be less than 
linear at those temperatures; however, they do not 
predict a lack of sensitivity to majority impurities to 
the degree observed.*”® Possibly the results could be 
explained by a nonrandom distribution of the distance 
between minority impurities and nearest neighbor 
majority impurities caused perhaps by Coulombic 
forces among the ionized impurities during crystalliza- 
tion. The neutron-bombarded samples may shed some 
light on this, as the distribution in these samples is 
guaranteed to be random. Unfortunately, our few ex- 
periments in this field are inconclusive; more work is 
in progress. At this point we shall satisfy ourselves 
therefore with the statement that the low-temperature 
behavior is not well understood. It may, however, 
become a useful tool for evaluating minority concentra- 
tions because of the insensitivity to majority impurities. 

An interesting property of Eq. (11) is the sharp- 
peaked feature of the integrand with respect to r, since 
7 depends on r exponentially [Eq. (13a) ]. It means 
that the contributions to Re(«) come from pairs whose 


*5 The decreased majority dependence at low temperatures may 
be qualitatively understood. Increasing the majority concentra- 
tion will decrease the average minority to nearest majority atom 
distances and hence increase AF. 
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spacing is at some particular distance. This suggests 
that if the theory proves to be adequate, experiments 
similar to ours may be useful for determining the dis- 
tribution of spacing among the majority impurities. 

In analyzing our results we shall assume that the 
experimental results can be expressed as a superposi- 
tion of responses corresponding to relaxation processes 
with various relaxation times, i.e., 


j= f G(r)e""dr 
0 


or in the frequency-dependent form, 


Re(c)= f G(r) (w?r?/1+w*r?)dr. 


This expression then can be compared to experimental 
results, Eq. (1), on one hand and to the theoretical 
predictions, Eq. (11), on the other: 


w’§Re(A)-= =f io — 
0 1+w*r? 


_4n e 
12 kT 0 


The left and center parts present an integral equation 
from which G(r) can be evaluated in terms of the 
measured A: 


G(r)=[24/1' (0.6) (0.4) ]r18=0.6Ar, 


Here and in the following, A stands for Re(A). 
Substituting G(r) into Eq. (12) and comparing the 
two right-hand integrands, we obtain 


9 


0.6Ar~ 8dr= (13) 


7 e 
NpNa—'dr. 
12 kT 


Using Miller and Abrahams’ theory” for the transition 
rates, one obtains 


T=5X 10-8 (r/a)—te?"/* tanh(AE/2kT). (13a) 


Substituting into (13), we have 


3.4X 10*A e°4"/*(r/a)4[ tanh (AE/2kT) 


=3.3NpNar'e?/kT. (14) 


Taste III. Dependence of Eq. (14) on frequency parameter (r/a) 
(using e ee ntal value of A for = 9 at >): 





Right side of Ratios Col. 4 
Eq. (14) to Col. 3 


35. 2x10-* 1.17 

23.7 X 10-8 1.22 
14.7 10-8 1.20 
8.9X 10-8 


j = side of 
Eq. (14) 


30. 1X10- 
19.4 10 
12.2X 10 

7.5X10 


Frequency 
(cps) r/a 


10? 12.8 
108 11.6 
104 10.3 
105 9.1 
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Taste IV. Calculated and experimental values of A of Eq. (1). 





Sample 


no. 10%a (cm)* 7 a 107A cate 10 A,x, 

9 ‘21. 1 5 y | 
10 1.3 
15 








* See Table I, reference 12. 


The factor [tanh(AE/2kT) }*? is near unity throughout 
our temperature range. Obviously, this equality does 
not hold universally, as the r dependence on both sides 
is different. However, as we pointed out before, the 
integrand contributes appreciably to the integral only 
over a small region of r, dependent on the w at which 
the conductivity is evaluated. Hence we shall demand 
that (14) hold only over such region of r as will con- 
tribute to our measured results, i.e., to r corresponding 
to frequencies from 10? to 105 cps. One discrepancy is 
immediately seen between the quantity A and the 
predicted behavior. While A is found experimentally 
to increase with temperature, it should decrease as 
1/T, according to Eq. (14). This discrepancy may 
mean that the activation term which has been neglected 
is still important even at the highest temperatures 
which could be achieved experimentally. If that is the 
case, the experimental values of A should lie below 
those predicted by Eq. (14). 

To compare the magnitudes, we evaluate the range 
of r for which the comparison should be valid. The 
values of r/a for which the integrand has a large con- 
tribution are as follows: for f=10? cps, r/a=13; for 
f=10° cps, r/a=9. For those values of r/a the two 
sides of Eq. (14) are given in Table III, corresponding 
to parameters of sample 9 at 10°K. The table demon- 
strates by virtue of the constancy of the right-hand 
column that the w®§ dependence has been properly 
accounted for. The theoretical magnitude is seen to 
exceed the experimental by a factor of about 1.2. 

Table IV provides a more complete comparison of 
experiment and theory. The values here are tabulated 
in a somewhat different way than in Table III. A is 
computed from Eq. (14) at r/a=13 at different tem- 
peratures and compared to the measured value. The 
agreement is seen to improve with increasing tempera- 
ture, as expected. Figure 14 is a plot of the behavior 
of the two sides of Eq. (14). Both curves are normalized 
at their value of r/a=11. This is where the r/a value 
corresponds to the center of our frequency range. It 
turns out to be also roughly where the two curves have 
the same slope. We see that in our frequency range the 
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Fic. 14. Behavior of the left- and right-hand sides of 
Eq. (14) as a function of the pair spacing. 


two curves are very close to each other. This means 
that the frequency behavior of our experimental data 
corresponds very well to that predicted by the above 
simple theory. According to the figure, we should 
expect the validity of the relationships Re(c)=Aw** 
to cease gradually as we leave our frequency range. 
The slope of the curve representing the left side of 
Eq. (14) is almost proportional to 1—s, hence for higher 
values of s the two curves will be tangent to each other 
at higher values of r/a, i.e., at values corresponding 
to lower frequencies, and vice versa. This means that 
for lower frequencies the frequency dependence should 
be more pronounced than w®-’ and less pronounced for 
higher frequencies. 

It is of interest to use a different method to evaluate 
the experimental results. In doing this we follow a 
similar procedure to that used by Lax. Although 
some approximations will be used in the following, 
which were not used in the previous method, the re- 
sults will follow directly in terms of the conductivity, 
rather than of the constant A and hence will be valid 
more generally than for an Aw* dependence. 

As was said before, the integrand of Eq. (11) is 
sharply peaked around a certain value of r which 
depends on w. The integral can be put into the form 


dar e od 6 os d(r/a) 
o(w)=w—N Np of (*) —_—_—_____, 
12 kT al o(ryet!*+ go (r)e 2/4 
where from Eq. (13a) 
¢(r)=rwe?*"!*= 5 XK 10-8 (r/a)-tw tanh(AE/2kT). 


The terms responsible for the peaked character of the 
integrand are the exponentials in r; the other functions 
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of r are relatively slowly varying, hence we can write 
apprcximately 


9 


me 


7 a 
o(w)=w—N 4N p— a5 (rinax/a)* 
2 iy 


m d(r/a) 
xf — _ 
0 0(?%max)e”" a +[ ¢(Pmax)e*” a } 1 


where fmax refers to r at which the integrand has its 
maximum. The last integral can readily be evaluated. 
The value for rmax can be found from the approximate 
condition 9(?max)e?"™*/*= 1. Using In(r/a)=[ (r—a)/r | 
+43[(r—a)/r P+---and r/a+a/r~r/a, the result is 


Re(c) = (44/12)N pNa(e?/kT) (14.8—3 Inw)*(a°/2) 
Xw{ x/2—arc tan[ 5.5 10-" 


Xw(14.8—4 Inw)! tanh(AE/2kT) ]}. (15) 


In Eq. (15), w is to be given in sec~. The arctan can be 
neglected for frequencies below 10” cps. Figure 15 
shows the frequency dependence of Re(c) from 1 to 
10’ cps. In our frequency range the curve follows very 
closely an w*-® dependence. Figure 16 shows a compari- 
son of Re(c) values for measured and calculated results 
using Eq. (15). The numerical agreement is reasonably 
good and the frequency response agreement very good, 
if, as was assumed, the distribution of impurities is 
random, i.e., dV=4rr*N pdr. Actually, because of the 
nature of the integral the frequency dependence should 
provide a good tool for measuring the distribution of 
impurities, i.e., the r dependence of dV/dr. With the 
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Fic. 15. Comparison of the frequency dependence of the real part 
of the conductivity predicted by Eq. (15) with experiment. 
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Fic. 16. Comparison of the real part of the conductivity calculated 


from Eq. (15) (solid lines) with experiment (circles). 


same process as above, using dV /dr=N/(r) instead of 
4rr?N p, we obtain 


N (r)=[48kT/2N se?a*w(14.8—} Inw)* JRe[o(w) ]. 


where r is related to w by r=a(14.8—} Inw). 

The result should give an idea about the relative 
abundance of pairs at different distances. The absolute 
magnitude is unfortunately difficult to obtain, as the 
numerical agreement between experiments and theory 
is not sufficiently good. If a large enough frequency 
range is covered, the magnitude could possibly be ob- 
tained from the condition 


f N(r)dr=N p. 
0 


Our experimental results agree well with a random 
distribution of pair spacing, as the experimentally ob- 
served frequency dependence is predicted when an r* 
dependence is assumed for N(r). It should be made 
clear that this does not bear directly on the previous 
statement made that the lack of dependence of o on 
the majority impurities at very low temperatures could 
have something to do with nonrandom distribution of 
impurities. Whereas the latter refers to the distribution 
of minority to nearest majority distances, the former 
is a measure of majority to majority distances. 
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APPENDIX A 


In this appendix we demonstrate that for most of 
our measurements the model of pairs should be a very 
good approximation to the actual situation where 
hopping will occur among more than two majority 
impurities. Consider a formation of three impurities 1, 
2, 3 with impurity 1, for instance, being deepest in the 
potential well. The effect of atom 2 on the hopping 
rate 1-3 is to reduce this rate by the relative amount 
of time the electron (hole) spends at atom 2. This 
reduction is partially compensated by occasional jumps 
from 2 to 3. If we considered the pairs 1-2 and 1-3 as 
independent pairs, the effect of the one atom on the 
hopping rate between the other two would be com- 
pletely neglected. If, on the other hand, we assume 
that the presence of atom 2 completely eliminates the 
hopping between atoms 1 and 3, we overestimate the 
influence of atom 2. The true situation should therefore 
lie in between these two extremes (probably much 
closer to the first). The first case can be accounted for 
with a pair model where the distribution of distances 
between all atoms should be used, i.e., dp=4N pr*dr 
as the probability of a pair having the separation r. 
The second case can also be accounted for with a pair 
model, but the distribution of separations of nearest 
neighbors only should be used now, i.e., dp=4rN pr’ 
Xexp[ — (4rN pr*)/3 dr. The two distributions differ 
by the factor exp[ — (4xN pr’) /3 ]. This factor closely re- 
sembles a step function equal to unity forr<[3/(44N p) }* 
and to zero for r>[3/(4rN p) |*. For r<[3/(44N p) }* 
the two cases give therefore the same result and the 
actual situation which is intermediate between the two 
must also give the same result. Hence the pair model 
used is a good one at least for r<[3/(4rN p) }*. Our 
largest r used, for antimony at 100 cps, is 13X22A 
=286A. For antimony, therefore, the pair model 
should be good at least up to concentrations Np 
= 3/(4rr*)~10'® cm- and slightly higher for phos- 
phorus and arsenic. It would be of interest to examine 
the results on samples 11, 12, and 35 in order to see 
whether the theory actually breaks down for higher 
impurity concentrations. Unfortunately, in the tem- 
perature range where the theory should be valid, the 
dc contribution to the conductivity is appreciable and 
we do not believe our measurements to be sufficiently 
accurate to obtain oa. by subtracting oac froM Omeasured: 
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Young’s modulus was measured over the temperature range 77°-850°K by an accurate resonance tech 
nique. Data are presented for single crystals of aluminum oxide with various orientations of the crystallo- 
graphic axes and for polycrystalline aluminum oxide, thorium oxide, and magnesium oxide. The results show 
that the range of validity of a 7* temperature dependence predicted by theory must be quite small. The 
temperature dependence is very well described over the whole temperature range by T exp(— 7 o/T), where 


To 


is an empirical parameter. 


I. INTRODUCTION 


HE temperature dependence of the elastic con- 
stants of nonmetallic crystals should be given by 

the theory of lattice dynamics in terms of a set of 
parameters specifying the interatomic forces including 
anharmonic terms. Unfortunately, the summations in- 
volved are so complicated that apparently no general 
solution has ever been given. Born and Huang! do show 
that at sufficiently low temperatures the elastic con- 
stants should vary as 7“, but make no estimate of the 
range of validity of this approximation. The third law of 
thermodynamics requires that the derivative of any 
elastic constant with respect to temperature must ap- 
proach zero as the temperature approaches absolute 
zero, and the 7“ law satisfies this condition. No general 
prediction has been made for the form of the tempera- 
ture dependence at high temperatures, but for many 
crystalline solids an approximately linear dependence is 
observed. In particular, a linear temperature depend- 
ence has been observed? for Young’s modulus of several 
refractory oxides including aluminum oxide, magnesium 
oxide, and thorium oxide above room temperature, with 
the exception that a departure from this linearity is 
observed in polycrystalline oxides at sufficiently high 
temperatures (about 1250°K for aluminum oxide, 
1500°K for magnesium oxide, and 1400°K for thorium 
oxide) which may be caused by grain boundary slip. 
Some justification for a linear behavior at high tempera- 
tures can be obtained from a Griineisen-type approxi- 
mate equation for the volume compressibility given by 
Born and Huang.’ This equation gives a 7* dependence 
at low temperatures and at high temperatures it gives a 
term linear in T multiplied by a power series in (0/T)? 
which reduces to a constant for 0/T<1. These re- 
fractory oxides have high values of the Debye charac- 
teristic temperature (O@=1045°K for aluminum oxide, 
@=946°K for magnesium oxide, and @=782°K for 
thorium oxide), and offer a good opportunity to examine 


1M. Born and K. Huang, Dynamical Theory of Crystal Lattices 
(Oxford University Press, New York, 1956). 

2 J. B. Wachtman, Jr., and D. G. Lam, Jr., J. Am. Ceram. Soc. 
42, 254 (1959). 

§ The Griineisen-type approximation for the volume compressi 
bility is given on p. 51 of reference 1. The conclusion that the exact 
theory gives a 7* dependence of elastic constants at low tempera- 
ture is given on p. 327. 
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the change from linear behavior at high temperature to 
zero slope at absolute zero. The temperature dependence 
of the elastic properties should not be complicated by 
free electron effects because these oxides are all in- 
sulators. 

The present work has two main objectives: first, an 
examination of the transition from linear behavior at 
high temperatures to zero slope at low temperatures 
with the particular goal of determining whether there is 
an appreciable temperature range in which the 7* law 
holds; and second, the discovery of a function which 
accurately describes the temperature dependence over 
the whole range of measurement. The following quali- 
tative argument suggests a form for trial. The linear 
dependence at high temperatures is probably charac- 
teristic of such a high degree of excitation of the 
vibrational modes that the classical specific heat of k 
(Boltzmann’s constant) per mode is valid. As the tem- 
perature is lowered, the slope of the Young’s modulus- 
temperature curve must decrease from a constant value, 
say B, at high temperatures, to zero at absolute zero. 
This suggests an equation of the form 


E=E,)— BT f(T), (1) 


where f(T) is a function which approaches one at high 
temperatures, and zero at absolute zero. We expect 
f(T) to be related to the degree of excitation of the 
vibrational modes and try the simplest such function, a 
single Boltzmann factor exp(—T»/T). The suggested 
equation is then 


E= E,— BT exp(—T)/T). 


This equation gives E=E, at absolute zero and ap- 
proaches this value with zero slope as required by the 
third law of thermodynamics. At high temperatures, 
exp(— T/T) approaches one, and the equation gives a 
linear dependence. 


II. SPECIMENS 


The single-crystal specimens of aluminum oxide 
(Al,O; in the corundum structure) were grown by the 
Verneuil flame-fusion process and supplied by the Linde 
Company. Spectroscopic analysis indicated that the 
major impurity was Si in the range of 0.01-0.1%. The 
crystals were ground into rods 6-in. long and with 
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Material 


AlOs 
Al,O; 
Al,Os 
Al,Os; 
AlsOs 
Al,O; 
AlsOs 


Al.O; 
AleO; 


TEMPERATURE 


Specimen 
No. 


12 
14 
15 
17 
18 
19 
25 


72.3 
96.1 


DEPENDENCE 


OF 


YOUNG’S 


TABLE I. Properties of oxide specimens. 


MODULUS 





6 
(deg) 


39.1 

1.0 
18.8 
40.7 
59.5 
64.8 
89.0 


b 
(10% dyne/cm?) 


3.6905+0.0004 
4.6378+0.0001 
4.2911+0.0001 
4.1424+0.0004 
4.3714+0,.0002 
3.9816+0.0002 
4.3015+0.0002 


Eo/ Ess 

Single crystals 
1.0215+0.0001 
1.0082+0.0001 
1.0131+0.0001 
1.0160+0.0001 
1.0129+0.0001 
1.0170+0.0001 
1.0117+0.0001 


6.43+0.02 ; 
4.41+0.01 0. 
5.45+0.01 8 


6.14+0.02 
5.57+0.01 
6.03+0.01 
5.14+0.01 


Polycrystalline specimens 


3.4629+0.0004 
4.0532+0.0005 


1.0149+0.0001 
1.0147+0.0001 


4.83+0.02 1. 
5.60+0.03 Ry 


B/Ess 


B 2 
(108 dyne/cm*) (10-*/°K) 


To og 
(°K) (10% dyne/cm?) 





781+0.004 
958+0.002 
287 +0.002 


505+0.008 
.291+0.003 
.540+0.003 
.209+0.002 


395+0.005 
402+0.007 


26742 
37342 
31942 
30543 
32542 
29542 
33542 


309+3 
31245 


0.0006 
0.0002 
0.0003 
0.0006 
0.0004 
0.0005 
0.0002 


0.0005 
0.0009 


MgO 118.0 
ThO» 87.1 


1.0272+0.0002 
1.0223+-0.0002 


1.902+0.006 
1.367+0.004 


21544 


2.0416+0.0003 2.73+0.01 181+3 


diameters in the range 0.1-0.15 in. The orientations are 
given in Table I in terms of the angles 6 and ¢. The 
former is the angle between the cylinder axis and the 
crystallographic ¢ axis; the latter is the angle between 
the crystallographic +a axis and the projection of the 
cylinder axis on the crystallographic ¢ plane. These 
angles and their measurement have been previously 
discussed.* 

The polycrystalline aluminum oxide specimen labeled 
72.3 was made from powdered aluminum oxide by the 
McDanel Refractory Porcelain Company by conven- 
tional cold pressing and sintering. The density was 3.721 
g/cm*® (the single-crystal density is 3.986 g/cm’ at 
25°C), and spectrographic analysis indicated the pres- 
ence of Fe, Ga, Si, and V in the range 0.01-0.1%. 
Polycrystalline aluminum oxide specimen 96.1 was 
made by the General Electric Company using a new 
sintering process> which produced a density of 3.974 
g/cm*. Spectroscopic analysis indicated Mg in the range 
0.1-1%. 

The polycrystalline magnesium oxide specimen (MgO 
in the rock salt structure) was made by hydrostatic cold 
pressing followed by sintering. The density was 3.50 
g/cm*, and the single-crystal density determined by 
x-ray lattice-parameter measurement? is 3.581 g/cm‘ at 
25°C. Spectroscopic analysis indicated the presence of 
Al, As, Fe, and Si in the range 0.01-0.1%. 

The polycrystalline thorium oxide specimen (ThO: in 
the fluorite structure) was made by the Norton Com- 
pany by conventional cold pressing and sintering. The 
density was 9.07 g/cm*, and the single crystal density 
determined from x-ray lattice parameter measurement® 
is 9.991 g/cm*. Spectroscopic analysis indicated the 
presence of Al, Mg, and Si in the range 0.01-0.1%. All 


4 J. B. Wachtman, W. E. Tefft, D. G. Lam, and R. P. Stinch- 
field, J. Research, Natl. Bur. Standards 64A, 213 (1960). 

5]. E. Burke and S. P. Mitoff, Bull. Am. Ceram. Soc. 38, 722 
(1959). 

6H. E. Swanson and E. Tatge, National Bureau of Standards 
Circular No. 539 (U. S. Government Printing Office, Washington, 
D. C., 1953), Vol. I. 


polycrystalline specimens were in the form of rectangu- 
lar bars. 


Ill. EXPERIMENTAL PROCEDURE 


The value of Young’s modulus for each single-crystal 
rod at 25°C was determined by measuring the density, 
dimensions, and longitudinal resonance frequency. The 
measurements and subsequent calculations of Young’s 
modulus have been described.‘ For the polycrystalline 
bars, Young’s modulus at 25°C was calculated from the 
flexural resonance frequency using Pickett’s’ theory and 
the interpolation equation of Spinner, Reichard, and 
Tefft.§ Letting EZ, /, and f represent Young’s modulus, 
the length of the specimen, and the flexural resonance 
frequency at any temperature, it follows for a specimen 
with isotropic thermal expansion that 


E=Exs(f/fos)?(les/1), (3) 


where the subscripts indicate values at 25°C. This 
equation follows at once from writing the Young’s 
modulus equation at two temperatures and combining 
the two equations. For the aluminum oxide single 
crystals, the thermal expansion is nearly isotropic, but 
the small anisotropy was taken into account as de- 
scribed in Appendix I. 

The procedure for determining the flexural resonance 
frequency at elevated temperatures by suspending the 
specimen on two fine glass threads near the nodes has 
been described.? Low-temperature measurements were 
made by attaching small magnets to the ends of the 
specimen and suspending it in a cryostat on threads at 
the nodes. Small coils in the vicinity of these magnets 
served as transducers between the specimen and the 
external electronic equipment. The flexural resonance 
frequencies were in the range 1-2 kc/sec and were 
measured with a crystal-controlled counter having an 
accuracy of 0.1 cps on a 10-sec count, and 0.01 cps on a 

7G. Pickett, Proc. Am. Soc. Testing Materials 45, 846 (1945). 

8 S. Spinner, T. W. Reichard, and W. E. Tefft, J. Research Natl. 
Bur. Standards 64A, 147 (1960). 
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Fic. 1. Young’s modulus of 
single-crystal Al,O; specimen 14 as 
a function of temperature. The 
curve is a plot of Eq. (2) using the 
parameters of Table I. 
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100-sec count. In the worst case, 0.1 cps error in 1 
kc/sec, an error of one part in 5000 in Young’s modulus 
would result from error in frequency measurement. The 
average error to be expected from this source would be 
about eight parts in 10° on the 10-sec count and two 
parts in 10° on the 100-sec count (the latter error being 
partly due to oscillator instability). The value of Eos is 
not this accurate, but the ratio E/E»25 should be, pro- 
vided the ratio (/:5//) is known this accurately. For 
single-crystal aluminum oxide and for polycrystalline 
aluminum oxide and thorium oxide, the thermal ex- 
pansion was measured for us by T. G. Scuderi and G. W. 
Cleek, of the National Bureau of Standards, using an 
interferometer.* The thermal expansion of polycrystal- 
line magnesium oxide was determined by R. K. Kirby, 
of the National Bureau of Standards, using a fused silica 
dilatometer. In all cases, the results are believed to be so 
accurate that less than one part in 10 000 error is caused 
in E/ £25. For aluminum oxide, an integrated form of the 
Griineisen equation for thermal expansion was fitted to 
the data with a standard deviation of 7 10~-° in 25/1, so 
that the random error in these thermal-expansion results 
is well below one part in 10000. The largest error in 
E/ E25 probably results from error in temperature meas- 
urement, and the very small scatter in the data are 
probably attributable to this cause. This can be shown 
by plotting the Z vs T data on a highly expanded scale. 
At low temperatures, where dE/dT is very small, the 
scatter in the data is just the amount to be expected 
from the error in frequency measurement indicated 
above, while at high temperatures, where dE/dT is 
large, the scatter is proportional to dE/dT and almost 

®J. B. Wachtman, T. G. Scuderi, and G. W. Cleek, J. Am. 
Ceram. Soc. (to be published). 
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independent of whether the 10-sec or 100-sec count is 
used. 


IV. RESULTS 


Typical experimental results are shown in the form of 
points on the plot of Young’s modulus as a function of 
temperature in Fig. 1. The curve shown in this figure is a 
plot of Eq. (2) using least-squares best estimates of Eo, 
B, and To. The procedure for obtaining the least-squares 
best estimates is given in Appendix II. Evidently, Eq. 
(2) fits the data very well. A quantitative measure of the 
fit is given in Table I, where the column headed @ gives 
the standard deviation of the measured values from the 
plotted curves. These values indicate a deviation of only 
1 or 2 parts in 10 000 from the plotted curves which is no 
larger than the estimated experimental error. 

A test of the validity of various power laws is given in 
Fig. 2, where the measured values are successively 
plotted against 7°, 7°, T*, and T exp(—T)/T). If 
Young’s modulus is correctly represented by one of these 
functions, the corresponding plot should be a straight 
line. The function T exp(—7 /T) gives a continuously 
changing curvature when plotted against 7, and we 
expect any power of T to approximate it over some short 
temperature interval. Thus at sufficiently high tempera- 
ture, T approximates T exp(—7)/T). At somewhat 
lower temperature, 7? will approximate T exp(—7/T») 
over a short temperature range. Successively higher 
powers will give approximations over successively 
shorter temperature intervals centered about succes- 
sively lower temperatures. The plots in Fig. 2 show this 
behavior. Thus, it is hard to say whether the initial 
linear portion of the 7* plot is the theoretical 7‘ be- 
havior predicted by Born and Huang or just an ap- 
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Fic. 2. Young’s modulus of 
single-crystal AleO; specimen 14 as 
a function of various functions of 
temperature. The abscissas for 
curves A through D are given be 
low the figure in order from top to 
bottom. 
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proximation to the function T exp(—T/T ) over a 
limited temperature interval. A more definite check 
would require Young’s modulus measurements with 
accuracy greater than one part in 10 000 and measure- 
ments at lower temperatures. In any case, significant 
curvature in the 7‘ plot is evident at T=150°K and, 
below this temperature, Young’s modulus is so nearly 
constant that any true 7‘ term which exists must have a 
small coefficient. If very accurate measurements were 
made down to 4°K, it might be preferable to use a 
crystal with a lower value of the Debye temperature. 
Choice of a high Debye temperature has the advantage 
of giving a larger range in which to look for the T* be- 
havior, but from analogy to the specific heat curves, we 
might expect that the coefficient of the 7‘ term would be 
smaller for high Debye temperature. 

The effect of porosity on the parameters of Eq. (1) is 
shown by the data on the two polycrystalline aluminum 
oxide specimens. Specimen 96.1 has a porosity of 0.0030 
(defined as 1 minus the ratio of the specimen density to 
the single-crystal density) and specimen 72.3 has a 
porosity of 0.0665. The specimen with the higher 
porosity has lower values of Zo and B as would be ex- 
pected. However, the relative change in E with tempera- 
ture is the same for both specimens. That is, Eo/ E25 is 
the same for both specimens within experimental error 
as are B/E, and To. 

The 0.01-0.02% fit obtained for the present data with 
Eq. (2) is considerably better than the 0.2% fit obtained 
by Overton and Gaffney” for cs, of copper using an 
exponential of the form Fe~®*", where F is a function of 
the volume, a is the linear expansion coefficient, and B 
is an empirical constant. 


10 W. C. Overton, Jr., and John Gaffney, Phys. Rev. 98, 969 
(1955). 


a RE 


V. DISCUSSION 


Although no theoretical justification for Eq. (2) is 
known, the success with which it describes the tempera- 
ture dependence of Young’s modulus suggests that a 
physical interpretation of the parameters in this equa- 
tion should be sought. The parameter Eo should be just 
the Young’s modulus value at absolute zero, and its 
variation with orientation should be predicted by the 
theory of elasticity in terms of the single-crystal elastic 
constants. The qualitative argument given in the Intro- 
duction suggests that 7 should show a correlation with 
the Debye temperature. The parameter B/ E25 should be 
related to Griineisen’s constant y. This is reasonable on 
qualitative grounds; the change of Young’s modulus 
with temperature is an anharmonic property and 
Griineisen’s constant is a simple average measure of 
anharmonicity. The relation is not likely to be one of 
simple proportionality, however, because the Griineisen- 
type approximation for the volume compressibility 
derived by Born and Huang! contains a linear and a 
quadratic term in y. For single crystals, there is the 
complication that both B/ E25 and Ty depend on orienta- 
tion. This is reasonable; we cannot expect to describe 
the anharmonic properties for vibrations in different 
directions by an orientation-independent parameter B, 
nor can we expect to specify the degree of thermal 
excitation for different directions of vibration at a given 
temperature by an orientation-independent parameter 
To. Orientation-independent parameters y and 0 suffice 
for the volume thermal! expansion and the specific heat, 
respectively, because these properties involve averages 
over all directions. 

In the absence of any knowledge of the exact relation- 
ship of B/ E25 and T> to other physical properties, we can 
only compare these values for polycrystalline materials 
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TABLE IT. Debye characteristic temperature and 
Griineisen constant. 


Material 0 (°K) + 


Alot ds 


1.18 single crystal 
1.34 polycrystalline 


MgO single crystal 


1.45 
1.52 polycrystalline 
ThO, 1.78 polycrystalline 


with the values of y and 9, respectively. Use of poly- 
crystalline materials eliminates the problem of orienta- 
tion dependence. The Griineisen constant can be 
calculated from 

y= VaK/C,, (4) 
where a is the volume thermal expansion, C, is the 
specific heat at constant volume, and V is the molar 
volume. Values of the bulk modulus K for the poly- 
crystalline oxides were taken from Lang" and corrected 
to zero porosity using Mackenzie’s'? equation. The bulk 
modulus for single-crystal aluminum oxide‘ and single- 
crystal magnesium oxide" were used to calculate values 
of y also. The specific heat of aluminum oxide is given by 
Furukawa e¢ al.,"* that of magnesium oxide by Barron 
et al.° and that of thorium oxide by Osborne and 
Westrum.'® The Debye temperature for magnesium 
oxide is given directly by Barron ef al.'® The values of 
the Debye temperature for aluminum oxide and thorium 
oxide were calculated from the above-mentioned specific 
heat data using 

12x‘Nk 


= (5) 


where N is the number of atoms per mole and & is 
Boltzmann’s constant. The value of C,/T* at 0°K was 
determined by fitting a straight line to a plot of c,/T* as 
a function of T? and extrapolating to absolute zero."” 
The calculated values of 0 and y are given in Table II. 
A qualitative correlation of Ty) for the polycrystalline 
oxides with 0 exists. Increasing 0 from ThO, through 


1S. M. Lang, National Bureau of Standards Monograph 6, 1960 
(unpublished). 

#2]. K. Mackenzie, Proc. Roy. Soc. (London) B63, 2 (1950). 

13H. B. Huntington, Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, pp. 
213-351. 

4G. T. Furukawa, T. B. Douglas, R. E. McCoskey, and D. C. 
Ginnings, J. Research, Natl. Bur. Standards 57, 67 (1956). 

16 T. H. K. Barron, W. T. Berg, and J. A. Morrison, Proc. Roy. 
Soc. (London) 250A, 70 (1959). 

16 T), W. Osborne and Edgar F. Westrum, Jr., J. Chem. Phys. 21, 
1884 (1953). 

17T. H. K. Barron and J. A. Morrison, Phys. Rev. 115, 1439 
(1959). 
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Al,O3 is accompanied by increasing 7) but 0/79 is not 
constant. No correlation of B/F is apparent. 
Evidently, the physical interpretation of the parameters 


B ‘Fos and To presents a ¢ hallenging theoretical problem. 


; with 


APPENDIX I 


The anisotropic thermal expansion may be approxi- 
mately taken into account as follows: Pickett’ gives as 
the relation between Young’s modulus £E and the 
flexural resonance frequency f of specimens having 
rectangular or circular cross sections 


AP f ; (6) 


where /=length of specimen, = moment of inertia of 
the cross-sectional area about an axis perpendicular to 
the plane of vibration, and A is proportional to the mass 
but nearly independent of the shape of the specimen. 
If we assume that the same form of equations holds 
for specimens of the shape used in this study (approxi- 
mately elliptical, with major and minor axes nearly 


equal), then we may write 
Al f* ba ; 


where a is the cross-sectional dimension in the plane of 
vibration and 0 is the cross-sectional dimension perpen- 
dicular to this plane. Then 


Eos 


E(T) f(T)B(T) bes a 
‘* Lo58 b(T) &(T) 


p(T) 
~ (: 
e 


where Al/ls5, Ab/lo5, and Aa/das; 


fas? 


are the changes in the 


length and cross-sectional dimensions with temperature. 


For the symmetry of sapphire, the fractional change in 
length in any direction is given by 

€= €33 COS*”-+ €;; Sinn, (9) 
where €33 and ¢€;; refer to the fractional changes in length 
along the ¢ axis and perpendicular to the ¢ axis, re- 
spectively, and m is the angle between the c axis and the 
direction of measurement. 

In order to specify m for the a and 6 directions, we 
must define a new angle y, the angle between the plane 
of vibration and the plane containing the c axis and rod 
axis. We then obtain 


cosn;= cos6, (10) 


COSN_= sind cosy, (11) 


cosm,= sinl siny, 
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where #;, N%q and my» are the values of in the J, a, and b 
directions, respectively. This gives 


Al 
—= €33 cos’*O+ €;; sin’, 
l 


3 sin’é cos*y+ €1;(1—sin@ cos*p), 


3 sin’6 sin’*y + e,,(1—sin’@ sin’), 


Ab 3Aa 
; ——— 1— 11+ (€s3— €11) 
05 G5 


[3 cos’@—sin’0(1+2 cosy) }. 


RE DEPENDENCE OF 


YOUNG’S MODULUS 


APPENDIX II 


The least-squares best estimates for the parameters 
in Eq. (2) can be determined by successive approxima- 
tions using a Taylor series expansion about an initial 
estimate for 7». This initial estimate, denoted J, is 
obtained by using three measured values of E and T to 
write Eq. (1) three times for simultaneous solution. 
Using 

e- ToT = ¢—~(Tot4To)/ TX (1—AT)/T)e-77, 


(17) 


we have 


EXEy— BTe-T/T+ B(AT ye 7™'7, (18) 


The least-squares best estimates for the unknowns Eo, 
B, and BAT, can be found by standard least-squares 
techniques. The value To2= 71+ AT» is used as a new 
initial estimate and the process repeated until the 
change AT» is within the standard deviation. In prac- 
tice, two repetitions were sufficient. 
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The effect of electron-electron scattering processes due to 
Coulomb forces on the transport phenomena in nonpolar isotropic 
solids is treated in the framework of Kohler’s variation principle. 
By considering the conduction electrons as a Fermi-Dirac gas of 
noninteracting free quasi-particles, each with charge —e and 
mass m*, electron-electron scattering is taken into account as a 
smal] perturbation, as is electron-phonon scattering in nonpolar 
solids. A shielded Coulomb potential which depends on two 
parameters—the effective dielectric constant and the shielding 
constant—is used as the interaction potential. These two parame- 
ters, for small concentrations of electrons, may be assumed to be 
independent of the distance between two electrons during a 
scattering process. 

A general qualitative result is that electron-electron scattering 
causes the electrical conductivity to be reduced less than the 
electronic heat conductivity. The conductivities and the Wiede- 


1. INTRODUCTION 


N the modern theory of electrons in nonpolar solids, 

the Coulomb interaction between conduction elec- 
trons is, for the most part, neglected. By a conduction 
electron we have in mind a free quasi-particle, of charge 
—eand mass m*, according to the free electron approxi- 
mation. In this approximation, the periodic potential 
field of the fixed lattice particles and of all the other 
electrons is replaced by an almost constant potential 
field in order to describe the independent motion of a 
conduction electron (Hartree approximation). The 
ordinary theory of the electric transport phenomena is 
based upon the free-electron approximation. However, 
if the Coulomb interactions between conduction elec- 
trons are taken into account, some consequences of 
significance are obtained. 

A first consequence is a change of the one-electron 
energy eigenvalues for a given momentum: When the 
Coulomb interaction between conduction electrons is 
taken into account, the one-electron excitation energy 
spectrum is somewhat altered.’ The modification of 
the single-electron energy levels, via a corresponding 
change of the density of states, has some influence on 
the values of the transport coefficients but, even in the 
case of the monovalent metals, the corrections are 
temperature-independent and the Wiedemann-Franz 
ratio is not changed at all.* Thus, in calculating the 
transport coefficients we may neglect the influence of 


1D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953); D. Pines, 
Phys. Rev. 92, 626 (1953). 

*P. Noziéres and D. Pines, Phys. Rev. 109, 741 (1960); 109, 
762 (1960). 

*F. J. Blatt, Phys. Rev. 99, 1735 (1955); R. Barrie, Phys. Rev. 
103, 1581 (1956). 


mann-Franz ratio will be reduced by an amount determined by 
the energy dependence of that perturbation of the electron dis- 
tribution which is induced by primary scattering sources such as 
electron-phonon scattering. 
Quantitative results for semiconductors are 
obtained in terms of the variational method. With electron-phonon 
and electron-ion scattering assumed in turn as the primary scat- 
tering mechanism, the influence of electron-electron scattering on 
the electrical conductivity, the heat conductivity, and the Seebeck 
coefficient is calculated as function of temperature. The results 
are discussed with respect to the experimental situation. 

The effect of electron-electron scattering on transport phe- 
nomena in metals is briefly considered. The applicability of the 
results obtained for isotropic semiconductors to an important 
class of anisotropic semiconductors is shown 


scattering or electron-impurity 


nondegenerate 


Coulomb interactions on the one-electron eigenstates. 
Furthermore, we assume that the influence of Coulomb 
interactions on the under 
thermal equilibrium conditions may be neglected. The 
momentum distribution of an interacting electron gas 
has been studied by several authors in recent years.‘ 


momentum distribution 


A second consequence of Coulomb interaction be- 
tween conduction electrons is the scattering of electrons 
by each other. The effect of this interaction on the 
transport phenomena in nonpolar semi- 
conductors is the subject of this paper. The usual 
argument, that the total electric current is not changed 
because of the momentum conservation in an electron- 
electron scattering process, is correct only if the 
distribution of the electrons is the unperturbed dis- 
tribution fo due to thermal equilibrium. However, 
when an external electrical field is applied, the electron- 
lattice interaction causes a perturbation of fo such that 
the steady-state distribution is f=fot+/fi (/i<fo for 
all electron energies £). Furthermore, when one takes 
electron-electron scattering into account it is exactly 
the perturbation /; which itself induces a further 
perturbation f,. The perturbation /i+/2 determines 
the electrical conductivity. In the case of heat con- 
duction, however, the pertinent quantity £,v;+E2v»2 
is not conserved in a single scattering process and, 
therefore, even if electron-phonon scattering is neg- 
lected, the electron-electron interaction itself will 
result in a nonzero heat resistivity. 

In Appendix A it is shown that there exists an im- 


isotropic 


4J. M. Luttinger, Phys. Rev. 119, 1153 (1960); W. Kohn, Proc. 
Midwest Conf. Theoret. Phys.; Purdue University, Lafayette, 
April, 1960 (unpublished). 
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portant class of anisotropic semiconductors for which 
the above considerations also apply in principle.® 

In restricting ourselves in this paper to isotropic 
conductors, we assume the free-electron approximation. 
The influence of all the interactions on the single- 
electron excitation spectrum is taken into account only 
to the extent that it is contained in the effective mass. 
The distribution of electrons on the one-electron states 
is given by the Fermi-Dirac statistics of noninteracting 
particles. The individual electron-electron scattering 
processes induce transitions between one-electron 
states. For the interaction potential we assume a 
screened Coulomb potential, first proposed empirically 
for a metal by Landsberg® and later determined 
systematically by Bohm and Pines.' The interaction 
potential and the ground state together determine 
another important physical quantity, the differential 
cross section.’ In some cases the differential cross 
section can be expressed in terms of a transition proba- 
bility calculated by first-order perturbation theory, 
which corresponds to the first Born approximation.® 
Even though this approximation may not be applicable, 
the change of the electron energy levels can still be 
neglected in nonpolar solids. Such a situation occurs in 
monovalent metals, where the cross section must be 
calculated by an exact method (see Appendix B). Some 
numerical values, applying to the conduction electrons 
in sodium, were calculated by Abrahams’; from these 
he estimates a mean free path of 2.5 cm at 4°K for 
electron-electron scattering. 

In this investigation we avoid the concept of a free 
path or a relaxation time. This avoidance, according 
to our final results, turns out to be necessary, since it 
is impossible to define a uniform relaxation time for 
both charge and heat transport.” Thus, if both trans- 
port phenomena are superimposed (Peltier-effect), it 


5 The vector e(v:+ v2) is conserved in an individual electron- 
electron scattering process, provided one is concerned with non- 
degenerate energy surfaces in the wave vector space which are 
representable by a diagonalized quadratic form with energy- 
independent effective mass components. An example is n-ger- 
manium, where electron-electron scattering between energy 
surfaces belonging to the same energy minimum cannot change 
the electric current. Furthermore, if two electrons belonging to 
energy surfaces of two different equivalent energy minima 
(m-germanium) are scattered by each other, the vector e(v;-+-ve) 
is conserved in normal (non-Umklapp) scattering processes. 

6 P. T. Landsberg, Proc. Phys. Soc. (London) A162, 49 (1949). 

TL. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1955), p. 96. 

8M. Born, Z. Physik 38, 803 (1926). 

® E. Abrahams, Phys. Rev. 95, 839 (1954). 

© This can easily be shown. An electric field may be applied to 
an isotropic conductor. If this field is switched off at t=%, the 
distribution for ¢>¢ is given by 


S()= fot Lf (to) — fo] exp[ (¢—to)/r], 


provided electron scattering can be described by a relaxation 
time r. Now, assuming electron-electron scattering only, one finds 
f(t)~f(te) because of the momentum conservation in each scat- 
tering process, and, thus, a relaxation time 7,_, cannot be defined 
i.e., its value is infinite; however, if no electric field but a tem- 
perature gradient is applied, one finds f(é>t)=/fo, since in this 
case 7,-, has a finite value. 
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is senseless to speak of a relaxation time for electron- 
electron scattering processes. Therefore, the theory of 
electrical transport phenomena is formulated by the 
variational method, first introduced by Kohler." An 
important advantage of the variational method lies in 
its physical significance: The transport coefficients in 
the absence of a magnetic field are obtained by re- 
quiring that the steady-state distribution makes the 
rate of entropy production caused by all the scattering 
processes a maximum. A second advantage, connected 
with the mathematical procedure of the variational 
method, is the fact that different scattering mechanisms, 
represented formally by scattering operators, are addi- 
tive. This means it is unnecessary to restrict the 
relative strengths of different scattering mechanisms. 

The variation principle is discussed in the next 
section and its solutions are given in a general form. 
In Sec. 3, special questions connected with the electron- 
electron interaction—such as the interaction potential 
and the differential cross section—are discussed. In 
Sec. 4 the quantities determining the solution of the 
variation principle are given for Fermi-Dirac statistics, 
and in Sec. 5, by restricting the statistics to the non- 
degenerate case, explicit results are given for semi- 
conductors with small electron concentrations. These 
results are applied to cases of practical interest in the 
last section and the numerical results are briefly 
discussed. 


2. VARIATION PRINCIPLE 
Formal Theory 


For a gas of noninteracting free particles each with 
mass m* and charge —|/e|, the mean occupation 
numbers of the eigenstates are governed by the Fermi- 


Dirac statistics, 


: E-",. 7 hi 
fo= | on( -) + 1] , E= 
kT 


The reduced wave vector K of a plane electron wave 
can be written in terms of the particle velocity vector 
v= (h/m*)K. From the mathematical point of view it 
is convenient to consider K and v interchangeably as 
quantum numbers of the one-electron states. Thus, 
the number of states per unit volume of the coordinate 
space is 2dK,dK,dK,/(2r)* or 2(m*/h)*dv,dv,dv,. The 
fundamental equation determining the steady-state 
distribution function f is the Boltzmann equation 
(df/dt)=0. For convenience we write 


&(v) Ofo E 
—, where «= 


keT 


= fo " 


kpT de 


(2) 


With an electric field F and a temperature gradient 


11M. Kohler, Z. Physik 124, 772 (1948) and 125, 679 (1949); 
see also E. H. Sondheimer, Proc. Roy. Soc. (London) A203, 75 
(1950). 
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dT /dx in the x direction, we find the following integral 
equation for ® when electron-electron scattering is 
included : 


Vz Afo 0s¢ oT 
— —| eF+T- ( -) +k pe— 
kpT Oe Ox\ T Ox 


=L,(&)+L.(). (3) 


The operators L, and L,_, are given below; they are 
defined as linear integral operators because terms 
higher than first order in ® are neglected. 

The operator L, includes those interactions of the 
electrons with the real crystal lattice which may be 
taken into account by time-dependent 
perturbation theory. We may write 


first-order 


1 
L.(®)= — 
SatkeT 


f W.(KK’) fo(1— fo’) (—#")dK’, (4) 


where f’o=fo(K’), etc.; W. is a sum of transition 
probabilities, each normalized with respect to time and 
volume. For two important cases, considered below, 
the transition probabilities are noted explicitly. Ac- 
cording to Bloch’s theory” and its simple assumptions, 
the probability for the transition of an electron from 
an eigenstate defined by a wave vector K to a state K’ 
induced by the collision with a longitudinal acoustical 
phonon of energy fw(q)=tc,g, where q is a wave 
vector and c, is the (q-independent) phase velocity, 
can be written in terms of the Bloch constant C as 


e sa > 
W pn (K,K’) = ( - ) gL N6(E’— E—tw) 
pce,\ 3 


+ (N+1)6(E’—E+tw)}. (5) 


Here 5(x) denotes Dirac’s delta function and p the 
density of the solid. Assuming that the deviation of 
the mean phonon occupation number N(q) from 
thermal equilibrium may be neglected, we have NV = No 
where N, is the equilibrium phonon distribution. 

The second type of scattering mechanism considered 
is the scattering of electrons by impurity atoms or by 
other atom-sized lattice imperfections. The general 
formula for the transition probability in such cases is 


? 
LT 

W.:(K,K’)=— > |(K|AV|K’)|°6(E-E’), (6) 
h i 

where AV(r—R,) is the perturbation potential asso- 

ciated with the lattice site R;. 

Of primary interest in this investigation is the 
operator L,_., which, operating on ®, gives the rate of 
change of the steady-state distribution f due to elec- 
tron-electron scattering. From the mathematical theory 

2H. Jones, Encyclopedia of Physics, edited by S. 


Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. XIX, Part 1, p. 288. 
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of Fermi-Dirac gases" we know that this rate of change 
of f is given by 


of m*~ : 
() =) ffferracne-n 
OF oe h 


— ffi(i—f’)(1— fs) Ja(x,g) sinxdxdydv;. (7) 


The quantity a(x,g) is defined explicitly below"; 
¢g=v—Vvi is the relative veloc ity of two electrons which 
undergo an electron-electron scattering process; x is 
the deflection angle for g and y is a second angle to 
fix ¢’=v’—v’, with respect to g. The occurrence of 
only five variable integrations in Eq. (7) instead of 
nine results from the two conservation laws 


ete=e+e', (8a) 


and 

v+v,=v+Vv'1, (8b) 
by which four variables are eliminated. If we neglect 
higher than first-order terms in ® under the integral 
in Eq. (7), this equation can be rewritten in the simpler 
form 


2 m* 3 
E. -(&)= ~ ( ) [ff e+e,—2¢/kpT) 
kpT\ h 


Xa(x,g) sinxdxdydv;. (9) 

It can be seen that the factor 
exp(e-+ €,—2¢ kpl fi + fof’ 

is invariant against interchange of v, v; with v’, v’; 
when Eq. (8a) is applied. Therefore, an important 
integral theorem, which for classical statistics is proved 
in detail by Chapman and Cowling,’ is also true for 
Fermi-Dirac statistics. For integrable functions ®; we 
have 


m*~ 3 
61) -<=2( ) fou. e(®,)dv (b;,;) na 
h 


and 


(10) 


(6;,b;)..>0. (11) 


Now, including electron-electron the 
following formulation of the variation principle is 
convenient: Of all trial functions #;, the solution @ of 
Eq. (3) has the characteristic property of making the 


scattering, 


13S. Chapman and T. G. Cowling, The Mathematical Theory of 
Non-Uniform Gases (Cambridge University Press, New York, 
1958), p. 295; E. A. Uehling, and G. E. Uhlenbeck, Phys. Rev. 
43, 552 (1933). 

4 The function (2/g)a(x,g)d2, where dQ is the solid angle 
element sinydxdy, represents the effective scattering cross section 
for electrons. The number of collision processes per time and 
volume unit between electrons in ¢dv and dy, such that the di 
rection of the relative velocity g’ lies in dQ is given by 


fdv fidv,2a(x,2)dQ. 


16 See reference 13, p. 85. 
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integral (®,,B;) = (®;,6;).+ (®;,8;),_. a maximum sub- 
ject to the subsidiary condition 


(®;,@;) = 2(m*/h)? {OF (v)dv, 


where F(v) is an abbreviation for the left-hand side 
of the integral equation (3).!*° The proof of the variation 
principle depends on the relations (10) and (11) and 
on similar relations for the scattering operator L,." 


Transport Coefficients 


The general formulation of the transport coefficients 
is straightforward as in the case for electron-lattice 
scattering only. The difference consists of formally 
replacing the operator L, by L.+L.-.. To facilitate 
the calculation of the transport coefficients in our 
generalized case, we review briefly the mathematical 
procedure." If we write 

m* 


(v)=v,—c(e) 
f 


0os¢ 1 oT 
hy [err ( ) r+ — co, (12) 
| Ox\ T T Ox 


m* 
L(®) =v,—¥(c) 
1 


with L=L,F2.., 


(13) 


the integral equation (3) breaks into two equations, 


(ekpT)” PAfo 
&(cm) = st (14) 

kpT Oe 
To find the solutions of Eq. (14), the trial functions 
c™ are conveniently written in terms of the variables 
n, where n=e—(/keT (or n=e) for a degenerate 
(nondegenerate) electron gas. By expanding the trial 
functions as power series in 7, 


0 
m= = Cy’, (15) 


r=( 


the coefficients c,“ may be determined through the 
Ritz procedure via the solution of a usual extremal 
problem of differential calculus. The perturbation 
functions c determine the electric density J, and the 
electronic heat current density W,. To determine the 


16 The physical meaning of (#,®),_,. is easily understood if we 
write the entropy as 


S=—2ka(m*/h)® { Cf Inf+(1—f) In(l— yey, 
and the entropy flow as 

s= —2ky(m*/h)? [Lf nf+(1—f) In(1— fy vd 
Then we get [Dorn, Z. otustesects. 12A, 739 (1957) ]. 


oo... 1 1, 
ap tT hivs=FO.%) +7) 


so that (1/7) (#,),_, represents the rate of entropy production 
per unit volume due to electron-electron scattering processes. 
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transport coefficients we define 


; 2 sm*\3 _  Ofo 
a -—_(—) fe2Gore aay. 
keT\ h de 


If we also define in the usual form the symmetrical 
elements, 


(16) 


d,,= d,,° +d,,‘°-% 


m* 3 
-2(—) f v2n'[Re(n*) +&e-e(n*)]dv, (17) 


h 


of the determinants 
By” 


0 Bo' m) 


Bo! - doo dy 
By” dio di 


A=det(d,,) and Auas= , (18) 





then the transport coefficients are given by the following 
formulas: 


electrical conductivity 


o= (J,/F )at/ax =0= —@(A 13 'A), (19) 


heat conductivity 


W. Ary 
ir ( ) Tp! 
oT Ox Jz=0 r 


Seebeck coefficient 


1 o¢ 1 Ays—fAga 
Re es) 
e Ox/ J2=0 a 3 


To apply these formulas to concrete cases we will 
approximate the determinants A and A»,, by deter- 
minants with a finite number of rows. Sondheimer" 
has given explicit formulas for successive approxi- 
mations of the electrical conductivity o, o™, : 
the heat conductivity «, x, ---, and the Seebeck 
coefficient (see also Wilson!”). No 
general statements can be made on the convergence of 
successive approximations. 


(21) 


(0) (1) 
a > Q@ >] 


3. INTERACTION POTENTIAL, SCATTERING 
FORMULA, AND ELECTRON-ELECTRON 
SCATTERING OPERATOR 


The electron-electron scattering operator L,. (Eq. 
9) must be put into a form such that the quantities 
d,,.“@-® and thereby the transport coefficients may be 
calculated quantitatively in a fairly simple manner. 
To this end, one must know the effective cross section 
a(x,g), which depends on the interaction potential V(r). 


17 A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1953), p. 310. 





JOACHIM 


Interaction Potential 


For the interaction potential V (r= |r:—r2|) between 
two electrons with space vectors r; and re, we take the 
shielded Coulomb potential 

V (r)= (e/xr) exp(—r/d). (22) 
In a crystal which includes one of the cubic point 
groups in its symmetry operations, the interaction 
potential depends on two parameters: The effective 
dielectric constant « and the shielding constant X. 
Both these parameters take into account polarization 
effects. The dielectric constant « describes what may 
be called the lattice polarization. This polarization is 
composed of two parts, namely, the polarization of the 
ion cores when the lattice particles are fixed, and of 
the displacement polarization which is associated with 
the readjusting of the positions of the lattice particles 
when an electron moves through the crystal. The 
shielding constant A, as first pointed out by Macke,'® 
describes the polarization of an electron cloud sur- 
rounding a given electron. For a nondegenerate electron 
gas the above formula for V (r) results from the classical 
paper of Debye and Hiickel.” 

For semiconductors, there is no clear-cut theory of 
the dielectric constant for arbitrary electron concen- 
tration and arbitrary degree of polar bonding. Re- 
stricting ourselves to nonpolar semiconductors with 
small electron concentrations, we make the fairly 
reasonable assumption x=xo, where xo is the static 
dielectric constant. The dependence of «x on the veloci- 
ties of two interacting electrons plays an essential role 
only if one is concerned with semiconductors char- 
acterized by polar bonding.” In nonpolar semicon- 
ductors, because of the small effective charge of the 
lattice particles, the lattice displacement polarization 
may be neglected. Thus, one assumes xo™«,, (k,.= optical 
dielectric constant). We are left with the question of the 
r dependence of x. According to Kohn,” for distances 
r large compared to the lattice constant d, one has 
k=Kko. Now, indeed, the minimum distance frmin of two 
electrons which undergo a scattering process is in general 
much greater than d. Assuming the extreme case of 
large angle scattering, namely, g=v,—v2, we may 
estimate the value of rmin from 
= 


Mroa* = 3 


(e*, ‘KP min) exp(—fimin A)= }Mred* 8", 2m*. (23) 
Substituting on the right for g its thermal average 2 
and assuming reasonable data (n=10'* cm™*, xo=16, 
and T=300°K), we find fmin™5\. The shielding 
constant A is approximately 10-5 cm. At lower tem- 
perature, too, we have r.,in(Z)>>d. Hence, for the bulk 


18W. Macke, Z. Naturforsch. 5a, 192 (1952). 

9 P, Debye and E. Hiickel, Z. Physik 24, 185 (1923). 

*”H. Fréhlich, H. Pelzer, and S. Zienau, Phil. Mag. XLI, 221 
(1950). 

21 W. Kohn, Phys. Rev. 105, 509 (1957). 
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of the electron pairs which undergo a scattering process 
in a nondegenerate semiconductor, it is reasonable to 
assume « independent of r and equal to xo.” Further- 
more, we may expect, as for electron-ion scattering,” 
that small-angle scattering is the dominant effect of 
electron-electron scattering on the transport 
phenomena. 

The second parameter entering V(r) is the shielding 
constant \. For a nondegenerate electron gas, \ is given 
by the Debye length, 


Ap= (koknT/4arne’)!. (24) 


Scattering Formula 


The quantity (2/g)a(x,g) sinxdxdy is the effective 
scattering cross section in the center-of-mass coordinate 
system. It is calculated by solving the Schrédinger 
equation for the two-particle scattering problem in 
relative coordinates. As usual the equation 


h 
7 (x,g)=- D> (2/4 
2imreag™ + 


1 \[ exp 275:)— 1 | P:(cosX) (25) 


defines the scattering amplitude in terms of partial 
waves. Here P; denotes the Legendre polynomial of 
order /; the 6, are phase constants which depend on g 
and V(r). The scattering amplitude determines the 
function a, given by 


a(x,g)=3gL4| r(x,g)+7(4—x, g) 


+2! r(x,g)—7(4—x, g)|7], (26) 


when indistinguishability and spin of the particles are 
taken into account. 

The calculation of the 6; constitutes the mathe- 
matical problem. When 6,1 the Born approximation 
applies, i.e., E>>V(r) for r>rmin. Obviously, then, the 
amplitude of the scattered wave is small compared to 
the amplitude of the plane wave. The criterion of the 
validity of the Born approximation is 


(AMrea*g/h)>1. (27) 


Assuming nondegenerate semiconductors, putting A= Ap 
in Eq (27) and replacing g by its thermal overage 
g=0.730, where = (8ke7T/2Mrea*)', we see that the 
Born approximation holds for almost all electron pairs 
in the distribution fo(g). The Born approximation 


2 In nearly degenerate semiconductors the above arguments do 
not hold. Since in such a case rmin May be of the order of the lattice 
constant, the dependence of « and A on r has to be taken into 
account. The theory must be revised by investigating electron- 
electron scattering in coordinate and momentum space together. 
In principle, the same is true for strong impurity scattering, a 
problem which is by no means settled [C. Herring, J. Phys. Chem. 
Solids 8, 543 (1958) ]. 

%L. Spitzer, Jr., and W. Hirm, Phys. Rev. 89, 977 (1953); 
C. Herring, Bell System Tech. J. XXXIV, 237 (1955). 

*N. F. Mott and H. S. W. Massey, The Theory of Atomic 
Collisions (Clarendon Press, Oxford, 1952); N. F. Mott, Proc. 
Roy. Soc. (London) A126, 259 (1930). 
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scattering amplitude is, with Eq. (22), given by 
T(x,g) ee (2ttrea*e”/h*Ko) 
X[TAp?+ (2! trea*g/h)*(1—cosx) |. 
Thus, the scattering formula reads 
oe (X,g¢) = [e*/ 2k? (Mroa*)*g° | 
<[(6+1—cosx)?+ (6+ 1+ cosx)? 


— (6?+1—cosx)-1(6?-+1+cosx)], (29) 


(30) 


where 


B= h/2'Xpmrea*g. 


Electron-Electron Scattering Operator 


When a(x,g) is given, it is possible in principle to 
calculate the scattering operator which describes 
electron-electron scattering in the framework of the 
variational method. Using a transformation, first 
introduced by Landshoff,?®> by which the x components 
of the velocity vectors under the integral in Eq. (9) 
are eliminated, the final form of the electron-electron 
scattering operator is given by 


2 (~) 1 
kpT\ h v 
xf ff exp(e+e:— 2¢ kaT) fof’ oforf'or 


<[v-ve(n)+v- vic(mi) —v-v’e(n’)—v-v'1c(n'1) | 


-(c)=- 


Xa(x,g) sinxdxdydv;. (31) 


This form of ._.(c) has some advantage for introducing 


relative velocity coordinates, as shown below. 


4. ON THE SOLUTION OF THE 
VARIATION PRINCIPLE 


In this section a formal calculation of the 6,“ and 
d,_,“*-® is carried out. For a degenerate electron gas, 
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we use n= e—{/kpT, and the B,™ can easily be written 
in a form such that well-known results apply: 


+x Ofo 
f E-—~“y'dn, n=4,$. (32) 


= On 


The integral alone is denoted by a,™ by Wilson,'” who 
has given numerical values for it. Our value [Eq. (32) ] 
is different by a constant factor, just the same as in 
the case of the d,,“, because of the formulation of the 
variation principle in v space instead K space (Wilson). 
Both descriptions are correct and equivalent when 
considering free quasi-particles. Here the v space is 
more convenient. Then, relative velocity coordinates 
can be introduced which describe conveniently the 
dynamics of binary scattering processes. From Eqs. 
(17) and (31), we have 


4 sm*\° 
d+s°* e) — ~~) 
kpT\ h 
xf f ff eva kaT) foforf' of’ 
v i Beat Y 


xX (=) n’Lvevn’+v-vin'—vev (n')*—vev'i(9's)* ] 
(33) 


This is an eightfold integral because the twelve velocity 
coordinates are reduced by four because of energy and 
momentum conservation. The introduction of relative 
velocity coordinates consists of relating the velocity 
vectors Vv, vi; v’, v‘: to the center-of-mass velocity G 
as shown in Appendix C. After the transformation, the 
d,.“°- can be written in terms of the center-of-mass 
velocity and the relative velocity as integration 
variables : 


Xa(x,g) sinydxdydvdv. 


25 m* 6 QkeT 4 T 2r 2 r Qn rT 2 
~) ( ) ( oy i} J i} J i} J f J exp[2(G*+-g?—¢/keT) fof oforf’1 
kel h m* G=0 “ 6=0 Y g—0 Mg=—0 4 90 MY y—0 YM x=0 Y yR0 


r 


: yas ) , 
X[G cos#— gq (cos? cosé+sind sin8 cosp)  —{ en*+ (G*— g*)ni*§— [G2+-g? cosx — gG (cos#+-cosv’) ](n’)* 


€ 


— [G*— g? cosx — gG(cosd — cos’) ](n’1)*}a’ (x,q) sinxdxdyG2dG sinddddgg?dg sindddd g, 


where a’ (x,q)=a(x,g), cos?’ = cos? cosx+sind sinx cosy. 
As a consequence of momentum conservation [Eq. 
(11) ] we have 
d,,“@-®=0, ifrors is zero. (35) 
Now, the corresponding quantities for the interaction 
25 R. Landshoff, Phys. Rev. 76, 904 (1949) and 82, 442 (1951); 
an explicit deviation of this transformation is given by H. Schirmer 
and J. Friederich, Z. Physik 151, 174 (1958). 


(34) 


of electrons with phonons or with point imperfections 
do not vanish. Therefore, electron-electron scattering 
in isotropic conductors is to be considered a higher- 
order effect in the following sense: 


The electron-electron scattering processes will affect 
only the energy-dependent terms in the series for the 
perturbations c™; thus the zero-order term co? is 
not influenced at all. However, this term to a great 
extent determines the electrical conductivity. There- 
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fore, with respect to the variational method, the 
electrical charge transport is denoted as a zero-order 
transport phenomenon. The electrical resistivity would 
be zero if there were no other scattering mechanism 
besides electron-electron scattering. The thermal heat 
conduction, in the same sense, is a first-order transport 
phenomenon; it is primarily determined by the second 
term of the power series in 7, ¢:‘"’n'. However, this term 
is affected by electron-electron scattering processes, 
because (vy+v.7:) is not conserved in an electron- 
electron scattering process, so that d,“°-?#0. Thus, 
the electronic heat resistance is different from zero even 
if only electron-electron scattering is taken into account. 
The heat conduction is influenced in zero order because 
it itself is a first-order transport phenomenon. 

We have emphasized the difference between charge 
and heat transport, which has also been pointed out by 
Keyes.** In our investigation the differing physical 
aspects of both transport phenomena come out quite 
naturally by applying an exact and straightforward 
mathematical method.?” From this consideration we 
may conclude generally that, because of electron- 
electron scattering processes, the heat conductivity of 
isotropic conductors and of a certain important class 
of anistropic conductors (Appendix A) is reduced more 
than the electrical conductivity, and that the 
Wiedemann-Franz ratio is affected. 

A quantitative calculation of the d,,“-® for the 
general case of Fermi-Dirac statistics is difficult, since 
after integrating in Eq. (34) over 0, ¢, and gy, which 
results in a factor (87?/3)e, we are left with five further 
integration variables and ¢ as a parameter. 


5. NONDEGENERATE SEMICONDUCTORS 


For small electron concentrations, our calculations 
have a solid foundation with respect to the interaction 
potential [Eq. (22) ] and the effective scattering cross 
section [Eq. (26) ]. Furthermore, the calculations can 
be carried out avoiding numerical methods, since the 
Maxwell-Boltzmann function describes the unperturbed 
distribution, given by 


fo=exp(—et+¢ kpT), (36) 


¢=kgT Mn{_n/2(24m*kgT/h*)*). (37) 


The perturbations c™ here are conveniently written in 


26 R. W. Keyes, Bull. Am. Phys. Soc. 5, 150 (1960). 

27 There exists an interesting analogy to electron-electron 
scattering processes and their influence on the electronic heat 
conductivity. The lattice heat conductivity of an isotropic di- 
electric solid has a finite value if four-phonon normal scattering 
processes are taken into account. These four-phonon processes 
correspond directly to electron-electron scattering processes, if 
we think of phonons as of quasi-particles of the lattice. Not much 
is known about the lattice heat conduction, especially at higher 
temperatures (JT 2@p), and therefore the variational method 
seems to be a reasonable one to use to treat the insulator heat 
conductivity problem. I am indebted to Professor M. Kohler, 
Braunschweig, for a stimulating discussion concerning this point. 
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terms of n= e, and it follows from Eq. (16) that 


(r-+n)!n(keT)"* n=, $; 


BY = — 


(=)! m* r=(,1,2--- 


Electron-Electron Scattering 

The important quantities d,,“-® can be calculated 
analytically, since we have the identity 
exp[2(G?+-9?—¢/kaT) | fof’ oforf’o 

=exp[ —2(G?+9°—¢/keT)]. (39) 

Using this identity, we finally get, after considerable 
algebra, as the first few terms 

doe =0, r=0, a yo 

dy =C(T)Li(®), 

day? =C(T) [$11 (8) +7L2(®) |, 

doo =C(T)[ (77/4) Li (8) +7L2(8)+L3(8) ], 


(40) 


where the factor C(T) and the parameter 6 are given by 


2r} ne! h? 
3 


C(T)= (41) 


(m*kpT)ik¢? 2\p°m*kpT 


The parameter integrals are defined by the formula 


® 


La(@)= f exp (— x*)2?" rl 


* {(5(1+82/22 
X<In(1+22? 


\— (1+67/ x? | 


6°?)—10}dx. (42) 


In general 6*<1, so that the L, can be fairly well 
approximated by simple formulas given in Appendix D. 


Electron-Ion Scattering 


The shielded Coulomb interaction potential for an 
electron and an ion is conveniently written in terms of a 
three-dimensional Fourier series: 


4re? _ exp[iq-: (r—R,) | 
V(r—R,;) =—_ ' 
q 


Ko 


(43) 


g° +p? 


Introducing Eq. (43) into Eq. (6), we find the corre- 
sponding transition probability, and after some calcu- 
lations the scattering operator is given by” 


¥-i(¢) a [2me*N m* foc(€)/xeh kp TK? | 


X {In[1+ (2rvK)?]—[1+(2AvKY}}, (44) 


where JN; is the concentration of ionized impurity atoms. 
Transcribing this equation from the K to the v space, 


28 If one writes &,_;(c) in terms of a relaxation time r— 


Y.i(c)xe—one has r'=K,%,;(c)/(fo—f). The so-defined 
relaxation time is identical with the Brooks-Herring formula for 


T(e). 
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we get the desired quantities: 


4(2n)beN in 
d,,°*-® => —___—_ —WM,,,(®), 
3xo?(m*kpT)! 


where the parameter integrals are defined by 


4) 


M6)= f exp(— y*) y+ DE In (1+4°/8) 


: ~(148/4y*) Jy. (46) 


The interaction potential for electron-ion scattering 
[Eq. (43) ] is assumed to be characterized by the same 
parameters (shielding constant \ and dielectric con- 
stant x) as is the interaction potential for electron- 
electron scattering. Thus, 6 is the parameter given by 
Eq. (41); with &<1, approximation formulas given in 
Appendix D apply to the M,,.. 


Electron-Phonon Scattering 


By specializing the formula (5) for the transition 
probability W,-p», to nondegenerate semiconductors, 
neglecting the deviation of the phonon distribution 
from thermal equilibrium, and assuming elastic elec- 
tron-phonon scattering processes, we find the corre- 
sponding scattering operator” 


Yepn(c) = AK foc(€)/m*kpT1., (47) 


where /, is given in terms of Bloch’s constant C by 


1,=9xph'c,?/4C?(m*)*kaT. (48) 


Transcribing Eq. (68) from the K to the v space, we 
obtain the d,,“™ in terms of /,. However, . with 
Y=._,, the perturbation c(e) can, of course, be calcu- 
lated directly from Eqs. (3) and (47). Then, the electrical 
conductivity can be calculated at once; the mobility 
ue=a/ne is thereby defined and we can write /, in terms 
of ue. Finally we get 


dy°*-?™) =[16ne/9nr(m*)*u. \(r+s+2)!. (49) 


6. QUANTITATIVE RESULTS FOR 
SEMICONDUCTORS 


Electron-Ion and Electron-Electron Scattering 


In this section the case in which electron-ion scat- 
tering predominates over electron-phonon scattering 
is considered. Let us assume an isotropic one-band 
semiconductor with only one kind of impurity atoms 
with a single energy level in the forbidden zone. The 
concentration of ionized impurity atoms is then equal 
to the concentration of conduction electrons. If we 
assume that xo and A have the same values for electron- 
electron scattering and for electron-ion scattering, the 
quantities d,,“*-® and d,,“°-» have almost the same 
temperature dependence. Therefore, the temperature 


27 J. Appel, Z. Naturforschg. 13a, 386 (1958), Eq. (Sa). 
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TABLE I. Values of 5? = (h?/22pm*k pT). 


T (°K) 
300 10% 1 16 
10 10” 1 16 








n (cm~) Ap (cm) & 


1.5 10-5 
8.8X10~ 


m*/m Ko 





5.6X 10-5 
5.6X 10-7 





dependence of the transport coefficient for electron-ion 
scattering remain almost unaffected when electron- 
electron scattering is taken into account, but the 
numerical values of the coefficients are more or less 
changed. We define the quantities 

€rs=d2/dyo*®, (50) 
where d,,=d,,.‘°-” when electron-electron scattering is 
neglected, and where d,,=d,,°-9+d,,°- when elec- 
tron-electron scattering is taken into account. In both 
cases the temperature dependences of the ¢,, are 
exactly the same in the limit 6?=0. In practical cases 
6 is usually small (Table I). We calculate the transport 
coefficients in the limit 6°=0, i.e., the Debye length is 
much larger than the electron wavelength. To this end, 
we need the values of e,, listed in Table II, the 6,“™ 
for r=0, 1, 2 [Eq. (38) ], and doo“*-® [Eq. (45) ]. For 
the electrical conductivity, ignoring and including 
electron-electron scattering (denoted by no subscript 
and the subscript e, respectively), we find 


o = @2(Bg®)2/dyg(*-0, 
o) = 3,250, 


(9 
o® = 3,390, 


g.O=o, 
7. = 1,930, 


a6) =1,940, 


(51) 


Successive approximations for the electrical conduc- 
tivity show’ rapid convergence after the first-order 
correction.” This convergence behavior of the o™ 
reflects the energy-dependence of the perturbation c(e). 
For electron-ion scattering only, we have roughly 
Ce-i(€) « e!, Therefore, more than one term in the series 
expansion for c(e) must be taken into account. Similar 
considerations apply to the lowest-order approxi- 
mations of the electronic heat conductivity. For the 


TABLE IT. Values of é,s. 








Without e—e scattering Including e—e scattering 


1 


1 

2+-23 

2 

6+11/24 
24+157/23 


BPA NNR 


tN 








%In first-order approximation the electrical conductivity is 
given by 
( $ —M i/M,)*? ] 
(1) = gO) cont tnaaneed es —___— |, #21. 
tae [+a aor? inLi/NiMo . 


Assuming n>>N;, we have o,“ = (1/3.25)0™. 
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zero and first-order approximation we have 
4 1 (6)? 
KO= ASS ee ’ Ke =0.695K, 


13 T doo? ”) (52) 
ke? = 1.64, 


kD = 6.50«n© 
Here too, rapid convergence is to be expected after the 
first approximation. This statement may be shown to 
be correct by considering the Wiedemann-Franz ratios 
of successive approximations L(%™ =«™/To™, for which 
we find 
L =1.92(kz/e)’, 
L=3.84(kp/e)’, 


L. =1.33(kp/e)*, 


53 
L. =1.64(kp/e)?. (53) 


Already L™ is very nearly 4(xg/e)*, which is the value 
to be expected for L‘“ in the limit 6’=0. Also L,™ is 
probably close to L,“, as may be inferred from the 
work of Spitzer and Harm on the transport phenomena 
in a plasma.” The absolute thermoelectric power of a 
nondegenerate semiconductor depends primarily on the 
Fermi energy of the conduction electrons. Indeed, in 
zero-order approximation there is no influence of any 
scattering mechanism. Let us define successive approxi- 
mations of the thermoelectric power by 
al” = — (kp/e)(y—f/kaT). (54) 


Then we find 
yO= ;, Y =, 
y-=3.31, 


v- =3.22. 


(0 
é 


y = 3.65, (55) 


y=4.02, 


We see that electron-electron scattering has some 
influence on y®. This is to be expected physically since 
electron-electron scattering tends to bring the distri- 
bution of the current over the different energy shells 
(y™=4) toward the uniform distribution (y=). 
In case of electron-phonon scattering as primary scat- 
tering source (y=2) the effect of electron-electron 
scattering is in general negligible. 


Electron-Phonon and Electron-Electron 
Scattering 


Let us now assume that electron-phonon scattering 
predominates over electron-ion scattering. Here, it is 
convenient to define the quantities 


Lra=re/doo'*-™), (56) 


where d,,=d,s°™ or d,,=d,.°°™+d,,°° for elec- 
tron-electron scattering omitted or included, respec- 
tively. We find doo” from Eq. (49). The values of 
grs are given in Table III, where 


B= #5r'([e*(m*)'ny./(kaT)'xo? ], (57) 


and the L, are given by Eq. (40) in Sec. 5. With these 


31C, Herring (private communication, in which y,“=0.8y7 
is suggested). 
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TABLE IIT. Values of g,;, 





Without e—e 
scattering 


Including e—e 
scattering 


12 
60+ B(Le+7L;/2) 
300+ B(77L;/44+7L2+L;) 


values of g,s, it is possible to obtain the electrical and 
the heat conductivities up to the second- and first-order 
approximations, respectively. However, we restrict 
ourselves to the calculation of o, o®, and «., The 
reason is that due to the energy-dependence of c,_p, « e€~? 
there is already rapid convergence after the zero-order 
approximations. The electrical conductivity, ignoring 
and including electron-electron scattering (denoted by 
no subscript and subscript e, respectively), is given by* 


GF = (BoM)?/doo™, a 


13 1 (; 
oO =- —7, \—g (: { ) 
12 12+4BL, 


The heat conductivity in the zero-order approximation 
is given by 


41 (6) 
KO =— ae a K 


13 T doo?’ 
With the following data, 
T=50°K, 


n= 10 cm-*, 


Be= 104 cm? v™ sec, 
Ap =6X10-* cm, 
m*/m=1, &’=2.4« 10-2. 


Ko>= 16, 


we find ¢,%=0.9910 and «x, =0.89x. Here too, the 
heat conductivity is reduced more than the electrical 
conductivity and the Wiedemann-Franz ratio decreases. 
For the thermoelectric power the influence of electron- 
electron scattering processes may be neglected (see 
Sec. 6). We see that electron-electron scattering affects 
the transport coefficients less when electron-phonon 
scattering, and not electron-ion scattering, is the 
pertinent scattering mechanism. This difference is 
caused by the fact that the energy dependences of the 
perturbation ¢._pn(¢) and c,_;(e) are different. 

At higher temperatures, in the intrinsic range, all 
kinds of intercarrier scattering processes must be taken 
into account. Here we shall get some insight into the 


2If one assumes electron-electron scattering to be much 
stronger than electron-phonon scattering, i.e., BZ;>>1, one has 
a.) =(12/13)0™., From successive approximations for the elec- 
trical conductivity one may extrapolate that o,‘*) = (99/32)0). 
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roles of eletron-electron and hole-hole scattering. To 
this end we assume that in either case (electron-electron 
scattering and hole-hole scattering) the presence of an 
equal number of charge carriers with opposite sign can 
be taken into account via the shielding constant. Then, 
the screening of the potential field of an electron is 
enhanced by the holes. The shielding constant for 
electrons is given by Eq. (24) with m replaced by 2n. 
Therefore, in the intrinsic range the presence of holes 
reduces electron-electron scattering and vice versa. 
Supposing as electron parameters 


T=500°K, He= 2X10 cm? v™ sec, 

n=5.5X10" cm, Ap=9.3X10-7 cm, 
m*/m=1, 2=2.7X10-, 

ko= 16, 


we find as the electrical and heat conductivities, due 
to electrons, 
respectively. 

In the intrinsic range the third kind of intercarrier 
scattering mechanism, namely electron-hole scattering, 
is probably more important than electron-electron 
scattering and hole-hole scattering.* 


oe%=0.9776 and x=0.73K, 


Discussion of Results 


As an important consequence of electron-electron 
scattering processes, the electronic heat conductivity 
of isotropic conductors is reduced much more than is 
the electric conductivity. This difference arises because 
it is impossible to describe the influence of electron- 
electron scattering on the steady-state distribution of 
electrons in terms of a true relaxation time, i.e., a 
relaxation time which is independent of external force 
fields and which, up to a factor of the order of unity, 
is equal to the time between two electron-electron 
scattering processes of a given electron. The breakdown 
of the relaxation time concept is to be expected from 
physical reasons. Howarth and Sondheimer* have 
pointed out that, as a necessary condition for the 

To include electron-hole scattering, we have to set up two 
Boltzmann equations, one for electrons and one for holes. Denoting 
the perturbations of the distribution functions of electrons and 


holes by , and ®,, respectively, we have as scattering operator 
which describes the scattering of electrons by holes 


= 2 Mh Ip cd a EU ; 
Leno d=pA TF) SSS exp(e.—f./k T) 
Xexp(e,—fn/kBT) foeforf vef’on é 
X (@.+-6,—8'.—'s)a(x,¢) sinxdxdydva. 


Equation (4) must be extended by this expression; a corresponding 
equation holds for holes. Thus, we are left with two simultaneous 
integral equations for @, and ®,. A generalized variational prin- 
ciple can be constructed in order to solve the two coupled Boltz- 
mann equation for electrons and-holes. Here, we will not further 
consider this interesting problem of electron-hole scattering 
except to state one important difference between electron-electron 
and electron-hole scattering processes. The latter, according to 
the above equation, influences the electrical conductivity o 
already in its zero-order approximation o, 

%E. H. Sondheimer and D. J. Howarth, Proc. Roy. Soc. 
(London) A219, 53 (1953). 
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existence of a relaxation time, the energy change of an 
electron in a scattering process must be small compared 
to the initial energy of the electron. In general, this 
condition does not apply to electron-electron scattering 
processes. When scattering processes cannot be de- 
scribed by a relaxation time, the Wiedemann-Franz 
law is no longer valid ; because of intercarrier scattering, 
the Wiedemann-Franz ratio is reduced. 

The reduction of the Wiedemann-Franz ratio, as a 
consequence of electron-electron scattering, can be 
easily understood by comparing the steady-state 
distribution functions f, and f, for the charge and the 
heat transport, respectively. The distribution f, arises 
from the unperturbed distribution fo, in the first-order 
approximation, by shifting the midpoints of all the 
constant energy spheres away from K=0 by the same 
amount. Thus, in the approximation o, the differ- 
ences in the shifts of different energy surfaces are 
entirely neglected. Therefore, electron-electron scat- 
tering, which is effective in randomizing electron 
energies, has no influence on o, However, the elec- 
tronic heat conduction is governed by f,, which is 
quite different from f,.*° Here, the differences in the 
shifts of different energy surfaces (the energy de- 
pendence of ®,) determines even the zero-order ap- 
proximation «, This energy dependence is directly 
influenced by electron-electron scattering via the 
scattering operator L._. [Eq. (9) ]. 

There remains the important question of how much 
the electrical conductivity, the heat conductivity, and 
the Wiedemann-Franz ratio are reduced by electron- 
electron scattering. For isotropic conductors this 
depends first of all on the pertinent primary scattering 
source. The more strongly the corresponding per- 
turbation of the electron distribution depends on 
energy, the more effective are electron-electron scat- 
tering processes. Therefore, in accordance with our 
results for semiconductors, electron-electron scattering 
has more influence on the transport coefficients when 
ionized impurity scattering is the pertinent scattering 
mechanism than it has when electron-phonon scattering 
predominates. This difference, as the above-stated 
difference in charge and heat transport, arises from the 
fact that electron-electron scattering processes have 
the tendency to randomize electron energies, but not 
electron momenta. Quantitative results were obtained 
for nondegenerate semiconductors with small electron 
concentrations, such that the Debye length is much 
larger than the electron wavelength. Assuming electron- 
ion scattering as the dominant scattering mechanism, 
we find that the electrical conductivity and the heat 
conductivity are smaller by factors 0.58 [Eq. (51)] 
and 0.25 [Eq. (52)], respectively, approximately 
independently of temperature. These results are in 
agreement with those calculated by Spitzer and Hirm™ 
and by Landshoff*® using mathematical approaches 


35 See reference 29, Fig. 1. 
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different from each other and from ours.** The reduction 
of the Wiedemann-Franz ratio, L,“? = 1.64(kp/e)? [Eq. 
(54) ], could easily be verified if the phonon contri- 
bution to the heat transport were comparable to the 
electron contribution. Unfortunately, at low tempera- 
ture the latter is several orders of magnitude smaller 
than the former. For higher electron concentrations 
our considerations are not appropriate—even if the 
ansatz 22 for the interaction potential is assumed 
to be valid—since the steady-state distributions of 
electrons and phonons are not independent of each 
other. Therefore, superposition effects occur which 
make it difficult to separate the heat conductivity into 
a phonon and an electron contribution.” That part of 
the thermoelectric power which corresponds to an 
average value of the electron energies—averaged with 
respect to the currents in different energy shells—is 
reduced by a factor 0.80 when electron-electron scat- 
tering is taken into account [ Eq. (55) ]. With increasing 
& the effect of electron-electron scattering on the trans- 
port coefficients decreases. 

Assuming again small electron concentrations, but 
electron-phonon scattering as the pertinent scattering 
mechanism, electron-electron scattering is less effective, 
due to the slight energy dependence of c,_pn(€). Thus, 
applying our results [Eqs. (58) and (59) ] to a typical 
case, we see that at low temperature (7=50°K) the 
influence of electron-electron scattering on the electrical 
conductivity is of the order of 1%. In the intrinsic 
region (7=500°K) electron-electron and _hole-hole 
scattering have a small influence on the electrical 
conductivity; the heat conductivity is reduced by 
about 27%. Here electron-hole scattering probably has 
much more influence on the electrical conductivity; 
o would already be affected. 

Finally, we want to make a brief remark on the 
magnetoresistance. In zero magnetic field, electron- 
electron scattering affects the perturbation ® more for 
higher electron energies than it does for lower ones. 
Now, with electron-phonon scattering only, in a mag- 
netic field electrons with higher energies contribute 
relatively more to the electric current than they do in 
the absence of a field. Therefore, considering both these 
facts, electron-electron scattering will be more effective 
in randomizing electron energies when a magnetic field 
is applied. As a consequence, the magneto-resistance 
should be somewhat lower when electron-electron 
scattering is taken into account. However, the dis- 
crepancy that already exists between theory (saturation 
in strong fields) and experiment (linear increase in 


36 Spitzer and Hirm describe the rate of change of f due to 
electron-electron scattering in terms of the Fokker-Planck equa 
tion [see also M. N. Rosenbluth, W. M. MacDonald, and D. L. 
Judd, Phys. Rev. 107, 1 (1957) ]. Landshoff applies the Chapman- 
Cowling method (reference 11, p. 107). 

37 J. Appel, Progress in Semiconductor Physics, edited by A. F 
Gibson, | John Wiley & Sons, Inc., New York, (to be published) ], 
Vol. V. 
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strong fields) for pure germanium at low temperatures 
is in the contrary direction.** 
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APPENDIX A. ANISOTROPIC SEMICONDUCTORS 


With respect to the electrical conductivity in isotropic 
solids, where E(K) = (h?/2m*)K?, it is shown in Sec. 4 
that the influence of electron-electron scattering has 
to be considered as a higher-order effect. Namely, with 
electron-electron scattering as the only scattering 
mechanism, the electrical resistivity is zero. 

Now, in anisotropic the 
have to be considered under the K aspect, appropriate 
to Bloch electrons. Thus, the conservation laws for a 
single electron-electron scattering process are 


semiconductors electrons 


K,+ K.=K’,+ K’s, (A.1) 


E(K,)+ £(K,)= E(K’, T E(K’,). (A.2) 
According to whether the conservation law (A.1) is or 
is not equivalent to 
1 

gradxE(K), (A.3) 
hy 


Vitve=v'i+v's, where v 


electron scattering will or will not affect the electrical 
conductivity. 

The conservation laws (A.1) and (A.3 
with each other only if the effective mass tensor can be 
diagonalized simultaneously for all different wave 
vectors terminating on one energy surface and if the 
corresponding diagonal elements of different energy 
surfaces are the same. For electrons in a conduction 
band with the energy minimum located at K=0, the 
energy £ can be written in terms of those harmonic 
functions® which are with the identical 
representation of the corresponding crystal point group. 
In cubic crystals we have 


E(K)= 2 


m=1,2-+- 


are consistent 


associated 


"om 
domK 


K, K, K, 
+E dK Hn dnsane, ), aa) 
rss 


38 G. Lautz and W. Ruppel, Z. Naturforsch. 10a, 521 (1955), 
Fig. 5; J. Appel, H. Bruns and H. Schultz, Meeting of the German 
Physical Society, Heidelberg, October, 1957 (unpublished); H. 
Bruns, Dissertation, Braunschweig, 1961; C. Herring, Jnter- 
national Congress on Semiconductors, Prague, August, 1960 
(unpublished). 

*® TD. G. Bell, Revs. Modern Phys. 26, 11 (1954). 





TRANSPORT PHENOMENA 
where a2», and 6; are constants, H, is the cubic harmonic 
of a type with order /(>4). Now, the most simple case 
for which obviously Eqs. (A.1) and (A.3) are not 
consistent with each other is given by such isotropic 
energy surfaces” that 


E(K)=a.K?+a,K‘*. (A.5) 


On the other hand, there are anisotropic semicon- 
ductors with respect to the energy-band structures for 
which Eqs. (A.1) and (A.3) are consistent with each 
other. Such a case is given if the energy surfaces are 
nondegenerate for all different K vectors of a single 
band and if the energy can be represented by a diago- 
nalized quadratic form with energy-independent effec- 
tive mass components, 


(K ae K,)? 


) 


hp (K,—K,) 
+ 


Mua” 


uu 


(K.— K,) 
+-———_ | (A.6) 


M22 


rn 


where K® is a wave vector corresponding to an energy 
extremum. Thus, it is evident that in n-germanium, 
electron-electron scattering between energy surfaces 
belonging to the same energy minimum (intravalley 
scattering) will not affect the electrical conductivity 
in zero order, although electrons of different effective 
mass are involved in scattering processes. If two 
electrons from different valleys are involved in an 
electron-electron scattering process, such that the 
electrons exchange their valleys by the scattering 
process (normal intervalley scattering), the current 
vector e(Vi+Ve2) is not changed. Only for a certain kind 
of scattering process, mentioned in Appendix B as 
Umklapp processes (Umklapp intervalley scattering), 
may the current vector be changed in a single scattering 
process. However, such Umklapp processes are expected 
to occur very seldom in n-germanium. The possibility 
of such scattering processes is small because the K star 
representing the energy minima contains only a few 
pairs of equivalent K vectors (equivalent K vectors 
are two vectors which differ by 27 times a vector of the 
reciprocal lattice) 


APPENDIX B. METALS 


To calculate the influence of electron-electron scat- 
tering on the transport phenomena in metals, the 
variation principle is an appropriate mathematical 
method for solving the Boltzmann equation and for 
determining the transport coefficients. Therefore, the 
variation principle has been formulated in Sec. 4 for 
the general case of Fermi-Dirac statistics. However, 
there exist some difficulties of more fundamental nature. 


(1) It is difficult to define a two-electron interaction 
potential in terms of an appropriate dielectric constant. 


# R. A. Silvermann and W. Kohn, Phys. Rev. 80, 912 (1950). 
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The usual assumption, that x=1 in Eq. (33), is based 
on the work of Bohm and Pines,! where the problem of 
a dense electron gas interacting via Coulomb forces is 
treated assuming that the lattice is to be replaced by 
a positive, continuous charge background. From more 
recent work of Noziéres and Pines? it does not seem 
possible to define an appropriate dielectric constant 
for the Coulomb interaction between two electrons in a 
metal. The concept of a dielectric constant dependent 
on frequency and wave vector does not apply to a pair 
of electrons, but to properly defined Fourier components 
of the density fluctuations of all the electrons. 

(2) Assuming that the interaction potential is never- 
theless given by Eq. (22) with «=1, one finds that the 
Born approximation does not apply.* Exact calculations 
may be necessary to determine at least the lowest-order 
phases defined by Eq. (25). 

(3) The possibility of Umklapp processes, 

K,+ K,= K’,+ K’,+ 27h, (B.1) 
where h is a vector in the reciprocal lattice, occurs in 
first-order perturbation theory for electron-electron 
scattering. However, electron-electron Umklapp proc- 
esses probably do not occur so often that the transport 
coefficients are changed to a measurable extent. The 
reason is that the energy conservation law will essen- 
tially restrict the possibility of Umklapp processes, in 
contrast to phonon-phonon and_ electron-phonon 
Umklapp processes. It can be seen that, in monovalent 
metals where the Fermi surface does not touch the 
Brillouin zone boundaries, electron-electron Umklapp 
processes can occur only for certain singular cases®, 
If the Fermi surface touches the Brillouin zone bounda- 
ries, of course, electron-electron Umklapp processes can 
occur more often. 

It has been suggested that experimental evidence for 
electron-electron scattering is given by the temperature- 
dependence of the electrical resistivity of some tran- 
sition metals at low temperatures. Baber® has made 
some calculations of the electrical resistivity due to 
electron-hole scattering on the basis of the Born 
approximation and assuming an isotropic two-band 
structure. He finds a T? proportionality for the electrical 
resistance. Approximately a JT? dependence of the 
electrical resistance has been measured below 10°K 
by de Haas and de Boer® on platinum, by Justi“ on 
indium and molybdenum, and by White and_ Woods 
in a systematic investigation on several transition 
metals, particularly those with a relatively large 
electronic heat capacity. The measured coefficients of 
the J? proportionalities have the correct order of 
magnitude with respect to Baber’s results after cor- 


“R. E. Peierls, Quantum Theory of Solids (Clarendon Press, 
Oxford, 1956). 

4 W. G. Baber, Proc. Roy. Soc. (London) A158, 383 (1937). 

“8 W. J. de Haas and J. H. de Boer, Physica 1, 609 (1933). 

“FE. Justi, Z. Metallk. 51, 1 (1960). 

45 G. K. White and S. B. Woods, Phil. Trans. A251 (1959). 
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recting for the Born approximation. However, the 
measured heat resistivity of these transition metals 
also follows a 7? law approximately.” Unfortunately, 
a T* dependence of the electronic heat resistivity may 
result from phonon-scattering of electrons into hole- 
eigenstates. Although we do not expect the Wiedemann- 
Franz law to apply for electron-hole scattering, i.e., 
we do not expect a linear dependence of the heat 
conductivity on temperature when electron-hole scat- 
tering is the pertinent scattering mechanism, at this 
time it is not clear whether or not electron-hole scat- 
tering affects the transport coefficients of some tran- 
sition metals.** Generally speaking, up to now there is 
no conclusive evidence for an experimental mani- 
festation of an influence of intercarrier scattering 
processes on transport phenomena in nonpolar solids. 


APPENDIX C. RELATIVE VELOCITY 
COORDINATES 


The following transformations are used to derive 
Eq. (34): 


v=G—}g, 
v:=G+34, 


v’=G—}g’ 
v1. =G+}¢’. 
It is convenient to transform the velocities into di- 
mensionless quantities with the help of 

@= (m*/2kpT)'G g=4(m*/2keT)'g. 
The vectors & and g are related to the following polar 
coordinate systems: &(,0,6), with @ as polar angle 
between @& and a fixed coordinate system ; and 9(9,3,¢), 
with 3 as polar angle between g and &. Under the 
integral of Eq. (48) we have 
mv2/2kpT = (G.—9g2)?=[G cosé—g(cosd cosé 

sh +sind’ sin@ cos) }?, (C.3) 


46 A. H. Wilson, Proc. Roy. Soc. (London) 167, 580 (1938). 
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(C.2) 


and 
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and, further, 
e= |G—q/?, 
a= |G+q\? &: 


G—9q’|’, 
G+q'\’. (C.4) 
The angles which occur in the scalar products are 
defined by 

x= £ (9,0), 
0’= < (9), 


d= F (g,), 


cos’ = cos? cosx+sind sinx cosy. (C.5) 


APPENDIX D. THE INTEGRALS L, AND M, 
Approximation formulas of the parameter integrals 
for small 6 are given by 
L,=2h(®)- 

L.=4h(8)—4+8h(®), 

L3= 12h(6)—8, 

M y= $h(6?/2)—$4+-48h (67/2), 
M = $h(6/2 
M,=h(8/2)+43—48h(8/2), 
M 3= 3h(8/2)+$—38°h (6/2) 


M 4= 12h(6?/2)+13 


3+ 28h (6), 


15h (52/2), 


36°h (67/2). 
In this approximation we have assumed &<1 and, 


therefore, included terms of order /:(6?) and 6h(6?) only. 
The function (6?) is defined by 


h(#)=exp(6/2)[— Ei(—&/2) (D.2) 
where 


” exp(—y) 
—Ei(—x)= f dy, 
and for small 6? we may use the approximaticn 
— Ei(—x)=In(1/yx)+z, 


where y is Euler’s constant (y=0.5772157-- - 
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The effect of both electron-electron and electron-phonon interactions on a degenerate electron gas in a 
uniform positive background is considered. It is shown that when electron-electron interactions alone 
are considered the free-electron mass is still measured by cyclotron resonance, the Faraday effect, and 
optical constants. However, the period of the de Haas-van Alphen oscillations is changed from what one 
calculates neglecting interactions and is changed in the same way that the specific heat is. When electron- 
phonon interactions are added everything changes. In particular, it is shown that the cyclotron mass is no 
longer the free value, and the de Haas-van Alphen period and the specific heat are changed in different ways. 
Comparison with measurements on aluminum which approximates the model used shows that both electron- 
phonon and electron-electron effects are important and of the same magnitude. 


I. INTRODUCTION 


N recent years various experimental‘ techniques 

have been used to obtain information on the Fermi 
surfaces of metals.! The results of measurements such 
as the electronic specific heat, cyclotron resonance, 
Faraday effect, and optical constants as a function of 
wavelength can be expressed in terms of effective 
masses of the electrons. These effective masses can then 
be related by theory to some properties of the Fermi 
surfaces. Other techniques such as de Haas-van Alphen 
effect, anomalous skin effect, magnetoresistance, and 
magnetoacoustic effect give information directly on 
the shape of the Fermi surfaces. The interpretation of 
these experimental measurements in terms of electron 
band structure has usually neglected the many-body 
effects such as electron-electron interactions or corre- 
lation effects, and electron-phonon interactions. We will 
consider here first the effects of electron-electron 
interactions, and for the simplified model of an electron 
gas imbedded in a uniform smeared-out positively 
charged background. In this model we will calculate 
exactly in Sec. II the currents induced by uniform 
electric and magnetic fields. It is shown that the 
currents are the same as produced in a noninteracting 
gas of electrons acted upon by self-consistent fields. 
Thus the effective masses measured by cyclotron 
resonance, Faraday effect, and optical constants 
measure the free electron mass independent of the 
interactions. By interpreting the currents induced by 
uniform magnetic fields in terms of quasi-particle 
states near the Fermi surface, the motion of these 
quasi-particles in uniform magnetic fields is obtained 
in Sec. III. From this, by a semiclassical argument, 
the orbits of the quasi-particles are quantized and the 
period of the de Haas-van Alphen oscillation is cal- 
culated. It is found that in this case electron-electron 
interactions do change the period from what it is in the 


* This work was performed by the author as a consultant to 
the RAND Corporation, Santa Monica, California. 

1 An up to date review of the field can be obtained from the 
Proceedings of the Conference on Fermi Surfaces in Metals (John 
Wiley & Sons, Inc., New York, 1960). 


noninteracting case. Electron-phonon interactions are 
added in Sec. IV and their effect on the quasi-particle 
states is determined. From this, expressions are obtained 
for the specific heat, de Haas-van Alphen period, and 
the cyclotron frequency. The theory is compared with 
experiment and it is shown that electron-phonon effects 
are of the same magnitude as electron-electron effects 
and both are not negligible. A summary and discussion 
is included in Sec. V. 


II. UNIFORM ELECTRIC AND MAGNETIC FIELDS 


The approach employed here uses elementary, 
non-field-theoretic, ordinary quantum mechanics. The 
motion of the gas is separated into a motion about the 
center of mass and the motion of the center of mass. 
The total current is determined only by the motion of 
the center of mass. Fortunately, in the electron gas 
model the motion of the center of mass is unaffected by 
interactions between electrons and is determined by the 
external fields alone, a problem that can be solved 
exactly. 

It is important to choose a model for our electron 
gas with the correct boundary conditions since they are 
important. We do not choose an infinite gas because it is 
difficult to account for any effects at infinity. Further 
on, it will become clear that these boundary effects are 
not negligible. In fact it will be shown that charge 
accumulates at the boundary under the action of an 
external field and modifies the actual electric field seen 
by the electrons. It is further shown that this effect is 
correctly taken into account in the usual manner of 
using self-consistent fields. The model that we will 
choose is a uniform smeared out positive background 
of charge density p in a spherical volume of radius a. 
Imbedded in the positive background are WN electrons 
composing the interacting electron gas. The total 
electronic charge of —Ne is assumed to be much less 
than the total positive background charge. The electrons 
will be concentrated in the center of the positive 
background within a radius small compared to a. In 
fact the electrons distribute themselves, except for 
boundary effects which can be neglected if the volume 
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is large enough, so as to produce macroscopic charge 
neutrality in the region that they occupy. The number 
of electrons N is taken to be very large. By choosing 
atomic units in which A#=>e=2m=1 the Hamiltonian 
for the electrons in uniform electric and magnetic 
fields is given by 


V; 1 : 1 r2 
a=r(- + A(e) ) +32 —t4r2 2—. (1) 
‘NG 6 


C 12 Vij i 


The first term on the right is the kinetic energy operator 
of the electrons in the fields represented by A(r,t). The 
position of the ith electron is at r;. The magnitude of 
r; is denoted by r; and r;;= | r;—r1,;|. The charge of an 
electron is —1 in atomic units. We will be interested in 
the case of a uniform electric field oscillating in time 
as sinw! and a uniform magnetic field. In this case 


coswi | 
—— 3811, 


; 


W 


A(r,i)= Ec (2) 


where E is the uniform electric field, j is a unit vector 
in the y direction, H is the magnitude of the uniform 
magnetic field in the z direction, and 7; is the x compo- 
nent of r. The second term on the right of (1) is the 
Coulomb interaction energy the electrons 
themselves, and the last term is the interaction energy 
between the electrons and the uniform positively 
charged background. Because of macroscopic charge 
neutrality p=n where is the number of electrons per 
unit volume. 

We now introduce center-of-mass coordinates R and 
relative coordinates S by the usual relationship, 


NR=Dir. S.=r—R. 


between 


and (3) 
Not all of the §; are independent since they satisfy the 
condition that }>;$;=0. Of the N variables S;, only 
N—1 of them are independent. In terms of these new 
coordinates, 


7]  @ Ss iva 1 
Via _ =" +> -(su-—), 
Orie NORz + Oia n 


Here a has the values of 1, 2, 3 denoting the three 
Cartesian components of the vectors and 6;; equals 
one if i= 7 and zero otherwise. The partial derivatives 
0/0Sia are not exactly components of the momentum 
operator since the S; are not all independent variables. 

If both sides of (4) are summed with respect to j, 
we obtain 


(4) 


(S) 


i OV ja 


which simply states that the total momentum operator 
is just the momentum operator of the center of mass. 
The vector potential in (2) becomes, in the new 
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coordinates, 


OSWI 


( 
A(S,,R,/) = Ec +jH(Si+R)). 


The total current operator J is 
—e Bis 

j=—> (°. i+ A(ru)) 
me i c 


—e 1 
(v, i+ A(R) ), (7) 
cm ¢ 


where Ver has the 0/0R,, and A(R.) 
= Ec(coswt/w)—jHR,. The current depends only on 
the center-of-mass coordinates so that our goal is to 
find the equation of motion of the center of mass. 


components 


The Hamiltonian of (1) becomes, using the relations 
in (4) and the subsidiary condition }>;$,;=0, 


H=Hrt+Hi, 


where 


1/Vr 1 : VnR? 
te-—(—*+-VA(R,) ) +A : 
V } " 


1 C 8) 


iis es hc 
H;=>. ( +i.) > 
i L N 


1 


(>> Vs;)? 
nS ;* 


9 


Ts 'S3 


S; : 6 


and where Vs; has the components 0/0S;.. The Hamil- 
tonian divides into two parts, one part being a function 
only of the center of mass coordinates and the other 
part being a function only of the relative coordinates. 
It is of interest to note that the electric field has no 
effect on the relative coordinates. The appearance of 
the term (>°; Vs;)* in H, is related to the fact that Vs; 
are not the true momentum operators for the problem. 
If N is large enough then one would expect that the 
subsidiary condition has a negligible effect and the 
Vs; are to a good approximation the true momentum 
operators. In that case the term in question becomes 
zero since the total momentum about the center of 
mass is zero. 

The Hamiltonian for the center of mass coordinates 
Hr describes the motion of a single particle of mass 
Nm and charge —Ne [in (8) atomic units are used 
where 2m=e=h=1] being acted upon by the uniform 
electric and magnetic fields and the positive back- 
ground. Because of the large mass of this center-of-mass 
particle, the motion of the center of mass can accurately 
be solved for classically. The classical equations of 
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motion of the center of mass are 


@R, 4rnNe'nR, dR» 
Nm = ————_— — Nek, sinwt— NeH- 


dt 3 dl 
d*R» 4rNe'nRe dR, 

Nm = ——_—_——-— NeF, sinwi+NeH—., (9) 
df 3 dt 


b 


@R ; 
Nm—= 
dt 3 


4nrNe'nR; 
— —_—_——— Ne; sinwt. 


It is important to note that the electric field 
E= (Fi, E>,E3) 


in (9) is the external applied field and not the actual 
electric field seen by the electrons. The actual field 
inside the medium which is in the form of a sphere is 
given by the well-known result of electrostatics, 


E,,= El3/(e+2) 1], (10) 


where ¢ is the dielectric constant of the medium. We 
can solve (9) to obtain R and thus the polarization of 
the medium per unit volume given by P=—meR. 
The dielectric constant is defined by 

eEin= E\.+47P, 


or, using (10), 


(11) 


Ar Sr 
(B+ - p)- E——P. 
3 3 


From symmetry arguments alone it can be shown that 
the dielectric constant of a uniform gas in a magnetic 
field must be a tensor of the following form. 


des 1x: 0 
e=|—tezy €zz 0 


. + oa. 


(12) 


Instead of working with a tensor ¢€ it is possible to 
simplify the problem by using right (r) and left (J) 
circularly polarized electric fields defined as 


E,=Re[E(i+ij)e-*], 
E,= Re E(i—ij)e-**], 


where Re means real part of. Defining the displace- 
ment vector for right and left circularly polarized cases 
in an analogous way, the dielectric constants relating 
E, and D, and E, and D, are scalars given by 


D,=¢e,E,, €s=€z2ti€zy, 
and 


(13) 
D,= eE), €] 


€zz— 1Ezy. 


It is more convenient to work with e¢, and e;. These 
scalar dielectric constants can be found from (11) 
with the understanding that e«, P, and E all have the 
same subscript of r or 1. The circularly polarized 
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polarization vectors P, and P, are defined analogously 
to E, and E). 


It is a straightforward but tedious matter to solve 
(9) and obtain 


4rP, we" 
=— —_—_—_—_—., (14) 
3E w€o| 1+ (w-/weo) | 


where we=w,?/3, w,2=4rne?/m, e=1—we/o*, and 
w-=eH/mc. The classical plasma frequency of the 
electron gas is w,/2m. Finally ¢, can be obtained from 
(11) and (14), giving 
es tw,/w 
¢-=——_—., (15) 
1+w,/w 
where e,=1—(w,/w)?. 
In the same way one can show that 


€s—@e/® 
o;= ee 
1—w,/w 


€s— (w,/w)? 


E€xrz a 
1— (w,/w)? 


WW py 


a wf 1— (w, leo)? ] 


Ezy 


and 


€zz— Ef. 


Equations (15) and (15’) determine completely and 
exactly the behavior of the dielectric constant of a 
electron gas in a uniform magnetic field. The result is 
correct for all values of magnetic field, large or small; 
for all densities of the gas, even for the very tenuous 
region where the electrons form a lattice; and for all 
temperatures of the gas, from the degenerate region to 
the classical limit. The cyclotron resonance occurs at 
the poles of e«; and ¢,, giving Weyclotron= eH /me and 
showing that the effective mass determined by cyclotron 
resonance in an electron gas is exactly the free electron 
value. The long wavelength plasma resonances occur 
at the zeros of e; and e, giving 

Wplasma = 3We-[ ($w-)?-+w,? ]}. 


(16) 


The results given in (15) and (15’) are exactly the 
same results one would obtain from (9) if all boundary 
effects and the background term proportional to R are 
neglected, and the electric field is treated in a self- 
consistent way. By a self-consistent treatment of the 
electric field is meant that the field seen by the electrons 
is the external field plus the induced electric field 
assuming no local-field corrections, i.e., the macroscopic 
induced electric field is the actual induced electric 
field seen by the electrons. Therefore, if one wants to 
neglect all boundary effects, as it will be done from now 
on in this paper, it is possible to do so by replacing the 
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Hamiltonian H,» in (8) by 


9 


1/Vr N 2 
He-—(~"+—4(R) ) ] 


U c 


(8’) 


where now A is the vector potential of the magnetic 
field and the self-consistent electric field. All magnetic 
interactions between electrons have been neglected 
because in practice these are small. However, if included, 
they can be taken account of by using a self-consistent 
magnetic field. 

Because the dielectric constant given in (15) and 
(15’) is the same as if interactions between electrons 
are neglected except for treating the electric field in a 
self-consistent way, effective masses measured by the 
Faraday effect and by the wavelength dependence of the 
optical dielectric constant are just the free electron 
value. 

In the above discussion an implicit assumption has 
been made that requires further justification. It has 
been assumed that the spacial variation of the electric 
field in the experimental measurements can be neglected. 
For optical properties such as the Faraday effect and 
optical constants this is the usual approximation that 
is used, and we require no further justification. How- 
ever, in the usual Azbel’-Kaner type of cyclotron 
resonance experiments in metals the measurements are 
made in the extreme anomalous skin effect region where 
it is not possible to relate the currents and electric 
fields by a local relationship such as a dielectric constant. 
Nevertheless the dielectric constants in (15) and (15’) 
do show that in the presence of a uniform magnetic 
field there are excited states of the system at energies 
nhw, above the ground state, an integer, which can 
be excited by a uniform electric field. The uniform 
electric field assures that the excited states have the 
same total momentum as the ground state. A non- 
uniform electric field, as is present in cyclotron res- 
onance experiments, can transfer momentum to the 
excited states. However, if the spacial variation of the 
electric field in the distance of a wavelength correspond- 
ing to the Fermi momentum of the electrons can be 
neglected, as is the case, then the momentum transferred 
by the electric field can be neglected and an electric 
field in a cyclotron resonance experiment oscillating 
near the frequencies mw, should cause transitions to 
excited states. It follows from the above reasoning that 
although the calculation at uniform electric and mag- 
netic fields cannot predict the absorption at subhar- 
monics and the shape of the absorption curves in cy- 
clotron resonance experiments in metals, the fact that 
there is an absorption at w, does follow from the uniform- 
field case. 

Ill. QUASI-PARTICLES AND THE DE HAAS-VAN 

ALPHEN EFFECT 


In this section we use the results of the previous 
section to derive some of the properties of quasi- 


STERN 


particles from which it will turn out to be possible to 
calculate the period of the de Haas-van Alphen oscilla- 
tions. A physical picture of a quasi-particle? can be 
obtained by considering the ground state of the electron 
gas to be analogous to the vacuum state in quantum 
electrodynamics. Excited states consisting of the 
excitation of a small fraction of the total number of 
particles can be described in terms of a ““vacuum”’ state 
together with a small number of particle-hole pairs. 
As usual, a hole corresponds to a vacancy in an energy 
state below the Fermi energy and a particle to a filled 
energy state above the Fermi energy. Again, in analogy 
with quantum electrodynamics the electron gas acts 
like a dielectric medium whose dielectric properties 
are wave number and frequency dependent. A particle 
or hole polarizes the electron gas in its vicinity. A 
quasi-particle consists of an electron and its polariza- 
tion cloud that it carries along with it. The interaction 
of an electron with its own polarization cloud produces 
the difference in energy between a quasi-particle and 
a bare or free electron. The polarization cloud screens 
the charge of the electron so that quasi-particles in- 
teract with one another via only a weak short-range 
interaction. 

It has been shown*~* that it is rigorously correct to 
talk about quasi-particles only at the Fermi surface. 
Single-particle or quasi-particle excitations damp out 
with a lifetime proportional to (p— po)~*, where # is the 
momentum of the excited particle and po the Fermi 
momentum. In this discussion we limit ourselves to 
quasi-particles very close to the Fermi surface so that 
the damping is negligible. In fact, it is only in this case 
that it appears reasonable to talk about quasi-particles 
at all. In summary, it has been shown elsewhere that 
in an interacting electron gas in no external fields there 
exist single-particle states, called quasi-particles, which 
have a precise momentum and energy for momenta very 
near the Fermi momentum. The energy of these quasi- 
particles we will denote by «(p), where p is the momen- 
tum of the quasi-particle. From the spherical symmetry 
of the problem e is just a function of the magnitude of p. 

Consider a system of N electrons in the ground state 
of zero total momentum. We add one quasi-particle of 
momentum p to the system. The momentum of the 
center of mass of the system is also p. The total current 
of the system is, by (7), 

j= —ep/mce. (17) 
The velocity of a quasi-particle is given by® 


v=V>e(p), (18) 


where V, is the gradient operator with respect to the 
momentum. Since the current j is all carried by the 


2J. J. Quinn and R. A. Ferrell (to be published). 

3J. J. Quinn and R. A. Ferrell, Phys. Rev. 112, 812 (1958). 
4N. M. Hugenholtz, Physica 23, 481 (1957). 

5D. F. DuBois, Ann. Phys. 7, 174 (1959); 8, 24 (1959). 
®L. D. Landau, Soviet Physics—JETP, 3, 920 (1957). 
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quasi-particle, it must have an effective dynamical 
charge e* given by 


e*= —ep/mv. 


(19) 
If we define an effective dynamical mass m* given by 

(20) 
(21) 


Equation (17) tells us that a quasi-particle of momen- 
tum p carries the same current as a free electron of the 
same momentum. This can be understood physically 
when one remembers that the momentum is all carried 
by electrons with the same charge over mass ratio. 
Any mass flow, no matter how it is distributed among 
the electrons, must produce a charge flow e/m times 
the mass flow. 

Now consider the same electron gas in its ground 
state in a magnetic field. At a certain time, say /=0, 
we add to the electron gas a quasi-particle of mechanical 
momentum p. Transferring to center-of-mass and 
relative coordinates, at /=0 the center of mass also has 
mechanical momentum p. The center of mass moves 
like a single particle of mass Nm and charge — Ne as 
can be seen from (8’). Equation (8’) implies that 


m*= p/v, 
then 


e* = —em*/m. 


dp ep f 
—XH=—v XH. 


mc c 


(22) 


Since p is also the momentum of the quasi-particle, 
the quasi-particle momentum also satisfies (22). This is 
‘just the equation of motion we would expect for the 
quasi-particle of effective dynamical charge e* and 
moving with a velocity v. 

It is important to emphasize that the effective 
dynamical charge e* is not in general the effective charge 
of the quasi-particle. We have only shown that it is 
the effective charge in a uniform magnetic field and for 
calculating the current carried by a quasi-particle. 
The interaction between two quasi-particles is not like 
that between two particles of charge e* but through a 
screened interaction. In an electric field, the acceleration 
of the quasi-particle is not that of a charge e* but of a 
charge e because not only is the quasi-particle accel- 
erated in an electric field, but so is the rest of the gas. 
The acceleration of the rest of the gas takes it out of 
its ground state changing the interaction between the 
quasi-particle and the rest of the gas and affecting the 
acceleration of the quasi-particle. This effect does not 
occur with a uniform magnetic field because stationary 
ground state solutions for the gas exist in a magnetic 
field and only the additional quasi-particle state varies. 

We quantize the quasi-particle orbits, using the 
Bohr-Sommerfeld rule in the form 


guar (n+)h, 


(23) 
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where II= p+ (e*/2c)HXr is the conjugate momentum 
in a magnetic field. Following Onsager,’ we integrate 
(22) and choose an origin so that the constant of 
integration is zero, obtaining p= (e*/c)rH. Substitut- 
ing into (23) gives the relation 


A ¢/e*H= (n+3)h, (24) 


where A,=pz’ and py is the component of p perpen- 
dicular to H. The degeneracy of each level in (24) is 
HQe*/hc, where Q is the cross section of the electron gas, 
just as in the noninteracting case.’ Unfortunately, the 
concept of quasi-particles is only good near the Fermi 
surface so that we cannot describe the total state of 
the gas in terms of the levels of (24), in contrast to 
the noninteracting gas. However, we can divide the 
energy of the system into two parts. One part is the 
quasi-particle states just below the Fermi surface and 
the other is the rest of the energy. These quasi-particles 
just below the Fermi surface are located in momentum 
space on the quantized levels given by (24). It is 
being assumed that they also act to a good approxima- 
tion like noninteracting particles, and therefore the 
usual independent-particle arguments’ can be used to 
show that these quasi-particles alone produce an 
oscillatory part to the susceptibility. The period is 
determined when, as the magnetic field is varied, 
states in Eq. (24) differing by one in m pass through the 
Fermi surface. If we make the further reasonable 
assumption that the susceptibility produced by the 


rest of the system varies smoothly with magnetic field, 
then the period of the de Haas-van Alphen effect is 
given by the quasi-particles states alone and is 


1 2he* 2he m* 
a(—) =—=—_ —., (25) 
H Py prc Porc m 


The period given in (25) is related to the period of the 
noninteracting gas, A(1/H)r=2he/ pc, by 


1 m* 1 
20) 
HH}; m H/ 
The difference in energy between the states in (24) 


can be easily calculated. For a change in of one, the 
change in area AA, is from (24) 


AA,=hHe*/c. 


(26) 


But we also have 
0A, Opn 
AA ,=—— —A6&=2rm* AS. 
Opu 0& 


By combining we obtain 
A&=h(e*H/m*c)=h(eH/mc) =he.. 


Cyclotron resonance absorption occurs at a frequency 
@-, in agreement with the results of Sec. II. Quasi- 


7L. Onsager, Phil. Mag. 43, 1006 (1952). 
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particles have the same cyclotron frequency as free 
electrons because e*/m*=e/m. 

The specific heat of an interacting electron gas C; 
is given by® 


C= (po/mr)C p= (m*/m)C ;, (27) 


where vp is the velocity of the quasi-particles at the 
Fermi surface, Cy= (xk/po)’mT is the specific heat for 
noninteracting electrons, & is Boltzmann’s constant, 
and T is the absolute temperature. It is seen from a 
comparison of (26) and (27) that both the period of 
the de Haas-van Alphen effect and the specific heat 
are changed in exactly the same way by electron- 
electron interactions. However, in the next section 
we will show that this does not remain true when 
electron-phonon interactions are included. Calculations® 
and experiment® indicate that m*/m can differ signif- 
icantly from one (for sodium m*/m=~1.4), so that the 
effect of electron-electron interactions on these two 
quantities is significant. 


IV. ELECTRON-PHONON INTERACTIONS 


The discussion of this paper has so far been limited to 
a consideration of the electron-electron interactions 
alone and electron-phonon interactions have been 
neglected. However, it is possible to include the effect 
of electron-phonon interactions on the properties of 
the quasi-particles, and from this infer the effect on 
the period of the de Haas-van Alphen effect and on the 
cyclotron resonance frequency. When both electron- 
electron and electron-phonon interactions are included, 
our picture of a quasi-particle is a core electron sur- 
rounded by a polarization cloud of electrons and a 
cloud of phonons. We are again using an idealized 
model of a metal consisting of a degenerate electron 
gas together with a uniform background of positive 
charge which is now capable of propagating sound 
waves. 

As before, quasi-particles at the Fermi surface have 
momentum fo and velocity »=V,e(p). We define an 
effective dynamical mass m’ by 


m'v= p. 


The current carried by a quasi-particle is 


(28) 


(29) 


where ¢’ is the effective dynamical charge. In this case, 
however, e’/m’xe/m because not all of the momentum 
is carried by electrons, some of it is carried by the 
phonons. The phonons to a good approximation do not 
contribute to the current and thus e’, because their 
charge over mass ratio is much smaller than that for 
electrons. We can set 


e 1 


m' m (1+a)’ 


8 E. A. Stern, Phys. Rev. 121, 397 (1961). 
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where now a is a measure of the importance of the 
electron-phonon When a=0 there is no 
electron-phonon interaction. The fraction of the total 
dynamical mass contributed by the phonons is given 
by a/(i+a). Knowing the dynamical charges and 
masses of the quasi-particle, we can proceed as in 
Sec. III to quantize the orbits in a magnetic field and 


obtain 
a "4 1 
a(. ) =—A A -}. (31) 
H e rp (1+a)m H/; 


(32) 


interaction. 


Here A(1/H)’ is the period of the de Haas-van Alphen 
effect including the electron-phonon interaction, and 
we’ is the cyclotron frequency for the same case. We 
also have from (27) for C’, the specific heat in this 
case, that 


C’= (m'/m)C;. 


We see that the spec ific heat and the period of the de 
Haas-van Alphen effect are affected differently by the 
electron-phonon interaction. 
The importanc e of a can be « 
with experiment. Aluminum is a metal which approxi- 
mates the model used in this paper.® As indicated by 
calculations” and by comparison with experiment” 
the electronic states for aluminum can be obtained by 
neglecting the interaction between the electrons and the 
periodic potential of the lattice except for states in 
the vicinity of the Brillouin zone boundaries. The 
effect of the Brillouin zone boundaries is to produce 
small discontinuities in the energy across the boundaries 
and preventing an electronic state which is initially in 
one zone to move out of that zone under the influence 
of low frequency electric and magnetic fields. This, for 
instance, complicates the orbits in a constant uniform 


timated by comparing 


magnetic field from what they would be if there were 
no zone boundaries, but this effect can be straight- 
forwardly accounted for by a factor which depends on 
the geometry of the zone boundaries. In addition, the 
Fermi surface is changed from a sphere to a multiply 
connected surface. To including 
geometric factors depending on the geometry of the 
boundaries, the electrons in aluminum can be con- 
sidered as approximately the model calculated in this 
paper. 

Experimental measurements on aluminum of the 
electronic specific heat, cyclotron resonance, and de 
Haas-van Alphen effect are available."? Unfortunately 
the available de Haas-van Alphen data is incomplete 
and is caused by the electrons on parts of the multiply 


summarize, by 


® The author is indebted to Professor M. H. Cohen for pointing 
this fact out to him and the subsequent that the 
electron-phonon interaction is important 
” V. Heine, Proc. Roy. Soc. (London) A240, 340 (1' 
1M. H. Cohen and V. Heine, Suppl. Phil. Mag. 7, 
2 W. A. Harrison, Phys. Rev. 118, 1182 (1960) 
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connected Fermi surface with small cross section. 
These small cross sections are most sensitive to any 
deviation of aluminum from our model. For this 
reason we will not use the de Haas-van Alphen data to 
determine a, but will use the other experimental data 
to determine a and then show that the de Haas-van 
Alphen period calculated from (31) is consistent with 
experiment. For aluminum C’/C;=m'/m=1.6. Also 
for the cyclotron resonance of the largest area Fermi 
surface w,/w,.’=1+a=1.5/0.76=2. The factor 1.5 is 
the actually measured cyclotron mass measured in 
terms of the free electron mass m and is inversely 
proportional to w,’. The factor 0.76 is the cyclotron 
mass including geometric factors that one calculates 
for a noninteracting electron gas. One sees immediately 
that a=1 and thus the electron-phonon interaction is 
as important as the electron-eiectron interaction and 
perhaps more so. One can now calculate from (31) that 


A(1/H)'=0.8A(1/H)p. (34) 


This means that the actual area of the Fermi surface 
is 0.8 of the value that one would calculate using the 
noninteracting formulas. This factor worsens the 
original, only semiquantitative agreement with the 


area calculated from free electron model, but since , 


this result is so sensitive to small deviations from the 
free electron model it is not significant. Only when the 
de Haas-van Alphen periods for the large area Fermi 
surfaces for aluminum, which are relatively insensitive 
to small deviations from the free electron model, are 
measured will one be able to determine if (34) is 
consistent with experiment. The main conclusion 
remains that electron-phonon interactions are most 
important and cannot be neglected.”* 


V. SUMMARY AND DISCUSSION 


It has been shown in this paper that electron-electron 
interactions alone have no effect on the currents induced 
in an ideal electron gas by uniform electric and magnetic 
fields. On the basis of this it also followed that the 
effective masses determined by Faraday effect, optical 
constants, and cyclotron resonance is just the free 
electron mass, independent of electron-electron interac- 
tions between electrons. The period of the de Haas-van 
Alphen oscillations is, however, affected by these 
interactions, the relationship being given by (25) and 
(26), and is affected in exactly the same way that the 
specific heat is. When electron-phonon interactions are 
added to the problem the currents induced by uniform 
electric and magnetic fields are now affected. The de 
Haas-van Alphen period and the specific heat are now 
affected differently and the cyclotron mass is no longer 
the free value. Comparison with experiments on 
aluminum shows that the electron-phonon interaction 
is of the same order as the electron-electron interactions 


28 The conclusions of this paragraph are in doubt, particularly 
Eq. (34), as explained in the Note added in proof. 
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and neither can be neglected. In fact, it is really artificial 
to separate the electron-electron and electron-phonon 
interactions. They can be separated only when they 
are both small or when one is small compared to the 
other, and it has been shown that this is not the case. 

It appears off-hand surprising that in transport 
type properties such as cyclotron resonance, Faraday 
effect, and optical constants, interactions between elec- 
trons alone appear to have no effect in an electron gas. 
However, there is a simple explanation for this. Elec- 
tron-electron interactions do not effect the current. 
They are momentum conserving interactions and do not 
change the total momentum of the system. As discussed 
previously, because all carriers have the same e/m ratio, 
the current is just e/m times the momentum and thus 
is not affected by electron-electron interactions. On the 
other hand properties that depend on the energy of the 
electron gas such as the de Haas-van Alphen effect and 
the specific heat, are affected in an important way by 
electron-electron interactions. 

Although the results of this paper apply only to the 
ideal model of an interacting electron gas, it seems clear 
that in actual metals the same qualitative conclusions 
can be drawn. In fact, if the effect of the periodic 
potential of the lattice can be entirely taken account 
of by an effective mass, m:, all of the results of this 
paper apply if m is replaced by m;. In the case of actual 
metals it appears that both electron-phonon and 
electron-electron interactions should be considered and 
have important effects on the electronic properties. 
It is clear from the results of this paper that the size 
of the Fermi surfaces determined from the de Haas-van 
Alphen effect using the theory of non-interacting 
electrons is incorrect. However, more seriously, even 
the interpretation of the shape using the noninteracting 
theory may be in error."® The interactions may change 
the relationship between period of the oscillations and 
area of the Fermi surface in proportionally different 
ways as the orientation of the crystal is varied. Only 
actual calculations and further measurements will tell 
if this possibility is real. 

The fact that interactions change the relationship 
between the area of the Fermi surface and the period of 
oscillations of the de Haas-van Alphen effect was 
actually first shown by Dresselhaus,'® although he did 
not apparently realize it.'® Dresselhaus showed that if 
the first order exchange is included the period is given 
by A(u/htw)=1, where w is the Fermi energy. If no 
interactions at all are included, one also obtains that 

‘8 Experimental results of reference 14 show a disagreement 
between the period measured by the de Haas-van Alphen effect in 
copper and the predicted period from Pippard’s model for copper 
using the noninteracting theory. If we interpret this disagreement 
in terms of (31) and assume that Pippard’s model is correct, we 
obtain e’/e=0.96 in [111] and e’/e=0.92 in [100]. This indicates 
that e’/e is a function of orientation of the crystal. 

14 T). Shoenberg, Phil. Mag. 5, 105 (1960). 

18 G. Dresselhaus, Phys. Rev. 114, 736 (1959). 

16 The author is indebted to Dr. Donald DuBois of The RAND 
Corporation for pointing this fact out to him. 





1780 EDWARD 
A(u/fw)=1, and from this Dresselhaus concluded that 
the de Haas-van Alphen effect is unchanged by the 
exchange term except for a possible shift in the phase 
of the oscillations. With no interactions, p= 3.69/rs? 
rydbergs"’ and is proportional to the maximum area of 
the Fermi sphere. The periodicity condition that 
A(u/hw)=1 gives the correct relationship between 
period and area for no interactions. However, when 
first order exchange is included, w= (3.69/rs?—1.22/rs) 
rydbergs and is not any longer simply related to the 
maximum area of the Fermi surface. Then A(u/fAw)=1 
when exchange is included is a changed relationship, 
and the period in the de Haas-van Alphen effect is 
changed by first order exchange because yp is changed. 

It has been previously shown that the dielectric con- 
stant of an interacting electron gas in the long-wave- 
length limit reduces to the nonintersecting case.5'8*! 
However, the previous result was proved by using 
calculations that depended on a perturbation approach 
and were only correct at high densities. The results of 
this paper are correct for all densities and are thus 
more general. 
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Note added in proof. Since the writing of this paper, 
before the meeting of the Conference on Fermi Surfaces 
in Metals held in Cooperstown, New York, on August 
22-24, 1960, additional related papers have been pub- 
lished. Falicov at the Conference” and Falicov and 
Heine™ afterwards have also independently introduced 
the concept of an effective dynamical charge fer quasi- 
particles when electron-electron interactions are con- 
sidered. Their conclusions about the consequences of an 
effective dynamical charge in magnetic fields are in 


177, is the radius measured in units of the Bohr radius of a 
sphere that has a volume equal to the average volume per electron. 

18D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 

1% R. Brout, Phys. Rev. 108, 515 (1957). 


*K. Sawada, K. A. Brueckner, N. 
Phys. Rev., 108, 507 (1957). 

DPD. Pines, in Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, New York, 1955), Vol. 1, p. 367. 

2L. M. Falicov, reference 1, pp. 39-49. 

31. M. Falicov and V. Heine, Suppl. Phil. Mag. 10, 57 (1961). 


Fukuda, and R. Brout, 


A. STERN 


essential agreement with that presented in this paper. 
Luttinger has, at the Conference,™ and subsequently,” 
put forth a proof that the concept of e* and its conse- 
quences for the period of the de Haas-van Alphen effect 
are incorrect. He maintains that from arguments of 
gauge invariance the quasi-particle interacts with the 
magnetic field via the electronic charge e, not e*, and 
thus the de Haas-van Alphen period is not changed. 
Luttinger’s arguments imply that the energy difference 
between the quantized levels of the quasi-particles is not 
hw, but is instead h(m*/m)w,. Since m*#m it is hard 
to reconcile Luttinger’s result with the result that the 
cyclotron frequency is iw,. Also, it can be shown on the 
basis of Landau’s theory of quasi-particles,*® though it 
will not be done here for reasons of economy of space, 
that the core particle part of the quasi-particle does 
interact with both uniform electric and magnetic fields 
via the electron charge e. However, because the core 
particles does mol carry all of the momentum of the 
quasi-particle it turns out from Landau’s theory that 
the motion of the core particle gives exacily identical 
resulis with saying that the whole quasi-particle has an 
effective dynamical charge e* as was done in this paper. 
Interestingly, if it is incorrectly assumed that the core 
particle does carry all of the quasi-particle momentum 
then one obtains Luttinger’s results. The possibility 
then presents itself that by some subtle means Luttinger 
may have identified the core particle with the whole 
quasi-particle. 

Recently another calculation of the effect of first 
order exchange on the de Haas-van Alphen effect has 
been published** and results on the period agree with 
those of Dresselhaus!’ which then give added weight to 
his calculation that the period is not simply related to 
the area of the Fermi surface. 

Finally, the correctness of the measured cyclotron 
mass in aluminum of 1.5 times the free electron value 
has been questioned at the Conference by Fawcett.* 
The conclusions reached in the last paragraph of Sec. [TV 
are to be considered only tentative pending an experi- 
mental verification of this mass. 

4 J. M. Luttinger, reference 1, pp. 2-8, 67-68. 

5 J. M. Luttinger, Phys. Rev. 121, 1251 (1961). 

26H. Ichimura and S. Tanaka, Progr. Theoret. Phys. 25, 
(1961). 


27 FE. Fawcett, reference 1, p. 166. 
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This paper is concerned with a detailed investigation of the dy- 
namic polarization of the protons in (Ce,La)2Mg3;(NOs3):2.-24H:O 
which occurs when one saturates the “forbidden” microwave 
transitions that simultaneously flip a proton spin and a Ce** 
electron spin. The rate equations for the electron and nuclear 
polarization are solved for (a) a simple ideal model, (b) a model 
for the case where the forbidden lines are not resolved, and (c) a 
model taking into account nuclear-spin temperature diffusion. 
An apparatus for simultaneous observation of proton magnetic 
resonance and Ce** paramagnetic resonance at liquid helium tem- 
peratures is described. The Ce** spin-lattice relaxation time 7), 
is directly measured by a transient method, and it is found that 
T;.« 7-“* for temperatures in the range 1.9°K <T<2.7°K. In 
the same crystals, the proton relaxation time 7), is also measured 
by a transient method and found to be 7}, «7~7? and dependent 


on the concentration of Ce** ions. The relative magnitudes of 
Ti» and 7), are best explained by a model intermediate between 
(a) and (c). At T7~1.5°K and a microwave frequency »,.~9.3 
kMc/sec, the proton polarization is observed for a number of 
different concentrations of Ce*+. The magnitude of the polari- 
zation, its dependence on magnetic field and microwave power, 
and the transient behavior are studied and qualitatively explained. 
In a crystal containing 1% Ce, the proton polarization is observed 
to become greater than the thermal equilibrium value by the 
factor 150, which is about one-quarter of the theoretical ideal. 
At higher microwave frequencies (v.~50 kMc/sec) it should be 
possible to obtain in this crystal sufficient proton polarization 
(~25%) to be useful for dynamic nuclear cooling experiments 
and nuclear targets. 





I. INTRODUCTION 


HERE have been many modifications and ex- 
tensions of Overhauser’s' stimulating proposal 
that the polarization of nuclei coupled to electrons may 
be considerably enhanced through certain hyperfine 
relaxation processes if the electron paramagnetic reso- 
nance is saturated. The modification with which we 
are concerned here is that of strongly inducing, by an 
applied rf field, forbidden transitions in paramagnetic 
resonance which simultaneously flip an electron spin 
S and a nuclear spin I.? (The term ‘‘rf’’ will be used to 
include microwave frequencies.) This method has been 
used to orient nuclei in the case where there is a rela- 
tively strong coupling of the form AI-S between the 
electron of a paramagnetic ion and the nucleus of the 
same ion.’ It has also been used in the case of weak 
dipolar coupling between I and §S in a prototype 
experiment® on a crystal of LiF, where I was repre- 
sented by the spin of Li’ and S by the spin of F”. The 
subsequent application to electron spins in dipolar 
coupling with the nuclei of nearby diamagnetic atoms 
in solids has been widely reported.*-” For a general 
* Supported in part by the U. S. Atomic Energy Commission 
and the Office of Naval Research. 

t Some of the material in this paper is taken from the Ph.D. 
dissertation of O. S. Leifson, University of California, Berkeley, 
California, July, 1960 (unpublished). 

1 A. Overhauser, Phys. Rev. 89, 689 (1953); 92, 411 (1953). 

2 C. D. Jeffries, Phys. Rev. 106, 164 (1957). 

3M. Abraham, R. W. Kedzie, and C. D. Jeffries, Phys. Rev. 
106, 165 (1957). 

‘F. M. Pipkin and J. W. Culvahouse, Phys. Rev. 106, 1102 


A. Abragam and W. G. Proctor, Compt. rend. 246, 2253 


6 A. Abragam, J. Combrisson, and I. Solomon, Compt. rend. 
247, 2237 (1958). 

7M. Abraham, M. A. H. McCausland, and F. N. H. Robinson, 
Phys. Rev. Letters 2, 449 (1959). 

8 M. Borghini and A. Abragam, Compt. rend. 248, 1803 (1959). 


survey of dynamic nuclear orientation we refer to 
review papers.—'6 

The electron-nuclear dipolar coupling experiments 
consist in placing the sample, e.g., a crystal containing 
the spins I and S, in a magnetic field H and in a micro- 
wave cavity driven at the frequency ».~10" cps. The 
nuclear magnetic resonance at frequency v,~10’ cps 
is observed simultaneously by means of an auxiliary 
coil in the cavity and is used as a measure of the 
nuclear polarization. When the field is set near the 
electron spin resonance value Ho, the nuclear polari- 
zation is observed to become very small. At the field 
H=~H,[1+»,/».], corresponding to rf saturation of 
the forbidden transition which simultaneously flips I 
and §, the nuclear polarization is observed to become 
greater than its thermal equilibrium value by a factor 
~10?; at H~H[1—v»,/v.], the polarization is simi- 
larly enhanced but reversed in sign. One finds at helium 
temperatures a significant nuclear polarization, of the 
order of magnitude 10%. The phenomenon is very 
general; it has been observed in dilute paramagnetic 
crystals, in free radicals dissolved in plastics, in ir- 


9J. A. Cowan, W. R. Schafer, and R. C. Spence, Phys. Rev. 
Letters 3, 13 (1959). 

0 ©. S. Leifson, P. L. Scott, and C. D. Jeffries, Bull. Am. Phys. 
Soc. 4, 453 (1959); P. L. Scott, O. S. Leifson, and C. D. Jeffries, 
Bull. Am. Phys. Soc. 4, 453 (1959). 

4 J. Combrisson and I. Solomon, J. Phys. radium 20, 683 (1959). 

2 Chester Hwang and T. M. Sanders, Jr., Proceedings of the 7th 
International Conference on Low-Temperature Physics (University 
of Toronto Press, Toronto, 1960), p. 98. 

13, Ambler, Progress in Cryogenics (Heywood and Company, 
Ltd., London; and Academic Press, Inc., New York, 1960), 
Vol. IT. 

4 C. D. Jeffries, Progress in Cryogenics (Heywood and Company, 
Ltd., London; and Academic Press, Inc., New York, 1961), 
Vol. III. 

18 C. D. Jeffries, Phys. Rev. 117, 1056 (1960). 

16 G. R. Khutsishvili, Uspekhi Fizicheskikh Nauk 71, 9 (1960). 
[Translation: Soviet Phys.—Uspekhi 3, 285 (1960) ]. 
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radiated crystals and plastics, and in P-doped silicon. 
The phenomenon was discovered" in liquids prior to 
the work in solids. In fact, even earlier, dynamic 
nuclear polarization by dipolar coupling in nuclear 
doubie-resonance experiments had been discussed by 
Bloembergen and Sorokin,’* who are probably the 
originators of the method. 

The present paper is a detailed discussion of this 
method of dynamic nuclear polarization and, in par- 
ticular, its application to the polarization of protons in 
the double nitrate crystal (La,Ce)»Mg;(NOs3)12-24H2O 
in which the paramagnetic Ce** concentration is a 
small fraction of the diamagnetic La** concentration. 
This well-known crystal is particularly appropriate for 
study since J=} for protons and S=4 for Ce* ions; 
the nuclear spin of Ce is zero and no additional hfs 
lines complicate the analysis. Polarization in this crystal 
has also been studied by others.’ Some of the results 
in the present paper have already been briefly 
reported.'*° 

In Sec. II A we take a simplified phenomenological 
model and calculate the nuclear polarization obtainable 
when the forbidden lines are well resolved; in Sec. II B 
we extend this to the case of unresolved lines; in Sec. 
II C we consider briefly the effects of spatial diffusion 
of nuclear polarization. Although the treatment has 
some generality we usually take numerical values 
appropriate to the double nitrate crystal. In Sec. III, 
the apparatus is described and in Sec. IV we give our 
experimental results and interpretation. 


Il. THEORY 


We consider a magnetically dilute solid containing 
N electron spins and » nuclear spins in a magnetic field 
H at a low temperature. We assume that either the 
electron g-tensor is isotropic, or else that a principal 
axis is parallel to H. Let S, be the &th electron spin 
and I; the ith nuclear spin. The spin Hamiltonian for 
the entire sample will be taken to be 


K=g6> H-S.—¢.3 > 4-143 Vatd Vij, (1) 
k i i,k 


i>j 


where § is the Bohr magneton and g, g, are the electron, 
nuclear g factors, respectively. The terms represent the 
electron Zeeman, nuclear Zeeman, electron-nuclear, and 
nuclear-nuclear interactions, respectively. We neglect 
electron-electron interactions because we assume the 
sample is dilute in electron spins: Nn. We neglect 
nuclear quadrupole interactions because we are pri- 


17 E. Erb, J. L. Motchane, and J. Uebersfeld, Compt. rend. 246, 
2121, 3050 (1958). 

18N. Bloembergen and P. P. 
(1958). 

%M. A. H. McClausland, thesis, Oriel College, Oxford, 1959 
(unpublished). 

2” C. D. Jeffries, Bull. Am. Phys. Soc. 5, 495 (1960), paper E4; 
O. S. Leifson and C. D. Jeffries, Bull. Am. Phys. Soc. 6, 225 
(1961), paper A7. 


Sorokin, Phys. Rev. 110, 865 
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marily interested in the case =}. The third term may 

be written as the sum of a contact type of interaction 
and a dipole-dipole interaction, 

£80" 3(1;- rin) (Se: tix) . 

Va=1,;-Au-Si- I;-S,.- 


ri? 


where A ,, is a tensor and r;, is the displacement vector 
between I; and S,. The term Uj; is the dipole-dipole 
interaction between I; and I: 


2,78? 3(1;-r;;) (L-4;;) 
ie [te - | (3) 


ris° <7" 

Since the electron spins and the nuclear spins are 
strongly coupled to the H field and only weakly coupled 
together through the third term, it is convenient to 
decompose the system into two sub-systems, the 
electron (spin) system and the nuclear (spin) system. 
In zero order, the electron system [first term of Eq. 
(1)] is represented by the phenomenological spin 
Hamiltonian 3-= g$H-S and has a magnetic resonance 
frequency v.=g$H/h, corresponding to flipping an 
electron spin: S, — S,-+1. Likewise the nuclear system 
[second term in Eq. (1) ] has a magnetic resonance 
frequency v,=g,GH/h corresponding to flipping a 
nuclear spin: J, — J,+1. Now the fourth term in Eq. 
(1) will add a Van Vleck linewidth* to the nuclear 
resonance line and also perhaps a structure.” It will 
also provide a spatial diffusion of nuclear spin tem- 
perature through mutual spin 
nuclei. Finally, we consider the perturbing effects of 
the third term of Eq. (1). If Vix is expanded it will 
contain operator products of the form (J,+iI,)(S,) 
which admix the zero-order states and allow for addi- 
tional (“forbidden”) transitions of the type J/,, 
S,—J,+1, S.+1 and J,, S,—IJ],+1, S¥1. These 
are sometimes observable”: and appear as a satellite 
structure on the electron resonance line. The V;, term 
will also provide a Van Vleck width to the electron 
resonance line and may add additional structure” to 
the nuclear resonance line, since different nuclear sites 
may experience different local fields from the electron: 


flips of neighboring 


A. Simple Model 


For simplicity, we now neglect any structure on the 
nuclear resonance line and assume that the forbidden 
lines of the electron resonance are completely resolved ; 
we furthermore neglect spin temperature diffusion. The 
two loosely coupled systems are represented by the 
energy level diagram of Fig. 1 for S=} and J=}. We 

2 J. H. Van Vleck, Phys. Rev. 74, 1168 (1948). 

2G. E. Pake, J. Chem. Phys. 16, 327 (1948). 

*%H. Zeldes and R. Livingston, Phys. Rev. 96, 1702 (1954); 
G. J. Trammel, H. Zeldes, and R. Livingston, ibid. 110, 630 (1958). 

*4 J. M. Baker, W. Hayes, and M. C. M. O’Brien, Proc. Roy. 
Soc. (London) A254, 273 (1960) 

26 N. Bloembergen, Physica 16, 05 (1950). 
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take g to be positive, as for a free electron spin, let NV, 
be the population of the upper electron state (S.)=M 
=+4, and let N2=N—VJN, be the population of the 
lower state M=—}. Similarly, we take g, positive, as 
for a proton, and let m, be population of the upper 
nuclear spin state (J,)=m=—}, etc. We follow 
Abragam’s treatment?® here. Assume that the lattice 
vibrations provide a thermal reservoir at a temperature 
T and represent their influence by a random time- 
dependent perturbation 73¢(¢) on the spin Hamiltonian 
5K, which induces the relaxation transitions of the 
system. The dominant process is the electron spin- 
lattice interaction 73C,;= g$H’(t)-S, which provides the 
usual paramagnetic relaxation transitions $,— S,+1 
at a rate w;/sec, say. The direct (Waller) interaction 
of the nuclear spins with the lattice is negligible and 
their chief relaxation in crystals at low temperatures 
is through electron spins.?’* Figure 2 represents the 
composite energy-level diagram of a typical pair I, 
S.; we assume that the first term in V; is negligible. 
The zero-order wave functions |M,m) become slightly 
admixed by the static dipolar term. Then the per- 
turbation 73C; will provide the relaxation ow, in Fig. 2, 
where?é 


o = (9/4) (g8/Hr*)? sin’6 cos*@. (A) 


Here, r is the distance between I; and S, and @ is the 
angle between r and H, and it has been assumed that 
¥,>>W, Which is a good approximation at helium tem- 
peratures. Actually, the dipolar admixtures are not 
static and there will be the additional relaxation tran- 
sitions @w, shown in Fig. 2, whose rate will probably 
not exceed ow;. Both represent relaxation of the nuclear 
spins through the electron, the one involving simul- 
taneous spin flips, the other only nuclear spin flips. 
There is also the probability that the sample may 


re 
M=+3 


teen ere 





ey 
m= +3 


: No 
M=-% 


Fic. 1. Energy level diagram and populations for a system of 
nuclear spins J =$ loosely coupled to electron spins S=4. 


26 A. Abragam, Phys. Rev. 98, 1729 (1955). 

27 N. Bloembergen, Physica 15, 386 (1949). 

28 J. Hatton and B. V. Rollin, Proc. Roy. Soc. (London) A199, 
222 (1949). 
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Fic. 2. Energy level diagram and transitions of a nuclear spin 


I=} in dipolar coupling with an electron spin S=4. The states 
are labeled by their zero-order functions | M,m). 


contain other, undesirable, electron spins S’, e.g., those 
of dissolved oxygen gas, which give rise to an average 
nuclear relaxation rate gw, say, in addition to ow, 
and ©w,. Or, alternatively, gw; may represent the 
direct nuclear lattice relaxation in cases where it is 
unusually large, e.g., in solid Hz because of molecular 
rotation. For H~3600 oe and g~1.83, typical for our 
experiments, Eq. (4) yields o~6.6r~*, if r is measured 
in angstroms and the spatial average cos’@ sin?@= 2/15 
is taken. 

An applied rf field 2H; cos2xv.¢ perpendicular to H 
will induce these transitions” in the system of Fig. 2 
with the average rates 


Wi(3, +3 —3, +3) =su, 
=leryHYG(H—Hy) sec, (5) 


=}oryH}G(H—H_) sec, (6) 
W3(3, 3 —}, —3)=Bur 


=}pryHYG(H—H,) sec, (7) 


> 


where y= g3/h, p= 75 (g3/r°H)?~c, and G is the electron 
resonance line shape function, so normalized that 
So? G(HM)dH=1 and Ginux=yT2-/a. W1 corresponds to 
the usual allowed electron line at Ho; and W2 and W3 
are the forbidden lines at H_=H)(1—g,/g) and 
H,.= Ho(i+gn/g). 

A perpendicular rf field 2H, cos2rv,¢ will induce 
pure nuclear transitions at the rate 


Wi(+3, —2 £3, 2)=hwr 
= bay nH in?Gn(H—Hon) sec, (8) 


% See, e.g., reference 15, Eqs. (21), (47c), and (47d). 

















1784 O. S. LEIFSON 
ELECTRON 
RESONANCE 
ABSORPTION 
r W, W, W, 
rr 
l | L 5 _ 
H.=HI-92) Hy H,=Holl+-2) 
NUCLEAR 
POLARIZATION 


f 


—roi>—+ 











3 
2 

Fic. 3. Idealized electron magnetic resonance spectrum showing 
the central W, transition and the two “forbidden’’ transitions, 


We: and W;. When the latter are strongly induced, an enhanced 
nuclear polarization results. 


where yn=gn/h, G, is the nuclear resonance line shape 


function, and Ho,=hyv,/g,$. These transitions are used 
in monitoring the nuclear polarization. 

Still considering the typical pair of Fig. 2, we see 
that if ©, c<1, and if we strongly induce only tran- 
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sition W3, then the relative population of the | 4,3) and 
|—4, —4) states become equal, say, to unity. However 
the relaxation rate w, is sufficient to maintain the 
relative population of the | —4, 4) state at e* and that 
of the |4, —3) state at e~4, where A=hv,./kT. Thus 
the dynamic nuclear polarization becomes, ideally, 


n(m=-+4)—n(m= +43) sinhA A 
p=— =—, (9) 
n(m=+3)+n(m=—3) 1+coshA 2 


which is A/é=g/g, times larger than the thermal 
equilibrium value po=/v,/2kT. Similarly inducing W2 
yields p= —A/2; Fig. 3 illustrates the over-all effect. 

Turning now to the question of the nuclear polari- 
zation of the whole sample, we note that each electron 
is in dipolar coupling with very many nuclei, some being 
rather far away. The diffusion of nuclear polarization 
becomes important since the rates ow, aw, ---+, being 
proportional to r~*, become very small. The eventual 
effect of diffusion is to bring the system into self- 
equilibrium, and we approximate this by a simple 
hypothetical model in which the » nuclear spins are 
assumed to be all alike (i.e., have the same average 
values of a, a, ---) and share equally the NV electrons 
which are the source of their polarization and, partially, 
their relaxation. Thus we consider again Fig. 1 as the 
diagram for the entire sample and write the rate 
equations for the populations under the simultaneous 
action of the rf transition rates sw), aw, Bw, and fw 
and the relaxation rates w;, Qw,, ow, and gw: 


— dn2/di= dn,/di= (n2—n,){wi— n pw (1+436)+m2gwi(1—46) 
—mni(N/n)(N1/N)[a+ 0(1+436)+o(1+44+46) fwoi—mi(N/n)(N2/N)[B+ O(14+ 46) +0(1—344+ 36) for 


+ no(N/n)(Ni/N)[B+ O(1—46)+0(1+44—48) Jwit+ne(N/n)(N2/N) [e+ 0(1—46)+o(1—3A4—}6) |r. 


The first term is due to the rf transition ¢w;. The next 
two terms represent the contribution to 7, due to the 
extraneous relaxation gw ,; since these are thermal 
processes, the rates are weighted by suitable Boltzmann 
factors (in first order) so that the correct thermal 
equilibrium populations will be attained. The remaining 
terms represent the contribution to #, due to the 





(10) 


dipolar coupling; the factor (V/n) is approximately 
the fraction of the time that a given nuclear spin may 
be undergoing mutual spin flips with an electron, since 
n>N. 

A similar equation may be written for the electron 
population, noting that electrons are almost always in 
coupling with some nucleus and undergoing flips. 


—dN2/dt=dN /dt= —N ,(ni/n)[st+at+1+4A+6(1+44+4 48) Jwi— Ni(m2/n)['s+8+1+}4+0(1+5A4—}6) oer 


+N2(n2/n)[s+a+1—34+0(1—3A4—45) }wit N2(mi/n)[s+8+1—34+0(1—34+ 96) }wi. 


By introducing the nuclear polarization p= (m,.—m)/ 
(m2+m;), its thermal equilibrium value p46, the 
electron polarization P=(N,—N2)/(Ni+N2) and its 
thermal equilibrium value Pph=—4A, we rewrite these 
equations as 


dp/di= —2w,[ e+ (N/n)(9O+<c) ](p— po) —2wit p 


—wy(aN/n)(p—P)—wi(BN/n)(p+P), (12) 


(11) 

dP/dt= —2w,(1+0)(P—Po)—2wisP 
—wa(P—p)—w8(P+ )). (13) 
These basic equations exhibit the usual transient 


behavior of spin systems. For example, if ¢~0,.a=0, 
B=0 in Eq. (12), then p— fo exponentially in a 
characteristic time 


T in= {2w,[ o+ (N/n)(O+<0) ]}-, (14) 
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which we define as the nuclear relaxation time of the 
sample; it may be directly measured by observing the 
transient decay of the nuclear resonance signal for ¢ 
sufficiently small. Likewise if s~0, a=0, 8=0 in Eq. 
(13), then P — Po in a characteristic time 


Ti.= [2w, (i+e)}, 


(15) 
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A(a—£)(1+<¢) 
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which we define as the electron relaxation time of the 
sample, observed by the transient decay of the electron 
resonance signal. If a~0 or 80, then the equations 
become coupled; » and P each display two character- 
istic response times, 

In the steady state the nuclear polarization becomes 


where we have neglected terms of order <A, and introduced the parameter 


Under the same conditions the electron polarization becomes 


Ps 








PEER ETE ate a ecnoneo-maoecsaanene™ (16a) 
(a—8)?—[2(1+0) f+a+B+2¢n A \[2(1+0)+2s+a+6] 
f=nT,./NT in. (16b) 
A(1+¢)[2(1+¢) f+a+8+2¢n/N ] 
——— -- (16c) 


If we, for example, induce only the forbidden tran- 
sition W; so that a=0, s=0, ¢=0, 60, then, since 
o<<1, the steady-state polarizations become 


P,.= —3A{ (2f+8)/[(2f+80+f)]}, (17a) 
Peo 4.A{8/[2f+8(14+ f) ]}. (17b) 

The latter becomes 
Pour =34(1+f), (17c) 


in the limit 6>>2f/(1+f), ie., for complete saturation 
of the forbidden transition. This dynamic polarization 
is less than the ideal value by the factor (1+) and 
thus f is seen to be a “leakage” factor which is a 
measure of the extraneous relaxation. From Eqs. (14) 
and (15), f~@O+o+ng¢/N and in the ideal case ¢ — 0, 
so that f~ @+o~e<1. On the other hand, if the spins 
S are very dilute, then f~ng/N>1, thus considerably 
reducing the maximum obtainable polarization. In 
other words, it is essential for the full effect that each 
electron spin mutually flip a total of n/N nuclear spins 
via a forbidden rf transition in a time less than Tj,. 
To do this, the electrons must have a relaxation time 
T1.<NT;,/n, otherwise there will be a bottleneck in 
the polarization process. 

The saturation behavior of p,, is also an indication 
of the value of f. Half the maximum polarization, 
+ Psat, Will be obtained for an rf field H; given by 


(yH1)P=2f/LeT eT 2e(1+f) J, (18) 


since at the line center of W3, B=pT\eT2-(yH:)?. In 
favorable cases f~o~p and then (yHi)P~2(T1-T 2), 
which is the same condition to half-saturate the main 
electron resonance line W;. In unfavorable cases f>1, 
and (yH;)?~2(pT1.T2.), requiring several hundred 
times more microwave power. 

It is convenient to define the enhancement £ of the 
nuclear polarization E= ,./po, with an ideal value 


~ (a—B)—[2(1+0) f+a+p-+2¢n/NI[2(1+0)+2sta+e] 


E;=g/g, and a maximum value from Eq. (17c), 
Esa=E;(1+f) +. Since T;, and T;, do not necessarily 
have the same temperature dependence, then f and 
hence E,.: may be a function of temperature. In fact, 
if T,, increases faster than 7,, with decreasing tem- 
perature, then £,,, may be actually reduced at lower 
temperatures. Of course at the higher temperatures it 
becomes difficult to saturate the transitions because of 
rf power limitations, and E may have a maximum at 
some optimum temperature. 

The general solutions of Eqs. (12) and (13) show the 
transient build-up to the steady-state values. If only 
the transition W; is excited, then the approximate 
solutions are 


p(t)= Peet LNB/n(2+8) IC exp(—t/n1) 


+D exp(—t/r2), (19a) 
P(t)=P.s+C exp(—t/71) 
—[8/(2+8)]D exp(—t/r2), (19b) 
where 
71=T},[.2/(2+86) ], 
re= 7 ,{1—(6/[2f+8(1+-f) )}, (19c) 


and C and D are constants to be determined by the 
initial conditions. For example, if p(0)=fo~0 and 
P(0)= Pp» and W; is turned on at ‘=0, then 


p(t) pes 1—exp(—t/72) ]. 


Thus exponentially approaches its steady value in a 
characteristic time rz. which is approximately 7), for 
low rf powers; for saturating powers r2~7i,f(1+f)7. 
Similarly, the electron polarization: 


P(t)= Pst PoB(2+8)" exp(—t/71) 
— PoB{(2f+8(1+f) ](2+8)}- exp(—t/r2). (20b) 


% See, for example, I. Solomon, Phys. Rev. 99, 559 (1955) and 
R. T. Schumacher, ibid. 112, 837 (1958). 


(20a) 
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Fic. 4. Schematic diagram of an inhomogeneously broadened 
electron resonance line composed of rectangular packets. 


This shows that P drops from P» to a value lower than 
P,, with a short time constant 7; and then increases 
to P,, with the longer time constant 7». 

In electron-nuclear double-resonance (ENDOR*) 
experiments, one usually observes the change in in- 
tensity of the main electron resonance line which occurs 
when a nuclear transition is saturated. A similar ex- 
periment may be performed on the system under con- 
sideration. Suppose that forbidden transition Ws; is 
strongly saturated and that the polarizations are given 
by Eqs. (17a) and (17b). If transition W, is strongly 
saturated that ¢(n/N>f, 6, then p—O and 
P — 2(2+8)"Ppo in a short time, of order (¢n/N)™ sec. 
This change in P will give rise to the fractional change 
in intensity J, of the allowed line 


Al, T, = § [ (2{+8)(2 +8) l, 


so 


(21) 


which approaches unity in the limit 6>>2, f. If W, is 
turned off, Eq. (19b) shows that P will return to P,, 
in a characteristic time 72 as the nuclei become polarized 
again. This behavior has been observed here (see Sec. 
IV C) and in other crystals.” 


B. Unresolved Spectra 


In Sec. Il A we have assumed that the electron 
resonance linewidth is very small compared to Hog,/g 


? 
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as in Fig. 3, so that transitions W,, We, or Ws; may be 
separately excited at will. This is not the usual case, 
however, and we must consider the possibility that all 
transitions may be partially induced, even though we 
attempt to induce only one of them. First consider the 
case of a completely inhomogeneously broadened line,*4 
shown schematically in Fig. 4, where G(H) is the 
normalized line shape. The line, of half-width Hj, is 
imagined to be a superposition of a large number of 


narrow rectangular packets of width &<H;, each 
thermally isolated from the others. For a constant 
applied frequency v.= g8H*/h and a variable field Hp, 
a fraction §G(H_) of the spins will have their W; 
transitions saturated, giving a partial polarization 
p+=psstG(H_). Similarly a fraction &G(H,) will give 
p-=—p..¢G(H,), and the net enhancement will be 


pitp 2tH8 dG 
E(H)) - ( ) , (22) 
bo 2f+8(1+f)\dH/ no 


which is considerably reduced and is proportional to 
the derivative of the electron resonance line shape and 
independent of g,. Such a case has been observed.’ 
The width €~ (42+ A noa2+H?)', where Hoa is the 
modulation field and H; the intrinsic packet width. 

These simple considerations become invalid when 
§~HAog,/g and consider the case where 
H;>Hog,/g, i.e., the completely homogeneously broad- 
ened line. All spins are simultaneously subject to rf 
fields inducing the transitions W;, W2, and W3. At 
very high power levels the populations all tend to 
become equal in Fig. 2 and the nuclear polarization 
will be negligible. However, at intermediate levels* 
it is possible to preferentially saturate W. or Ws in 
the wings of the line, and a differential effect results 
which is readily calculated from Eq. (16a). Taking 
o<1, s=cGo, a , and B=pcG, where c= ryH/’T, 
and Gp=G(H—H)), etc., we find, approximately, 


we next 


pcG 


c(G,—G_) 


231A 


To illustrate 
lineshape 


this behavior 


we assume a Lorentz 


Go= { (rH, [1+ (H—Hp)?/HZ}}>, 


and the ideal case f~o~p<1, and take the half-width 
H,=Hog,/g. The calculated polarization is shown in 
Fig. 5 as a function of H for several values of the 
saturation parameter 


So (yH1)?T eT 26. 


31 G. Feher, Phys. Rev. 103, 83 (1956) 

#R. W. Terhune, J. Lambe, G. Makhov, and L. G. 
Phys. Rev. Letters 4, 234 (1960). 

% J. Axe, H. J. Stapleton, and C. D. Jeffries, Phys. Rev. 121, 
1630 (1961). 


Cross, 


2fo+-c[2 fo Got (1+ f)(G,+G_)]+eGr(G,+G_) 


For so=0.1 the polarization is peaked near the field 
H, for the W; transition; the optimum polarization 
p~0.22(A/2) is obtained for so~3. For still larger 
values of so, the polarization is reduced and is peaked 
about a field far from H,. Behavior qualitatively like 
this has been observed in the double nitrate crystals 
(see Sec. IV C), and also in Cu**-doped Tutton salts” 
and in irradiated plastics. 

Most electron represent an inter- 
mediate case between the two extreme cases just 


resonance lines 


# A.M. Portis, Phys. Rev 91, 1071 (1953). 
% J. L. Motchane and J 
(1960). 


Uebersfeld, J. phys. radium 21, 194 
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considered, and a proper treatment must include the 
effects of cross relaxation.*® 


C. Diffusion Effects 


In Sec. II A we naively assumed that somehow an 
electron interacts with n/N nuclei on the average. For 
very dilute samples this is far from the actual situation, 
which is more like this: A nuclear spin which is a 
nearest neighbor to a paramagnetic ion may be flipped 
by a relaxation transition ow), -, or by an rf tran- 
sition W., ---. This nucleus may then engage in a 
mutual spin flip with a neighboring nucleus with a 
rather high transition probability, since energy is very 
nearly conserved. The process is repeated and the spin 
temperature of the nuclei nearest the ion diffuses out 
to nuclei further away. This process was invoked?’.* 
some time ago to explain the observed nuclear relaxation 
times in very dilute crystals at low temperatures. 

Diffusion effects are treated approximately by as- 
suming that the polarization p= p(r,t) is a continuous 
space variable and adding a term V’p to the rate 
equations. In the absence of microwave fields (a=0, 
8=0, s=0) and extraneous nuclear relaxation (¢=0), 
Eq. (12) may be rewritten in the form of Bloembergen’s 
diffusion equation,”” 


dp/dt= —C Yi x|r—te|—*(p—po)—2witpt+DV*p, (24) 


diffusion constant D=aW?; a=lattice 
W = (30T2,)-'=transition probability for 
nearest nuclear neighbors to undergo mutual flip; 
T2,= transverse nuclear relaxation time; C=3(g6)?/ 
10H?T;,; and |r—r,| is the distance between the nuclear 
spin at r and the electron spin at r;. The summation is 
over all the electron spins S in the sample. For a proton 
inverse linewidth 27:,~ (50 kc/sec)—! and a~3 A, we 
estimate D~3X10-" cm? sec~ for the double nitrate 
crystal. 

Approximate solutions to Eq. (24) have been 
given*’®> and involve a summation over k and an 
integration over r. The result is that the space average 
nuclear polarization p obeys the equation 
1—exp[(—2wif— Tint] 


- (25) 
1 + 2wiT; n 


where the 
constant; 


D(t)= po 


when p(0)= po and W4=wyf is turned on at ‘=0. The 
nuclear resonance signal displays in the limit W4<<T,,.~ 
a unique relaxation rate 


Tin =8.5n0C'D! « H-'T, 5-4, (26) 


where m»=number of paramagnetic ions per cm*, This 
is to be contrasted to 7),>'=20w,« H~-T,,""r-* from 
Eq. (4). In order for Eqs. (25) and (26) to be valid, it 


36 N. Bloembergen, S. Shapiro, P. L. Pershan, and J. O. Artman, 
Phys. Rev. 114, 445 (1959). 

87 G. R. Khutsishvili, Akad. Nauk Gruzin. SSR, Inst. Fiz. 4, 3 
(1956). 

38 P. G. deGennes, J. Phys. Chem. Solids 7, 345 (1958). 
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Fic. 5. Differential dynamic polarization calculated from Eq. 
(23) for a homogeneously broadened Lorentz line of half-width 
Hy=Hog,n/g for various values of the saturation parameter 
Sg= (y Hy, YT. T 2. 


is required that kR«L where b=0.68(C/D)!' is the 
scattering length of one paramagnetic ion, R=ng~ is 
the distance between paramagnetic ions, and 
L=(DT),)' is the diffusion length during a relaxation 
time. 

Diffusion effects in dynamic nuclear polarization can 
be similarly treated.” In the special case that f<1, 
i.e., if there is no bottleneck in the polarization process, 
then [see Eq. (17a) ] the steady-state value P~A/2 
may be used in Eq. (12). Since a, 8 have the same 
dependence on r as does a, we obtain 


dp/dt= —C Yx| r—re|—*(p— po) —2wig(p— po) 
—2witp— F_ Ye |t—te|*(p— Po) 
—Fy Delr—re| (p+ Po)+DV*p, (27) 


where F,=}yH/°7T,G(H—H,)C. If we let ¢ become 
negligibly small, this equation can be written in the 
form of Eq. (24), and one finds for the space average 
polarization p 


Po(F_—F) 1—exp[(—2¢wi-—71.)t] 
D(t)= = ———-___—__— « = =, (28a) 
C+F_+F, 


1+-2Qwitin 


where 


Tin 1 =8.5no(C+F_+F,)'Dt. (28b) 


We have assumed that p(0)=o and that W2= F, and 
W;«F, are turned on at ‘=0. The validity conditions 
are now 


[(C+F_+F,)/D}<«nc'«(Drin)'. 


Equation (28a) displays a differential effect, but if we 
further assume that the lines are resolved so that we 
can take F_=0, F,=}s0C, then the steady-state 


See, e.g., A. Abragam, Principles of Nuclear Magnetism 


(Oxford University Press, New York, 1961), Chap. IX. 
4 J. Winter, Quantum Electronics (Columbia University Press, 
New York, 1960), p. 184. 
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Fic. 6. Double-resonance cryostat, with thermal shields and 
vacuum jackets shown cut away. (1) Connected to nuclear 
resonance detector, (2) brass liquid nitrogen reservoir, (3) outer 
vacuum jacket, (4) silvered Pyrex liquid-helium container, (5) co- 
axial cable, (6) copper thermal shield, (7) Pyrex-to-quartz seal, 
(8) sleeve to reduce coupling of cavity through port holes, (9) rf 
coil and sample, (10) connected to klystron oscillator, (11) con- 
nected to microwave resonance detector, (12) mica vacuum 
window, (13) To: mode cavity, (14) thin-wall stainless steel 
waveguide 1 in.X} in., and (15) quartz tube. 


polarization becomes 


So 
Pax Pol Sac ie! 
2+59 


When so— ©, j,,— A/2 as in the simple model but 
the saturation behavior is different. The ratio of the 
characteristic polarization time to the relaxation time 
becomes Ton/Tin™ (1+$50)~* if gw, is negligible. This 
is to be compared to 72/T1n= (1+-350)~! from Eq. (19c) 
in the similar case f<1. 

To summarize, diffusion theory provides an explana- 
tion for the unique nuclear relaxation time and polari- 
zation time usually observed and introduced ad hoc in 
the simple model of Sec. II A. Although the limiting 
values of the nuclear polarization are essentially the 
same in the two models, the diffusion-limited dynamic 
polarization rate is proportional to the } root of the 
microwave power in Eq. (28b). 


8.5nyC*D?(1+459)# 
) -- --— (29) 
2¢ 


rv +8.5nyC*D(1-+45)* 


Ill. APPARATUS AND TECHNIQUES 
We have constructed an apparatus to observe nuclear 
magnetic resonance simultaneously with paramagnetic 
resonance at helium temperatures. The details of the 


AND'C. D. 


resonance cryostat are shown in Fig. 6. A cylindrical 
TEou mode cavity resonant at ».~9.4 kMc/sec con- 
tains a quartz tube filled with liquid helium. The sample 
crystal is mounted in an rf coil so oriented that it does 
not couple with the cavity mode, as shown in Fig. 7. 
The coil is supported by a removable and rotatable 
rigid coaxial line connected to a nuclear resonance 
detector operated at v,»~17 Mc/sec. The walls of the 
cavity are kept at 77°K by a thermal link to an Ne 
reservoir, so that large microwave powers do not cause 
excessive boiling of helium. The crystal sample may be 
easily removed and a new one inserted with a negligible 
helium loss. 

The cavity is coupled via a thin stainless steel wave- 
guide to a standard transmission-type paramagnetic 
resonance spectrometer. From the cavity Q, etc., the 
H, field at the sample is estimated to be H’°~0.1 P., 
where H; is in oersteds and P, is the average cavity 
power in watts. A Varian V-58 klystron is used to 
furnish up to P.=0.3 w. 

Paramagnetic resonance absorption was observed in 
the usual way by modulating the magnetic field and 
recording the derivative on a tape. For direct meas- 
urements of 7),, a modified circuit, Fig. 8, was used to 
saturate the resonance by a high-power pulse (~20-w 
peak, 1-ysec duration) and then observe on a fast 
oscilloscope the recovery of the absorption signal. 


Coil axis 
rotation 


} Coil 
axis 


a oom 











Fic. 7. Detail of cavity, H, flux lines, rf coil, 


crystal, and crystal axis 2’. 
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One of the experimental difficulties is to observe the 
nuclear resonance absorption with a sufficiently small 
transition probability W, that the nuclear polarization 
is not perturbed; often W4<10~ sec is required. The 
resonance detector we have used is a modified“ Pound- 
Knight” oscillator constructed by P. L. Scott. It 
operates stably over the range 2-20 Mc/sec at a mini- 
mum level of about 10 mv across the coil. To reduce 
W, still further, the coil was oriented so that only a 
small component of the H;, field was perpendicular to 
H . The derivative of the nuclear resonance absorption 
was recorded on a tape using a modulation frequency 
of 280 cps. 

The crystals of (La,Ce)2Mg3(NO3)12.°:24H:O were 
grown from aqueous solution in a desiccator at 0°C by 
seeding a saturated solution of a mixture of 
CesMg3(NOs3)i2 and LasMg;(NOs)i2. The percentage 
of Ce was varied between 0.05% and 10% in the 
aqueous phase; the percentage in the crystals was not 
measured, but is presumably close to that of the 
solution. Perfectly clear crystals of ~150 mg could be 
grown in a day or so. The growth habit is a flat hexag- 
onal plate, with the 2’ axis perpendicular to the plate. 

Powder x-ray diffraction studies® of CesZn;- 
(NOs),0:24H2O indicate a rhombohedral unit cell with 
sides 13.1 A and interaxial angle 49°; see Fig. 9. There 
are two nonequivalent sites for the divalent ions, each 
surrounded by six water molecules. There is one site 
for the trivalent ion; the nearest hydrogen atom has 
been estimated to be 4.5 A away by magnetic resonance 
experiments.“ One calculates on the basis of a simple 
cubic lattice from the density p=1.99 g/cm’ that the 
average spacing is 3.0 A between protons and 8.5 A 
between La ions in the crystals we have used. 








Fic. 8. Diagram of arrangement for measuring electron 
relaxation times. 
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Fic. 9, Unit cell of double nitrate crystal. 


IV. EXPERIMENTAL RESULTS AND 
INTERPRETATION 


We have performed a fairly complete set of experi- 
ments on a number of single crystals of various Ce** 
concentrations. For a given crystal we observe: the 
Ce*+ paramagnetic resonance line, its shape, and the 
relaxation time 7), between 1.7°K<7T<2.7°K; the 
proton magnetic resonance line, its shape, and the 


relaxation time 7 i, in the temperature range 
1.6°K <T <4.2°K; the dynamic enhancement E of the 
proton polarization ; the dependence of E on microwave 
power and field H; and the transient behavior of E. 
Sometimes we also observed ENDOR signals. These 
various experiments will be discussed separately below 
and correlated and compared to the theoretical 
expectations. 


A. Paramagnetic Resonance of Ce** in 
(Ce,La).Mg;(NO3)i2-24H,O 


The resonance was first observed by Cook et al.,‘ 
and consists of a single line corresponding to the spin 
Hamiltonian 


= euGHeSe+e.8(HeSetHySy), (30) 


with g;, 30.03, g.=1.83. We suspended single crystals 
containing different Ce** concentrations in the cavity 

45 A. H. Cooke, H. J. Duffus, and W. P. Wolf, Phil. Mag. 44, 
623 (1953). 
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TABLE I. Observed peak-to-peak width H»y, of the derivative 
of the paramagnetic resonance absorption of Ce*+ in (La,Ce)2- 
Mg;(NO;):2°24H2O; calculated half-width Hy=v3H,,/2; calcu- 
lated T2.= (yH;)™. 


Cerium Hopp Ny 
concentration 4.2°K 1.7°K 1.7°K 
(percent) oe) (oes) 


16.5 
6.0 
4.3 
4.3 


wuuntn 


with the z’ axis perpendicular to H. Measurements at 
4.2°K and H=3600 oe yielded g,=1.830+0.003 for 
2% Ce; and g,=1.838+0.002 for 100% Ce. The 
observed peak-to-peak separation, Hy», of the de- 
rivative of the absorption is tabulated in Table I. The 
line shape for Ce concentrations ~1% was approxi- 
mately Lorentzian, so we calculate the half-width at 
half maximum H,=v3H,,/2, and also T2,=(yH,)", 
where y=g.8/A=16.2X10° rad/oe. At the smallest 
concentrations, the linewidth may be attributed to the 
dipolar fields of the nuclei, chiefly protons in the water 
molecules. However, a 98% deuterated crystal did not 
exhibit an appreciably narrower line, so that anisotropy 
broadening is also a possibility. At concentrations 
greater than 1% there is clearly a Ce-Ce dipolar 
broadening. 

Several small satellites located nonsymmetrically 
about the line center were observed, as shown in Fig. 
10. Their intensity decreases both with decreasing 
temperature and decreasing Ce concentrations. Al- 
though we tentatively ascribe them to a dipolar inter- 
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Fic. 10. Derivative of Ce**+ paramagnetic resonance absorption 
line in (Ce,La)2Mg3(NOs)12-24H,2O, showing weak satellites. 
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> ke—5 milliseconds 


Fic. 11. Oscilloscope trace of recovery of Ce** absorption line 
following saturation by a pulse at T7=1.75° K for a 5% Ce 
crystal. 


action between pairs of Ce** ions, their nature is not 
really understood yet. 

The forbidden transitions W, and 
distinctly observed. They would occur at fields +¢,H 
g~+6 oe on either side of the main line center, whose 
minimum half-width was 4.3 oe. The satellite structure 
mentioned perhaps 
observation. 

To measure the relaxation time 7, 
power pulses to saturate the Ce** resor 
time monitoring the absorption with a low power cw 
klystron, as in Fig. 8. After a pulse the cavity trans- 
mission decreases exponentially with a cl 
time 7), to its unsaturated value if the crystal absorp- 
tion is negligible compared to the cavity losses.*° The 
pulse cavity power was P.~1 w, 
saturation parameter so> 10°, while the monitor power 
was P.~10-* w, corresponding to s»<10~*. Figure 11 
is a photograph of an oscilloscope trace of the cavity 
transmission following a pulse. The traces were usually 
fairly exponential, indicating a unique relaxation time. 
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Fic. 12. Measured relaxation time 7), of Ce®*+ in (Ce,La)2Mg 
(NO3):2°24H.20 as a function of temperature. 


46K. D. Bowers and W. B. Mims, Phys. Rev. 115, 285 (1959). 
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Fic. 13. Derivative of proton magnetic-resonance absorption at 
4.2°K in (Ce,La)2Mg;(NO;)12.:24H2O containing 5% Ce. The 
crystal was mounted as in Fig. 7 and rotated to various angles 
between 2’ and Hp. 


Experiments were done in the temperature range 
1.7°9K <T<2.7°K for Ce concentrations of 0.05%, 
0.2%, 1%, 5%, and 100%. Within an experimental 
error of about 20%, the relaxation time 7, was found 
to be independent of concentration but extremely 
dependent on temperature, as shown in Fig. 12 for a 
5% crystal. Down to 1.9°K the data fit very well the 
line T,),-'« T“#2, but for 7<1.8°K the increase of 
T,. becomes less rapid. 

This extremely rapid temperature variation of 7), 
has also been observed by Finn et al.,*7 who explain it 
by a two-step phonon process from the ground state 
M =} up to an excited state at energy &, and back down 
to the ground state M=—}4. The relaxation rate will 
be proportional to the Boltzmann population of the 
excited state: 7,,-'«exp(— &/kT)=exp(—34/T). If 
our data of Fig. 12 are plotted logT;, vs T~', they fit 
very well the straight line 7,,-'« exp(—32+2/T) and 
are thus in good agreement with Finn ef al. 


B. Nuclear Magnetic Resonance of Protons in 
(Ce,La)».Mg;(NO;):2°24H,O 
With the crystal mounted in the rf coil as in Fig. 7, 
we have measured the proton resonance line shape for 
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EXTERNAL MAGNETIC FIELD H, in DEGREES 
Fic. 14. Measured positions of component lines of proton 
magnetic-resonance in (Ce,La)»2Mg3(NOs3)12-24H2O. 


47C. B. P. Finn, R. Orbach, and W. P. Wolf, Proc. Phys. Soc. 
(London) 77, 271 (1961); Proceedings of the 7th International 
Conference on Low-Temperature Physics (University of Toronto 
Press, Toronto, 1960), p. 43. 
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Fic. 15. Proton magnetic-resonance signal amplitude vs time 
following the switching off of the enhancing microwave power. 
The decay is quite exponential. 


various angles between 2’ and Ho. The results seem to 
be roughly independent of Ce concentration and tem- 
perature in the liquid-helium range. Figure 13 shows 
the absorption derivative at 4.2°K for a crystal con- 
taining 5% Ce. The structure is undoubtedly due to 
proton-proton dipolar interaction.” In Fig. 14 the data 
are summarized: The angular variation of the com- 
ponent lines is shown in comparison with curves of the 
form 


H=Hy+3(gn8/r°)[3 cos?(6—y)—1]. 


A reasonable fit is obtained for the two curves shown 
(g=25° and 110°) for r~1.7 A=the proton-proton 
spacing in H,O. We have not analyzed the data in 
more detail since there are 24 HO molecules in a unit 
cell. The structure is probably explained solely by the 
term U;; of Eq. (3). It has been shown that the term 
Axx in Eq. (2) is important in 100% Ce crystals at 
lower temperatures. 

For the same crystals used in Sec. IV A we have 
measured the proton relaxation time 7), by recording 
the transient decay of the nuclear resonance signal 
following the switching off of the microwave power 
used to enhance the polarization. The data were taken 
for several different rf levels of the Pound-Knight 
oscillator and the decay times were extrapolated to 
zero rf level in order to correct for a finite value of W4; 
this correction was usually small, however. The data 
were taken with 2’ 1 Ho and H;, approximately parallel 
to Ho. It was always observed that the decay was 
exponential, corresponding to a unique relaxation time; 
this is illustrated in Fig. 15. 

A summary of the results for various Ce concen- 
trations and temperatures is given in Fig. 16. We note 
that (a) for all concentrations studied, the temperature 
dependence is given by 7,,~'« 77*'; (b) at constant 
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TABLE II. Comparison of the measured values of the proton 
relaxation time 7;, in (Ce,La)2Mgs(NOs3)i2-24H,O with the pre 
dictions of Eq. (26) and of Eq. (4). 


. 


Cerium Observed 
concentration Ti» 
(percent) 


Temperature 
(°R) 


(Tin) lirect 


(sec) 


(Tin)aite 
(sec) (sec) 
2.3 0.07 5 
0.37 26 
130 
520 


18 
91 
450 
1800 


68 
340 
1700 
6800 


temperature the concentration dependence is roughly 

Tin <n? for Ce concentrations above 1%. Neither 

of these findings is in agreement with spin diffusion 

theory [Eq. (26)] which would predict 7),~'« mo7T** 

if we use the experimental result 7)-'«7™ in 

the temperature region we are considering. We 

estimate the validity requirement for Eq. (26) by 

taking D=3X10-" cm?® sec’, C=6.6X10~%7)-", 

and R=mn)'=(15\X10")-*, where \=fractional con- 
centration of Ce. Then 

b= 0.08 A, 

R= 23 

107 

210 

10 

3700 

170 


for =(0).05 
for 0.0005, 
for 0.05, 
for 0.05, 
for 0.0005, 
for 0.0005, 


T=1.8°K 
T=4.2°K 
T=1.8°K 
T=4.2°K. 

Thus 6<R always, but the requirement RL is not 
satisfied at ~4°K where the diffusion range becomes 
too short. 

We estimate the magnitude of 7), from Eq. (26) to 
be (Ti,)airp= (48A)'7,.*. This is evaluated from the 
T,. measurements and compared to the data in Table 
II. The calculated values are shorter by an order of 
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Fic. 16. Measured values of proton relaxation time 7;, in 
(Ce,La)eMg;(NOs);2-24H2O for various Ce concentrations. 
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Fic. 17. (a) Proton resonance signal in a 1% Ce crystal at 
thermal equilibrium. (b) Proton resonance signal after saturation 
of forbidden transition W3;, showing a dynamic enhancement of 
the polarization, E= p/po~ 158. 


magnitude. Table II also shows for comparison esti- 
mates of T;, based on a simple model in which (71,7) 
=2w,(c), where (c) is given by Eq. (4) averaged over 
all the nuclei within a ‘‘shell of influence” rp<r<r,\“4, 
where ro>=average minimum distance between Ce ion 
and proton, and 2r,=distance between La** ions. If 
we take ro>=3 A and r,=4 A, this yields (Tin)aireet 
=260\-'T;.; these values are tabulated in Table II 
and are an order of magnitude longer than the observed 
values of the proton relaxation time. Furthermore, this 
would give a distribution of relaxation times rather 
than a unique time as observed. Since the data indicate 
Tin«T;.', and the magnitude of 7}, is intermediate 
between (Tin)aire ANd (Tin) direct, the over-all conclusion 
we reach is that the system at hand is an intermediate 
case between the direct simple model and the diffusion 
model. 

The concentration dependence 7,,~'«?* is difficult 
to understand. We note that the number of pairs of 
Ce** ions is proportional to \” and that the probability 
to find a pair is appreciable for concentrations of a few 
percent. P. L. Scott has made some measurements of 
Ti, at the orientation 2’||Ho; his preliminary findings 
are 7},,>'« 7" and 7,,7'«2X'3. 


C. Dynamic Proton Polarization in 
(Ce,La ) Mg; (NO 3)12° 24H 20 


These experiments were performed on the same 
crystals for which 7), and 7;, were measured above. 
The rf coil in Fig. 7 was made from one or two turns of 
36 gauge copper wire to minimize the shielding of the 
crystal from the H, field. The procedure followed was 
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Fic. 18. Proton polarization enhancement E vs magnetic 
field H for a 1% Ce crystal. 


to fix the klystron frequency v, to the cavity resonance 
and to set the field H at a series of values in the vicinity 
of Ho(1+g,/g). At each setting the proton resonance 
signal was measured by motor-tuning the Pound- 
Knight oscillator through the proton frequency ?n. 
Only a small modulation field (~2 oe) was used and 
the derivative signal was recorded on a tape; since the 
operating conditions were held essentially constant, 
the amplitude of the signal was taken to be proportional 
to the nuclear polarization ». Sufficient time was 
allowed for the polarization to reach a steady state. 
The thermal equilibrium polarization po was frequently 
measured by turning off the cavity power with a 
waveguide switch and waiting for a new steady state 
before recording the thermal equilibrium signal. Since 
the enhanced polarization p was 2 orders of magnitude 
larger than po, a calibrated attenuator in the signal 
amplifier was used to compare p and po. Figure 17 
shows a typical recorded proton signal (a) at thermal 
equilibrium and (b) after saturating the microwave 
transition W;; the enhancement E= p/po~ 158. 

Figure 18 shows the steady-state enhancement meas- 
ured as a function of the field H for a 1% Ce crystal at 
1.7°K and cavity power P,=300 mw, the maximum 
available. The arrows indicate the (theoretical) posi- 
tions of the fields for the W;, W2, and W; transitions. 
As expected, the enhancement has a maximum negative 
value near We, zero at W,, and a maximum positive 
value near W;. The spacing between the enhancement 
peaks is 16 oe, in comparison to a spacing between W, 
and W; of 2g,Ho/g=12.1 oe. The points of maximum 
slope of the absorption of the Ce** resonance for this 
crystal were separated by H,,=12 oe, so that Wi, W2, 
and W; would be partially resolved. The positive and 
negative enhancements were always observed to be 
equal in magnitude within experimental error. The 
enhancement at 4.2°K was small: E=2. 

Figure 19 shows a similar plot for a 5% crystal for 
which H,,~33 oe. The enhancement peaks are sepa- 
rated by 68 ce and this is clearly a case requiring the 
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considerations of Sec. II B for unresolved lines. The 
enhancement curve E vs H does not have the shape of 
dG/dH as predicted by Eq. (22) for an inhomogeneously 
broadened line. In fact, there is good evidence that the 
Ce** lines are homogeneously broadened since we 
have never been able to “burn holes’”** in them by 
saturation, even for very dilute crystals. The shape of 
the EZ vs H curve is explained in a qualitative way by 
Eq. (23) and Fig. 5; specifically, the position of the 
peak value of E far from the H, field is explained. 
Furthermore, other measurements for a series of cavity 
power levels indicate that the enhancement peak is 
moved farther away from Ho as the power is increased, 
and that the enhancement at a given field increases to 
an optimum value and then decreases slightly for 
highest powers. 

The maximum enhancement, E=47, in Fig. 19 is 
considerably less than the ideal value E;=605; this 
discrepancy is not surprising in view of the poor 
resolution of Wy, We, and W;. That the discrepancy 
is not due to insufficient power is indicated by Fig. 20. 
Half the maximum is achieved at a cavity power 
P.~0.3 mw, and the curve is apparently well saturated 
at 300 mw, where so210°. The data fit an expression 
of the form E= Emex(P./0.3)(1+P,/0.3)", where P, 
is the cavity power in milliwatts and Ensx=47. This 
saturation behavior is expected from Eq. (29) or Eq. 
(17b) if the extraneous relaxation gw, is negligible. 

For the 1% Ce crystal, the saturation behavior was 
not of this form, but again the maximum enhancement, 
E60, was not limited by insufficient power. Since the 
forbidden transitions are partially resolved for this 
concentration, we attempt to explain the discrepancy 
from the ideal value by the simple model of Sec. II B 
and Eq. (17c): E=E,(1+ f)“. If we calculate f from 
Eq. (16b) using measured values of 7}, and 7), and 
n/N =2400, we find {~0.5, which is an order of mag- 
nitude too small to explain the discrepancy. At lower 
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Fic. 19, Proton polarization enhancement E vs magnetic 
field H for a 5% Ce crystal. 


48 See, e.g., Fig. 2 in G. Feher, Phys. Rev. 114, 1219 (1959). 
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Fic. 20. Maximum enhancement E£ vs microwave cavity power. | 


concentrations and higher frequencies where the lines 
become better resolved, the enhancement may be 
limited by f, but in the cases reported here the limi- 
tation is mostly due to the overlap of W1, We, and W3. 

In attempts to obtain the largest possible enhance- 
ment, measurements were made on a large number of 
crystals containing various Ce concentrations at a 
temperature of 1.7°K. The maximum observed en- 
hancements were: E=50 for 5% Ce; E=73 for 2% 
Ce; E=150 for 1% Ce; E=120 for 0.2% Ce; and 
E=90 for 0.05% Ce. At 4.2°K the enhancements were 
small, E~3, probably because 7, is so short that 
soK1. Some crystals apparently were more perfect than 
others and had narrower Ce** resonance lines. 

In summary, the largest enhancement observed at 
ve=9.3 kMc/sec, T=1.7°K, and H=3600 oe was for 
a particularly well-grown crystal containing 1% Ce; 
the enhancement E=150 is a factor four less than the 
theoretical ideal and corresponds to an actual proton 
polarization of p=3.2% in a crystal weighing about 
200 mg. Measuremenits*® at v,~34 kMc/sec have 
yielded E~ 200. 

We have studied the transient build-up of the 
polarization and find that p exponentially approaches 
the steady-state value in a characteristic time 79, when 
the microwave power is turned on. When it is turned 
off, p decays exponentially in a time 7),, and the 
measured ratio as a function of power is shown in Fig. 
21 for a 1% Ce crystal at 1.7°K. From Eq. (28a) we 
expect that ton/Tin=(K+1)/[K+(1+450)'], where 
K=2w,/8.5nopC'D?. The data fit a curve of this form 
for K=2. 

A transient behavior of the electron polarization as 
suggested by Eq. (20b) has been observed: If the 
transition W; is strongly excited at =0 corresponding 
to point @ in Fig. 22, the electron resonance signal 
slowly increases to a value J; in a characteristic time 
Tz as the nuclei become polarized. Then if the polari- 


# M. Borghini and A. Abragam (private communication). 
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zation is quickly destroyed at } by an rf field H,, at 
vn, the signal drops by an amount AJ; [see Eq. (21) ] 
and again slowly increases when this field is removed 
at ¢. 

An ENDOR signal shown in Fig. 23 was observed 
by tuning the rf oscillator very slowly through v,. The 
signal shows no structure and has a width very com- 
parable to the proton resonance line. Our interpretation 
is that the term A, in Eq. (2) is negligible in our 
experiments. 


D. Dynamic Proton Polarization in 
(Nd,La ) Mg (NO; Jia" 24H 20 


We have done a few experiments with crystals con- 
taining 1% Nd* 98.7% abundance in 
even-even isotopes. The paramagnetic resonance con- 
A satellite 
structure similar to Fig. 10 was again observed. The 
nominal linewidth is narrower than for Ce: Hp,,=3.8 
oe. The proton resonance lineshape was similar to that 
in Sec. IV B. No proper measurements of 7), or 7). 
were made, but we observed a proton polarization 
enhancement E=31 at 4.2°K and E=19 at 1.8°K. In 
contrast to Ce, the enhancement lower 
temperatures, probably for the reasons given in Sec. 
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sists essentially of a single line with g,= 2.72. 


decreases at 


V. CONCLUSIONS 


The actual physical system of electron spins and 
nuclear spins in a crystal is so complex that the simple 
theories of Sec. II cannot explain very well the details 
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Fic. 21. Ratio of polarization time 7, to relaxation time 
Tin VS microwave cavity power. 
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Fic. 22. Transient behavior of electron resonance signal « x” 
in (Ce,La)2Mg3(NOs3):2:24H2O containing 1% Ce at 1.46°K, for 
which 7,,,~280 sec. At time a the microwaves are turned on to 
induce the transition W;; after a small instrumental transient, 
the signal builds up exponentially to a value J; with a time 
constant r=190-+5 sec. At 5 an oscillator at v, is turned on; at 
c it is turned off. The signal again builds up in a time constant 
rt ~180+20 sec. 


of nuclear relaxation and dynamic polarization in the 
samples studied. The situation is complicated by spin 
diffusion, superposition of resonance lines, and unknown 
extraneous relaxation effects. However, a qualitative 
explanation of the principal features of the experiments 
can be given, and the actual polarizations obtainable 
are significant. For example, a target of protons 
polarized to about 25% for use in scattering experiments 
would appear to be a possibility at ».~50 kMc/sec 
and T~+1.5°K. A dynamic nuclear cooling" experiment 
closely related to Kittel’s® proposal for metals would 
appear feasible. Consider, e.g., a very dilute 
(Ce,La)2Mg3(NO3)12:24H,O crystal in a microwave 
cavity cooled to 0.1°K and in a field H;~ 10‘ oe. If the 
forbidden transition W; is saturated the proton polari- 


® C. Kittel, Physica 24, S88 (1958). 
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Fic. 23. Change in in- 
tensity (ENDOR sig- 
nal) of Ce®*+ resonance 
as rf oscillator is slowly 
tuned through proton 
resonance frequency yp. 
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zation may become as large as p~0.5, corresponding to 
a spin temperature 7;~ 10-* °K. The lattice vibrational 
energy will be negligible compared to the nuclear 
Zeeman energy. If the microwaves are turned off and 
the crystal is insulated, the temperature will fall to 
T,;=H,T;,/H; if the field is reduced to Hy. For Hy~10 
oe, the temperature may become as low as T;~ 10-6 °K. 
An experiment of this kind is in progress in our 
laboratory. 
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Atomic-Beam Investigations of Electronic and Nuclear Ground 
States in the Rare-Earth Region* 
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A number of radioactive isotopes in the rare-earth region have been investigated by using the atomic-beam 
magnetic-resonance technique. The total electronic angular momentum (J) and the atomic g value (g,) 
have been determined for some low-lying levels in, Pm, Dy, Ho, and Er. These observations are consistent 
with the following ground-state assignments: Pm1—(4/)5(6s)?, ®*H5;2; Dy1—(4)(6s)?, Js; Hor—(4/)"(6s)?, 
‘Tis2; and Err—(4/)"(6s)?, 327¢. The ground-level assignments agree with the Hund’s-rule predictions, and 
the g values approximate the Landé values well. Our present experimental knowledge concerning electronic 
ground states in the rare-earth region is summarized. The following nuclear spin values have been obtained: 
Pm™, J=7/2; Pm'®, 7=5/2; Gd, J=3/2; Tb'®, J=3; Dy, J=7/2; Dy'**, J=0; 27-hr Ho", 7=0; 
Er'®, J=1/2; Er™, 7=5/2; and Tm™, J=1/2. These values are compared with available beta-decay results 
Most of these isotopes have large nuclear deformations, and the spin values are discussed in relation to the 


single-particle energy-level diagrams given by Nilsson. A few results are explained with the shell model 


INTRODUCTION 


C he elements with atomic numbers Z=57 through 
71—commonly known as the rare-earth elements 
—exhibit a similarity in their chemical properties, and 
therefore occupy an unusual place in the periodic table. 
This similarity arises because successively added elec- 
trons in this range go into orbits that are embedded 
relatively deeply within the electronic cloud surrounding 
the nucleus. The chemical properties of elements are 
determined by the least tightly bound electrons and 
hence those that are outermost in the charge cloud. 
Therefore, the chemical properties are essentially un- 
influenced by changing the number of electrons. 

That the electrons in this region are embedded deeply 
in the core is a consequence of the peculiar effective 
potential seen by f electrons for high enough values of 
Z.' The orbits of electrons moving in this potential have 
been calculated in many ways in an effort to determine 
at what point in the periodic table the transition series 
involving 5f electrons begins'* and to determine the 
exact configuration of the rare-earth ground states. 
From such a calculation, Hund’ postulated that the 
configurations were (4/)"—!(5d)!(6s)?. 

Experimental work by optical spectroscopy to de- 
termine the ground-state assignments of the rare earths 
has been inhibited because of the lack of well-separated 
rare-earth samples and the enormous complexity of the 
observed spectrum, with the resultant difficulty in 
classifying lines. Hence, although spectroscopic meas- 
urements on the rare earths were made as early as 1912, 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission and the Office of Naval Research. 
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by 1942 the ground-state configurations could be con- 
sidered established for only seven of these elements.‘ 
The war brought about the development of ion-exchange 
techniques for performing the separations necessary to 
obtain highly purified rare-earth samples 
although much progress has been made in classifying 
the lines of several rare earths and in measuring hyper- 
fine structures and isotope shifts, only one additional 
configuration has been established—that of neodymium.® 

The establishment of configurational assignments by 
the atomic-beams method rests on the ability to make 
direct measurements of the electronic angular mo- 
mentum (J) and the g value for the state (g,). This 
technique has been used effectively to establish the con- 
figuration of several elements in the actinide series.® 
Because of the precision with which the 


He ywever, 


g values can be 
obtained, the relative strengths of the spin-orbit and 
Coulomb interactions as well as the corrections brought 
about by relativity effects can be estimated.’ 

In this paper, we report the measurement of the J 
and gy values of a number of rare-earth elements and the 
configurational assignments inferred from them. In 
addition, a summary is given of some results obtained 
by other atomic-beam groups and by optical spec- 
troscopy on the electronic structure of the rare earths. 
Finally a number of nuclear spins of neutron-produced 
isotopes scattered throughout the rare-earth region are 
reported. Since in this region large deformations of 
nuclei become important, these spin values are expected 
to serve as a test for the applicability of the shell model 
and of the collective model. 


EXPERIMENTAL METHOD 


The measurements were all performed on neutron- 
activated radioactive isotopes by using the atomic beam 
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method of Zacharias.* By this method, resonances are 
observed when the frequency of the applied rf is equal 
to the precessional frequency of the atom in the applied 
magnetic field (7). At applied fields small enough that 
the nuclear spin (/) can be regarded as coupled to the 
electronic angular momentum (J) to form a total angu- 
lar momentum (F), this precessional frequency (y) is 
given by 
F(F+1)+J(J+1)—7T+1) poll 
p= ¢—_—__—_—— ea ety 


OF (F +1) h 


where gy is the electronic g value and (o/h) is the Bohr 
magneton divided by Planck’s constant. A term in the 
nuclear magnetic moment has been neglected. Equation 
(1) provides the basis for the determination of all three 
quantities: gy, J, and J. We note, however, that for a 
spin-zero nucleus, F equals J, and no information can 
be directly obtained concerning the J value. 

Details of the apparatus and procedure used in these 
measurements are described elsewhere.® 


BEAM PRODUCTION AND DETECTION 


All the isotopes investigated were produced by neu- 
tron activation of some stable rare earth. In general, a 
quantity of the appropriate material (from 30 to 100 mg) 
was encapsulated in quartz and irradiated with an 
integrated neutron flux sufficient to produce about 
100 mC of the desired activity. With one exception, the 
irradiated material was obtained commercially in the 
form of the pure metal with the natural isotopic abun- 
dance. In order to obtain increased specific activity, 
isotopically enriched Nd'™ obtained in the oxide form 
was neutron-activated. Promethium-151 resulted from 
beta decay of the nucleus produced from the neutron 
activation. 

The irradiated material was placed in a small tanta- 
lum cup with a sharp lip designed to prevent creep. The 
cup was placed in a tantalum oven which was then 
heated in the atomic-beam apparatus to beam tempera- 
tures. It was found, in all cases investigated, that 
materials produced by activation of the metal boil out 
of the oven in the form of a beam of atoms, with no 
further chemistry needed. Where the irradiated material 
was in the form of the oxide, a satisfactory chemical 
reduction was obtained by adding in the oven a 
lanthanum-cerium mixture known as ‘“Mischmetall.” 
The oven was heated by electron bombardment. 

In all cases, the radioactive beam was collected on 
freshly flamed, uncooled, platinum foils. The collection 
efficiency is at least 25%, possibly 100%, and very 
highly reproducible. The radioactive deposit was meas- 
ured by placing the foils in methane-filled proportional 
chambers and observing the beta decay. 


8 J. R. Zacharias, Phys. Rev. 61, 270 (1942). 
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EXPERIMENTAL RESULTS 


The isotopes investigated include 50-hr Pm™, 27-hr 
Pm!', 18-hr Gd'®, 72-day Tb’, 2.3-hr Dy'®, 82-hr 
Dy'®, 27-hr Ho, 9.4-day Er'®" 7.8-hr Er'”" and 
1.9-hr Tm’. All observed resonances are listed in 
Table I, and a few examples of resonance curves are 
shown in Figs. 1 through 5. By use of Eq. (1), it is 
possible from these data to assign values of J, J, and F 
uniquely for almost all transitions, as indicated in the 
table. For Pm™, where J equals J, the gr values in the 
level observed are the same for all F states. Therefore, 
only one resonance is observed in this level. This is also 
the case for the 2.6-yr Pm", which has been investigated 
previously.’ However, from the measurements on Pm!", 


TABLE I. Experimental observations. 
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Independently investigated by Goodman and Childs; see 
L. S. Goodman, W. J. Childs, R. Marrus, I. Lindgren, and A. Y. 
Cabezas, Bull. Am. Phys. Soc. 5, 344 (1960). 

1 Previously reported by A. Y. Cabezas, I. Lindgren, and R. 
Marrus in Bull. Am. Phys. Soc. 5, 343 (1960). 

2 A. Cabezas, I. Lindgren, E. Lipworth, R. Marrus, and M. 
Rubinstein, Nulcear Phys. 20, 509 (1960). 
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Fic. 1. Observed Zeeman 
resonances in Tb'®, 
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we can assign unambiguously the values of J and J in 
these cases. For Gd'® there are a large number of states 
present in the beam, and some of the observed reso- 
nances might be a superposition of resonances originat- 
ing from different states. Our observations fit very well 
the J and g values measured by Smith" and a spin of 
3/2 (Fig. 5). 

The average value of g, and corresponding value of J 
for each observed level are summarized in Table II, and 
all spin values are given in Table ITT. In these tables we 
have also included the results obtained for 19-hr Pr’, 
li-day Nd", 2.6-hr Pm’, 47-hr Sm'®, and 129-day 
Tm!”, which have been reported separately.!?:*—'® 
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Fic. 2. Zeeman resonances observed in the three 
highest F states of Dy!®. 
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16 A. Cabezas and I. Lindgren, Phys. Rev. 120, 920 (1960). 


The spin values are uniquely determined in all cases 
above except for the spin-zero results. With the tech- 
nique employed here, one cannot distinguish between a 
spin of zero and an extremely small magnetic moment. 
If the hyperfine structure is much smaller than the 
linewidth, the resonance frequency becomes independ- 
ent of the spin, within the experimental uncertainty. 
This means that if the spins of Dy'®* and Ho’ are not 
zero, the moments can at most be of the order of 10-* nm. 


ELECTRONIC GROUND STATES 


In Table II we have given the most probable term 
assignments for the observed states. For Pr and Tm 
these are known to be the ground terms from optical 
and atomic-beam measurements.*:!? The terms given for 
Pm, Dy, Ho, and Er are the Hund’s-rule ground terms 
arising from configurations of the type 4/"6s*. In all 
these cases except Pm, the observed J values belong to 
the lowest level in each multiplet. The ground level of 
Pm should be *H 5,2 according to Hund’s rules, but the 
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Fic. 3. Observed resonance in Ho'®, This frequency sweep 


covered the range of g, values between zero and 1.600. 


17 Hin Lew, Phys. Rev. 91, 619 (1953). 
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g value of this level is too small (g;=0.28) to be ob- 
served in our experiment. 

The simple theoretical g values for pure Russell- 
Saunders coupling (Landé values) are given in the fifth 
column of Table II. They agree well with the observed 
values. Therefore, there is very little doubt about the 
assignments made for the states observed in Pm, Dy, 
Ho, and Er. The observed deviations from the Landé 
values, which although small are quite significant, can 
be well explained by taking into account the effect of the 
spin-orbit coupling, the anomalous electron moment, 
and relativistic and diamagnetic effects.’ Since no indi- 
cation of other states has been found, it is established 
almost beyond doubt that ground configurations in these 
cases are of the type 4/"6s’, and that the ground levels 
are in accordance with Hund’s rules. 

Values of J and g, for some low-lying states in ter- 
bium have recently been measured by Penselin and 


Frequency (Mc) 


Schliipmann.'’ In the accompanying paper’ it is shown 
that one of these states originates from the configuration 
4 f*6s*. The presence of other states which do not fit this 
picture indicates that another configuration, presum- 
ably 4 f*5d6s*, is very low-lying. The ground level of this 
configuration is probably °Gis5;2. Of the elements not 
investigated here, all except cerium have well-estab- 
lished ground states. Measurements by Smith and 
Spalding” have shown that the ground state of cerium 
is not 4f*. The most probable configuration is there- 
fore 4 f5d. 

In Table IV we have collected the electronic ground 
states of all elements in this region according to the best 
available information at present. It is seen that the 
ground configurations show a striking regularity. The 
first element in each shell definitely has a d electron in 
the ground state (La, Gd, and Lu). The second element 
seems to have a d electron at least in a very low-lying 
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vy (exp.) 


Fic. 5. Resonances observed in 
Gd”, The arrows indicate the pre- 
dicted frequencies corresponding 
te the statistical J values and a 
nuclear spin of 3/2. 
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18S. Penselin and K. Schliipmann, Physikalisches Institut, Heidelberg, Germany (private communication). 
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Taste IT. Values of ¢, and J for each observed level. 


Observed 

Z Elem. term 
59 Pr 4] 
Pm 67] 


gy (L—S) 


0.7273 
0.8254 
1.0707 
1.2500 
1.2000 
1.1667 
1.1428 


gz (exp) 


0.7311(2) 
0.831(5) 
1.068 (4) 
1.2414(3)* 
1.1956(12)* 
1.164(5)* 
1.1412(2) 


Dy 5] 
Ho 1] 
Er 3]] 
I'm od 


ndependently obtained from spin-zer« 


® These values agree with th i 
and for Ho by Goodman and Childs." 


isotopes for Dy and Er by Spald 


state (Ce and Tb). For all other elements, the ground 
configurations contain only f electrons. It is interesting 
to note that, when all electrons outside closed shells are 
equivalent, the most probable ground level is that pre- 
dicted by Hund’s rules. On the other hand, when two 
inequivalent groups of electrons are present, the coup- 
ling is not necessarily in accordance with these rules. 


NUCLEAR SPIN VALUES 


The observed spin values lie primarily in the region of 
mass numbers 150<A <190, in which large nuclear de- 
formations are known to occur. Therefore, our interpre- 
tation of the observed spins in this region are made on 
the collective model.”° In Figs. 6 and 7 the single- 
particle levels are plotted as a function of the deforma- 
tion parameter, 6, for the odd-neutron and odd-proton 


TABLE III. Spin values. 


Nilsson state or 
shell-model state 

Odd Odd 
proton neutron 


Beta-decay 
predicted 
spin and 

parity 


Measured 


Z Elem. A spin 


59 Pr 142 2 4d 5/2 5 frie 2—> 
60 Nd_= 147 
61 Pm _ 147 
149 
151 
62 Sm 153 


[404 ]7 
[ 404 ]7 


£53215 


wOuUunnU 
NM hh he be 


Gd 159 

65 Tb 160 
Dy 165 

166 

166 

Er 169 

171 ; 

170 r411]1 

171 [411 ]1 


w 
i) 
NS NS DN bo bo 


oe 
~~ 


1 
NbN he bh 





* Also measured by means of param 
b Reference 23. © Reference 26. 
© Reference 24. f Reference 27. 
® Reference 25. # Reference 28. 


ignetic resonance (reference 22). 
b Reference 29. 
i Reference 30. 


19 A. Bohr, Phys. Rev. 81, 134 (1951) and Kgl. Danske Viden 
skab. Selskab, Mat.-fys. Medd. 26, No. 14 (1952); A. Bohr and 
B. R. Mottelson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 27, No. 16 (1953). 

*S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 


» LINDGREN, 


AND MARRUS 
TABLE IV. Ground states of lanthanide elements. 


Ground 
level 


Ground 
Element configuration 
La . 2); “ 
Ce $f od) 
Pr f Tia 
Nd . oD 
Pm f 8]] 
Sm fs UF 
Eu f BS 72° 


Gd i IDA 


rb 877 5/2! 


Dy f dF 
67 Ho j 4], 
68 Er . 
69 Tm 
70 Yb 
71 Lu 


* Reference 34. 
> Reference 17. 
© Reference 5, 
j . Albertson, Ph c 7 1935); 52, 644 (1937). 
g tr J. 90, 155 (1939). 


® Reference 4, 
bW. F. Meggers and B. F. 
19, 651 (1937); 5, 73 (1930). 
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cases, with 82<N <126 and 50<Z<82, respectively. 
The limit 5=0 gives the shell model, and the quantum 
numbers in this limit are the orbital angular momentum, 
l, and the total angular momentum, /. In the limit of 
large deformations, the appropriate quantum numbers 
are [Nn,A]Q, where N is the total oscillator quantum 
number, #, is its component along the z axis, and A and 
Q are, respectively, the « omponents ol the orbital angu- 
lar momentum and the total spin along the nuclear 
symmetry axis. The component of the intrinsic nucleon 
spin along the nuclear symmetry axis is denoted by =. 
In Table III, we give the measured spin for each isotope, 
the state of the last odd particle from the appropriate 
nuclear model, and, if available, the spin prediction 
from beta decay. The agreement with the beta decay is 
seen to be uniform.”-* The spin assignments of Nd", 
Pr! and Sm'® are discussed elsewhere and will not be 
considered here. 

The spins of the three isotopes Pm’, Pm", and Pm!™! 
with neutron numbers V= 86, 88, and 90, respectively, 
are interesting in view of the spin change in going from 
1B. R. Mottelson and S. G. Nilsson, Kgl 
Selskab, Mat.-fys. Skrifter 1, No. 8 (1959). 

2R. W. Kedzie, M. Abraham, and C. D. Jeffries, Phys. Rev. 
108, 54 (1957). 

7% A.V. Pohm, W. E. Lewis, J. H. 
Phys. Rev. 95, 1523 (1954). 

4V.S. Dubey, E. E. Mandeville, 
Rev. 103, 1430 (1956). 

25 N. Marty, Compt. rend. 241, 385 (1955). 

26W. C. Jordan, J. M. Cork, and S. B. Burson, Phys. Rev. 92, 
1218 (1953). 

27 A. W. Sunyar, Phys. Rev. 93, 1345 (1954) 

22 FE. N. Hatch and F. Boehm, Bull. Am 
(1956). 

* F. P. Cranston, M. E. Bunker, J. P. Mize, and J. W. Starner, 
Bull. Am. Phys. Soc. 1, 389 (1956). 

*R. L. Graham, J. L. Wolfson, and R. E 
30, 459 (1952). 
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and M. A. Rothman, Phys. 
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4 
Fic. 6. Energies of odd proton levels (50<Z<82) as a function 
of deformation parameter as calculated by Nilsson. [After S. G. 
Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 8, 
21 (1958). ] 


88 to 90 neutrons. At this point a sharp change is known 
to occur in the nuclear structure of europium as evi- 
denced by the quadrupole-moment and isotope-shift 
data as well as the fact that the magnetic moment of 
Eu'® lies in the wrong Schmidt group.” All of these 
properties can be accounted for on the assumption that 
Eu'® is highly deformed in relation to Eu’. It seems 
reasonable, therefore, to assume that Pm'® is highly 
deformed and that the sixty-first proton is in the state 
[532 ]5/2. The spins of 7/2 for Pm"? and Pm™ can be 
explained on the assumption that they exhibit a de- 
formation with 6=0.05 and that the state of the sixty- 
first proton is [404 ]7/2, or that they go into the shell- 
model state g7/2. However, the spin of s9Pr'*' is known to 
be 5/2,” which indicates that the gz/2 shell-model level 
lies lower than the f5/2 level. This would seem to disagree 
with the shell-model assignment for the Pm isotopes. 
The nuclear moments of these isotopes are currently 
being measured to clarify the state assignments. 

The spin 3/2 of Gd'® is the same as that of Gd'® and 
Gd'57, In view of the closeness of the orbitals [642 ]5/2, 
[523 ]5/2, and [521 |3/2, it has been suggested that the 
latter is the state of the ninety-fifth neutron. 

The spin assignment of 3/2 for Tb’ has led to the 
assignment of the orbital [411 ]3/2 for the sixth-fifth 
proton.” On this basis, we have used the measured spin 
of Tb'® (J=3) to assign the orbital [521 ]3/2 for the 
ninety-fifth neutron. This is the only plausible orbital 
giving agreement with the odd-odd coupling rules.” 

31 For a discussion of this change, see Mayer and Jensen, 
Elementary Theory of Nuclear Shell Structure (John Wiley & Sons, 
Inc., New York, 1955), p. 126. 


#C. J. Gallagher, Jr., and J. A. Moszkowski, Phys. Rev. 111, 
1282 (1958). 
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Fic. 7, Nilsson diagram for odd neutrons for 82<N<126. 
[After S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 8, 22 (1958).] 


The measurement of spin zero for Ho'* would seem 
somewhat anomalous in view of the odd-proton and 
odd-neutron assignments. Both of these orbits are 
characterized by Q= A+2 and, according to the coup- 
ling rules for odd-odd nuclei, ought to exhibit a spin 
which is given by 2,4+2,.” However, this may be a case 
where K equals 1/2, as discussed by Asaro et al.™ 

The spins of the erbium and dysprosium isotopes are 
in excellent agreement with the results of beta-decay 
measurements and the predictions of the collective 
model. The spin of Dy'® is the same as that of Er'®, 
Similarly, Er'® and Er'” have the same spins as Yb" 
and Yb'’5, respectively. Thus the state assignment for 
the 99th, 101st, and 103rd neutrons is very probably the 
same in these pairs of isotopes as those given in the ones 
in Table III. This shows that for deformations around 
5=0.3, the order of the [633 ]7/2 and [521 ]9/2 levels is 
opposite to that in Fig. 7. 

The observed spin of Tm!” (J=1/2) further supports 
the assignment [411 ]1/2 as the state of the sixty-ninth 
proton.” For the state of the one-hundred-first neutron, 
[521 ]1/2 has been assigned.™ Since for both of these 
states 2 equals A—2, the spin of Tm!” is expected to be 
Q,+2,,2% which agrees with the measured value J=1. 


%F, Asaro, I. Perlman, J. O. Rasmussen, and S. G. Thompson, 
Phys. Rev. 120, 934 (1960). 

*R. J. Lang, Can. J. Research 14A, 127 (1936); H. N. Russell 
and W. F. Meggers, J. Research Natl. Bur. Standards 9, 625 
(1932). 
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A number of corrections are made to the simple Landé formula 
for the g values of levels deriving from the ground term of con- 
figurations of the type 4/*. These include (a) the Schwinger correc- 
tion, to give an accurate value of the gyromagnetic ratio for the 
electron spin; (b) a correction to allow for the deviations from 
perfect RS coupling; (c) a relativistic correction, which is directly 
related to the kinetic energy of the electrons; (d) a diamagnetic 
correction, depending on the electron density of the core. In order 
to calculate (b), the spin-orbit coupling constants and the Coulomb 
integrals F, are estimated either from existing spectroscopic data 
or from a process of interpolation or extrapolation. An argument 
is presented for taking ratios of the integrals F; corresponding to a 
hydrogenic eigenfunction. The various radial integrals required in 


the calculation of (c) and (d) are derived from a modified hydro- 
genic eigenfunction of the form *cosh[x(ar—n) ]. The 
parameter «x in this expression is estimated to be approximately 
0.42 over the rare-earth series by comparison with available 
Hartree self-consistent field eigenfunctions. The second parameter 
a is chosen to give a fit with the spin-orbit coupling constants. The 
result of calculating (a), (b), is to give atomic g values 
which agree remarkably well with the experimental data. This 
confirms that the ground configurations of Pri, Ndi, Pm1, Sm1, 
Eur, Dy1, Hor, Ert, and Tm1 are of the type 4/", and that such a 
configuration is very low-lying in Tbr. Tables of spin-orbit coupling 
constants and (r~*) for both neutral and triply ionized rare earth 
atoms are given as well as of other radial integrals 


r"e 


(c), and (d 





INTRODUCTION 


N the last few years a number of experiments have 

been set up to investigate the magnetic properties of 
beams of free rare-earth atoms.! Of the various nuclear 
and magnetic properties of the atoms obtained by these 
techniques, we shall direct our attention here to the 
interactions between the external field H and the elec- 
trons, and in particular to those contributions to the 
Hamiltonian which experimentally can be described by 
the effective Hamiltonian gyuoH-J, where yo is the Bohr 
magneton, J is the total angular momentum of the 
electron system, and gy, a suitably chosen constant 
referred to as the atomic g value. The elementary way of 
finding a theoretical value for gy is to equate the eigen- 
values of the operator g,J to those of L+2S, where L 
and § are the total orbital and total spin angular mo- 
menta, respectively, of the electron system. When L and 
S are good quantum numbers, the value of gy so ob- 
tained is the Landé g value. 

This simple approach is complicated by a number of 
factors, which, although comparatively small, must be 
considered in any attempt to fit the accurate atomic 
beam data. These corrections to the elementary pro- 
cedure have been described in detail by Abragam and 
Van Vleck, in their examination of the microwave 
spectrum of the oxygen atom,’ and we shall simply 
enumerate them at this point. 

To begin with, we must replace the factor 2 for the 


* Work done under the auspices of the U. S. Atomic Energy 
Commission and the Swedish Atomic Energy Commission. 

t Present address: University of Uppsala, Uppsala, Sweden. 

1A. Y. Cabezas, I. Lindgren and R. Marrus, preceding paper 
[Phys. Rev. 122, 1796 (1961) ]. In addition to the work on radio- 
active isotopes reported in that paper, we mention here the 
extensive experiments of Smith and Spalding on stable rare-earth 
isotopes at Cambridge; the examination of Sm by Sandars and 
Woodgate at Oxford; and the work on Tb by Penselin and 
Schliipmann at Heidelberg. Some results for Eu have already been 
reported [P. G. H. Sandars and G. K. Woodgate, Proc. Roy. Soc. 
(London) A257, 269 (1960) ]. 

2 A. Abragam and J. H. Van Vieck, Phys. Rev. 92, 1448 (1953). 


gyromagnetic ratio of the electron spin by 


ge=2(1+a/2r+ - - -)=2.00232, 
where a is the fine-structure constant. This will be called 
the Schwinger correction. 

Next, it must be recognized that in order to find the 
eigenvalues of L+-2S, we must have some knowledge of 
the eigenfunctions of the electron system. It has now 
become clear from the available experimental data that 
the lowest electronic configurations outside closed shells 
of the rare-earth atoms are nearly always of the type 
4f", and we shall confine our attention to these con- 
figurations. This allows us to extrapolate and interpolate 
the various radial integrals that occur in the calculations 
along the rare earth series. The lowest term in a con- 
figuration is given by Hund’s rule, and is described by 
the two quantum numbers SL. When the spin-orbit 
interaction is included, however, these quantum num- 
bers are separately not good quantum numbers, but only 
their resultant, J. For oxygen, it is a simple matter to 
allow for the departures from pure RS coupling, but for 
the rare-earth atoms, it is considerably more complex. 

Also, for heavy atoms such as those considered here, 
the relativistic and diamagnetic effects become quite 
important. By the relativistic effect we mean here the 
correction, depending on the kinetic energy, which is a 
direct consequence of the Dirac equation for a single 
electron. The diamagnetic effect is caused by modifica- 
tions in the interactions between the electrons due to the 
external field, and depends essentially on the electron 
density in the core. In contrast to oxygen, these effects 
for the rare-earth atoms usually predominate over the 
Schwinger correction. 

The correction to the orbital gyromagnetic ratio 
caused by the motion of the nucleus, which was con- 
sidered by Abragam and Van Vleck for oxygen,? is for 
the rare-earth atoms negligible compared with the ex- 
perimental uncertainties. 
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ZEEMAN EFFECT OF 


STRUCTURE OF THE CONFIGURATION 4f* 


Before we can begin an examination of the departures 
from RS coupling we must obtain the energy-level 
scheme in the RS limit; that is, in the limit where the 
Coulomb interaction between the 4f electrons, 


p e/ ris, 


i>j 


(1) 


is very much greater than the spin-orbit interaction 


1 1dV 
gett ae 
2m?c2? i Xr dr/; 


The function V in (2) is the central field potential. We 
are obliged to perform this calculation because no ex- 
perimental results are available on the positions of 
excited terms in the configurations 4/” of neutral rare- 
earth atoms, and it is the admixtures of these excited 
terms in the ground term that produce the departures 
from RS coupling. To find the eigenvalues of (1), we 
write 

k 


1 r<* 
—=)° ——P;,(cosw), 
bf 


T ij 


(3) 


where r< and rs are the lesser and greater, respectively, 
of the two radii vectors r; and r;, and w is the angle be- 
tween them. This equation separates the radial and 
angular parts of the operator. The angular part can be 
treated exactly* and the energy of an SL term is ex- 
pressed as a certain function of the radial integrals 


k 
< 
k+ 


pine f f ——R(i)R(j) Pdr dr; 
0 0 T> . 


for k= 2, 4, and 6. The function (1/r)R is the radial part 
of the 4f eigenfunction. In practice, it is more con- 
venient to use the parameters F;, where* 


F.=F?/225, F,=F*/1089, Fe=F*/7361.64. 


It often turns out that the quantum numbers /*SZ are 
not sufficient to specify a term,* and the eigenfunctions 
are further classified according to their transformation 
properties under the groups Gz and R;. Irreducible 
representations of the first are specified by the two 
integers (##2)=U, where 


U,> U2.> 0, 


and of the second by the three integers (w;w2w;3)=W, 
where 
W1i> We> wW3> 0. 


For terms of the highest and next-to-highest multi- 
plicities of the configurations 4/", the quantum numbers 
f*WUSLS,L, completely specify a state. Unlike S and 


3G. Racah, Phys. Rev. 76, 1352 (1949). 
4 E. U. Condon and G. H. Shortley, The Theory of Atomic Spectra 
(Cambridge University Press, New York, 1935). 
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L, the:irreducible representations W and U are not good 
quantum numbers, so that in general a term is defined 
by a certain linear combination of pure WUSL terms, 

Elliott, Judd, and Runciman® have calculated the 
energies of all the terms of {" possessing the highest and 
next-to-highest multiplicities on the assumption that 
the integrals Fs, Fy, and Ff, bear the same ratio to one 
another as they would if the radial eigenfunctions were 
hydrogenic, namely 


F,/F2=0.138, F,/F2=0.0151. 


Although their work was directed at triply ionized rare- 
earth atoms, it seems unlikely that the ratios of these 
integrals would be appreciably different for the neutral 
atoms, particularly since the 4f electrons lie deep inside 
the atom and should be only slightly disturbed when 
outer electrons are removed. The use of hydrogenic 
ratios has met with considerable success,® a result which 
is rather surprising since it is quite clear that the actual 
radial eigenfunction has a much broader peak, and for 
this case the F, ratios are significantly less than the 
hydrogenic ones. For example, Ridley,’ in a recent 
Hartree self-consistent field (SCF) calculation for Pr**, 
gives 
F,/F2=0.129, F; F,.=0.0137. 

Since we intend to use eigenfunctions of the broader 
kind in the determination of other radial integrals, we 
shall now give qualitative reasons for our present 
preference for F;, ratios based on a hydrogenic eigen- 
function. 

To begin with, we must recognize that electrons in 
closed shells can be polarized by electric fields and 
thereby produce screening effects. When a rare-earth ion 
is situated in a-crystal, the electric field of the lattice is 
taken into account by including the expression 


YE Apt V .9(0;,6;) 


i,k,@ 


(4) 


in the Hamiltonian. It can be seen that the splittings in 
the J levels produced by the crystal field involve the 
products A,%r*), where (r*) is the mean value of r* for 
a 4f electron. Now Ax? depends on the distance d from 
the nucleus of the rare-earth ion to neighboring lattice 
charges as the function d~*~'; but in spite of the internal 
nature of the 4f electrons, which makes the theoretical 
values for A;,%r*) decrease with k, it has been found 
experimentally®* that in some cases these products 
actually increase. This result has been attributed to a 
screening effect by the closed shells of the rare earth 
ions, which increases in severity as k decreases.’ 


5R. J. Elliott, B. R. Judd, and W. A. Runciman, Proc. Roy. Soc. 
(London) A240, 509 (1957). 

6B. R. Judd, Proc. Roy. Soc. (London) A241, 414 (1957). 

7E. C. Ridley, Proc. Cambridge Phil. Soc. 56, 41 (1960). 

®R. J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
A219, 387 (1953). 
9R. A. Satten, J. Chem. Phys. 27, 286 (1957). 
R. 


0 B. R. Judd, Proc. Roy. Soc. (London) A251, 134 (1959). 
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Returning to the problem of the integrals F;, one sees 
that the electrostatic field of one 4/ electron at another 
is likewise subject to these screening effects, though in a 
less striking manner, owing to the proximity of the 
electrons. In fact, we can write 


T. 4 = r;" 
——P,(cosw)= 
r k+1 


Y .™(0:,0;) Y ."(0;,0;)* 


Qk+1 m 7;**! 


k 


rT 
EV x"(0:,6)¥ 1"(0;,6))*, 
2k+1 m x,t 


dar 


where the first term applies to the region r;<r;, the 
second to r;>r;. If, in the first term, we regard electron 
i as moving in the potential produced by electron j, this 
expression takes the form of a term in the summation 
(4); hence we must include a reduction factor f; in the 
calculation of the associated integral Fy. A similar argu- 
ment applies to the second term. Moreover, that the 
screening increases as k decreases implies 


fe> fa> fo>0. 


The effect of these factors is to increase the ratios F4/F. 
and F,/F: from the values given by Ridley for the 
Hartree SCF calculation, and also to bring her nu- 
merical value for F2 nearer to experiment. We feel that 
the success of the hydrogenic ratios for the triply ionized 
rare-earth atoms makes them the most appropriate for 
our work. 

The energies of the terms of the configurations 4/” 
can now be expressed as multiples of F». As is seen in the 
next section, we are interested solely in those excited 
terms which differ at most by one unit in S and L from 
the ground term. As an example, we give the energies 
and eigenfunctions for relevant terms of Pri 4/*, for 
which the ground term ‘/ is the zero of the energy scale: 


°K SF, 
7] 775SF2 
°H AF, 


f*(210)(21)°K), 
| f2(210) (20)*7), 
0.3878| f*(210)(21)?H) 
4-0.9217| f2(210) (11)2H), 
0.9217 | {*(210)(21)?H) 
—0.3878| f*(210)(11)?H). 


*H = 32.9F; 


The eigenvalues of all the terms we shall need have been 
tabulated.® 


DEPARTURES FROM RUSSELL-SAUNDERS 
COUPLING 


The effect of the spin-orbit interaction is to split the 
terms up into levels, distinguished by the additional 
quantum number J. For a configuration of equivalent 
electrons, (2) can be written as 


A=¢> s-l1, 


JUDD AND I. 


LINDGREN 


1 - 1dV 
t=— f R( Jar. (5) 
amc? Jo r dr 


In addition, A couples together states of the same J but 
different S and L, thus producing deviations from pure 
RS coupling. Elliott ef a/.° have given a general formula 
for the matrix elements 


(4f*WUSLI|A|4f°W'U'S'L’J) 


where 


in terms of a sum over the product of two 6-7 symbols 
and the fractional parentage coefficients connecting the 
configurations f" and f"'. The dependence on J is 
contained in a third 6-7 symbol, 


I 
(-1)| 


(6) 
li os 


Ly’ 


which may readily be evaluated from the formulas of 
Edmonds." For our example, Pri 4/*, we find 


(f?(111) (20)479/2| A} f*(210) (21)? (70/11)3, 


and 


(f*(111) (20) 47/2) A| f2(210) (11)? 


— (13/22)?. 


All but a few of the configurations 4/" are extremely 
complex, and it would be a tedious process to diagonalize 
the combined Coulomb and spin-orbit interactions 
exactly. Fortunately ¢ is sufficiently small to allow us to 
calculate the corrections to gy by perturbation theory. 

Near the RS limit, S, ZL, and J are good quantum 
numbers. Within a manifold of states of constant J we 
can replace L+ g,.S by gJ, where g is the Landé factor, 
given by 


g=(SLJ|g|SLJ)=1+(g.—1) 


J(J+1)+S(S+1)—L(L+1) 


x 
2J (J+1) 


This is the zeroth-order contribution to g,. There is no 
first-order contribution, since L+g,S8 cannot couple to 
any excited level. The second-order contribution is 


>(0|A| m)m| g|m)m|A}|0)/E,.2 
m 
—( 0} g|0)S°(0|A|m)(m|A|0)/En2, (7) 


m 


\ 


where |0) denotes the ground level and |m) an excited 
level at an energy E,, above it. Since these energies are 
calculated as multiples of F:, and the matrix elements 
of A depend linearly on ¢, (7) can be expressed in terms 
of (¢/F2)*. 

To estimate these parameters we make use of the 
corresponding values for the triply ionized atoms, which 


11 A, R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, New Jersey, 1957). 
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TABLE I. Spin-orbit coupling constants and Coulomb integrals (in cm~). 





Triply ionized atoms 
Nuclear ¢’ from Ref. 
charge 
57 
58 , 619 
59 754 


¢’ from 
Eq. (10) 





Nd?* 895 
Pm?+ 
Sm?*+ 
Eu?+ 
Gd+ 
Tb**+ 
Dy’ , 
Ho?+ 
Er’+ 

Tm**+ 


1043 
1196 
1361 
1534 
1720 
1921 
2139 
2380 
2648 


1360 


1720 
1920 
2080 
2471 
2575 
2709 
2940 


70 Yb*+ 2951 


*R. J. Lang, Can. J. Research 14, 127 (1936). 
b See reference 6. 


eW. A. Runciman and B. G. Wybourne, J. Chem. Phys. 30, 1154 (1959). 


4 See reference 12. 

¢ B. G. Wybourne, J. Chem. Phys. 32, 639 (1960). 
!H. Gobrecht, Ann. Physik 31, 300 (1938). 

& These values are taken from Table II of this paper. 
b From reference 13. 


we shall distinguish here by primes. Judd” has given the 
empirical formula 


F,/=12.4(Z—34), (8) 


and the various experimental values of ¢’ are set out in 
the third column of Table I. Values are not tabulated 
if they have been unquestionably superseded by later 
work. In the case of the neutral atoms, suitable data for 
calculating ¢ are available for Nd1, Sm1, and Tm! only. 
The electronic configuration of Tm! consists of a single 
hole in a full 4f shell, and only two levels, ?F'5;2 and *F7/2, 
occur. Their separation of 8771.25 cm™ quoted by 
Meggers™ yields at once [=2506 for this atom. The 
experimental data for the other two atoms are set out in 
Table IT. It can be seen from this table that appreciable 
departures from the Landé interval rule occur, and these 
must be ascribed almost entirely to second-order effects 





Neutral atoms 


¢ from 
expt. 


¢ from 
Atom 


La 5 
Ce 
Pr 


Nd 7708 


Sm 1061« 
Eu 


Tb 
Dy 


Er 
2506" 


of the type 
> m(O! Al mm 


When one knows the matrix elements of A, which are 
needed in the calculation of the corrections to gy, it isa 
simple matter to write down the second-order displace- 
ments of the levels as functions of ¢ alone. The integral 
F, which is required in calculating the energies F,,, can 
be taken initially from (8), and preliminary values of ¢ 
obtained for Ndi and Smt. The first is found to be quite 
similar to the experimental value of ¢’ for Priv, and the 
second to the interpolated value for Pmiv. This corre- 
spondence between ¢ and ¢’ suggests we take 


A|0)/ Em. 


F.=12.4(Z—35), (9) 


as a better approximation for F;. We can now fit the 
experimental positions of the levels quite closely with 


TABLE II. Energy levels of the lowest multiplets of Ndi and Smi in cm. 





Ndi; ¢=770 cm™ 
Pure RS Corrected 
coupling positions 


5005 5051 
3676 


3465 
2117 2343 
0 


Experi- 
ment® 
5049 
3682 
2367 





Sm1; ¢=1061 cm™ 
Pure RS Corrected 
positions 
4017 
$146 
2288 
1489 

798 

280 

0 





b W. Albertson, Phys. Rev. 52, 644 (1937). 


BR. Judd, Proc. Phys. Soc. (London) A69, 157 (1956). 
18 W. F. Meggers, Revs. Modern Phys. 14, 96 (1942). 
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Fic. 1. Spin-orbit 
coupling constants. 
The full lines repre- 
sent values taken 
from Eqs. (10) and 
(11) for the triply 
ionized and neutral 
atoms, respectively. 
The points are the 
experimental values 
given in Table I. 
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the values 770 and 1061 cm™ for ¢ (see Table II); 
indeed, the remaining discrepancies are only slightly 
larger than spin-spin effects, which also produce devia- 
tions from the Landé interval rule.” These results sup- 
port the assumption of hydrogenic F, ratios and also 
Eq. (9). The lowest °D term in Sm1 4/® possesses an 
exceptionally extended multiplet structure, and allow- 
ance was made for this by including diagonal spin-orbit 
matrix elements in estimates of the energies E,,. Strictly 
speaking, this accounts for some, but by no means all, 
of the third-order effects; but since the agreement be- 
tween experiment and theory is improved by including 
it, it was felt better to do so, particularly since our 
present aim is to obtain the best value for ¢. Fortunately, 
(@Dy,\g\>Dz) is identical to (7Fy|g\4F sz), so that the 
spread of 5D has no effect on the calculations of gy based 
on Eq. (7). 

Values of ¢ for other rare-earth atoms must be ob- 
tained by interpolation. It is to be expected that the 
curve of ¢ against Z will follow fairly closely the 
corresponding curve for the triply ionized atoms; for the 
latter we have used 


¢’=77.4(Z—66.29)+28720(80.78—Z)“', (10) 


which fits the experimental data rather better than a 
curve of the type A(Z—<c)*. Values of Eq. (10) are set 
out in Table I. It can be seen that ¢(Ndt), ¢(Smr), and 
¢(Tm1) lie between the pairs ¢’(Priv), ¢’(Ndiv); 
¢’(Pmiv), ¢’(Smiv); and ¢’(Ertv), ¢’(Tmtv), respec- 
tively, advancing slowly towards the second member of 
a pair as Z increases. We have assumed a linear shift 
with Z to obtain the formula 


¢=81.2(Z—66.90)+27380(80.72—Z)"'. (11) 
Values of Eq. (11) are given in Table I. The data on ¢ 
and ¢’ are illustrated in Fig. 1. The expression (7) has 
been calculated for all levels of the lowest multiplets of 
the configurations of the type 4/” (irrespective of the 
fact that in some rare-earth atoms, e.g., Lal and Gd1, 
they may not necessarily be the ground configuration) 
and entered in the column headed “spin-orbit correc- 
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tion” that will be found in Table III. This completes the 
calculation to order of contributions to gy 
produced by departures from pure RS coupling. 


second 


RELATIVISTIC AND DIAMAGNETIC CORRECTIONS 


In the first-order theory the Hamiltonian for the 
interaction between the electrons and an external mag- 
netic field is written 


Z=poH- (L+2S) (12) 


For a single electron the second-order correction to this 
operator can be obtained in a straightforward way from 
the Dirac equation by including terms of the order of 
v*/c?, where ¢ 
been done by Breit’! and Margenau,'® and the result can 
be written as the following correction to the g value, 


i+1) KT), 


is the velocity of the electron. This has 


5 rss. Biers 
0g= —a*| (J +r3)*/ 7 | 


(13) 


which is usually called the Breit-Margenau correction. 
The kinetic energy T of the electron and all other 
quantities in this section are expressed in atomic units. 

The many-electron problem has been treated by 
Perl'® and Abragam and Van Vleck.? The part of the 
correction to the classical Zeeman operator (12) which 
corresponds to the Breit-Margenau correction becomes 


6Z,= —a’uo >. (H- (1,+28,)7,—s;-(ViViXA,)], (14) 


in a uniform magnetic field, where 
V = 


and A; is the magnetic vector potential for electron i. 
The first part of (14) can be regarded as a relativistic 
mass correction and the second part as a correction to 
the spin-orbit coupling. It is shown below that both 
these corrections depend essentially on the kinetic 
energy of the electron, and (14) is therefore referred to 
as the relativistic correction. 

Like the spin-orbit coupling, the interactions between 
the electrons are modified in a magnetic field and there- 
fore give rise to another correction to the classical 
Zeeman operator. This can be derived from Breit’s equa- 
tion for electron-electron interactions'’ and written?" 


1 Ax: Dp; 
6Z2= a" yD : [2s.-(v. xAx)- 
ixk Vik Vik 


(rin: Ax) (tex- pa) 
aa } (15) 


3 
V ik 


The first term in this expression is a correction to the 


4G. Breit, Nature 122, 649 (1928) 
18H. Margenau, Phys. Rev. 57, 383 
16 W. Perl, Phys. Rev. 91, 852 (1953). 
17 G. Breit, Phys. Rev. 34, 553 (1929). 
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TABLE III. Atomic g values: theory and experiment. 





Landé value 
with 
Schwinger 
correction 
0.85681 
1.14319 


0.79954 
1.03341 
1.16705 


0.72664 
0.96495 
1.10794 
1.20046 


0.59907 
0.89977 
1.07159 
1.17899 
1.25058 


0.28406 
0.82499 
1.07087 
.20327 
.28271 
33411 


50116 
50116 
50116 
50116 
.50116 
.50116 


2.00232 


.50116 
50116 
.50116 
.50116 
.50116 
50116 


.28406 
.82499 
1.07087 
.20327 
1.28271 
1.33411 


0.59907 
0.89977 
1.07159 
1.17899 
1.25058 


0.72664 
0.96495 
1.10794 
1.20046 


0.79954 
1.03341 
1.16705 


0.85681 
1.14319 


h 


Relativistic 
and 
diamagnetic 
corrections 


Spin-orbit 
correction 





—6/35 
8/63 


— 348/2025 
17/1350 
7/54 


— 212/1089 

—1258/42471 
628/8775 
94/675 


—25/99 
— 23/396 
713/13860 
149/1260 
29/180 


— 398/945 
—1156/14175 
1526/2227 
13972/9652 
326/1755 
28/135 


5 
5 


7/18 
103/270 
10/27 
16/45 
91/270 
17/54 


2/3 


7/18 
103/270 
10/27 
16/45 
91/270 
17/54 


— 398/945 
—1156/14175 
1526/22275 
13972/96525 
326/1755 
28/135 


—25/99 
— 23/396 
713/13860 
149/1260 
29/180 


—212/1089 
— 1258/42471 
628/8775 
94/675 
— 348/2025 
17/1350 
7/54 


—6/35 


0 —0.00084 
0 —0.00079 


0.00675 —0,00090 
0 —0.00092 
—0.00021 —0.00092 


0.00500 
0.00126 
—0.00045 
—0.00098 


—0.00095 
—0.00100 
—0.00103 
—0.00104 


0.00461 
0.00178 
—0.00020 
—0.00182 
—0,00320 


—0.00098 
—0.00106 
—0,00112 
—0.00115 
—0.00117 


0.00967 
0.00358 
0.00055 
—0,.00136 
—0.00281 
—0.00405 


—0,00091 
—0.00110 
—0,.00120 
—0.00125 
—0.00129 
—0.00133 


—0.00203 
— 0.00233 
—().00279 
~0.00340 
—().00416 
—0.00507 


—0.00138 
—0.00140 
—0,00141 
—0.00143 
—0.00146 
—0.00149 


—0.00729 —0.00175 


—0.00304 
—0.00349 
—0.00418 
—0.00509 


—0.00623 
—0.00759 


—0.00159 
—0.00160 
—0.00162 
—0.00164 
—0.00168 
—0.00171 


0.02214 
0.00821 
0.00127 
—0.00312 
— 0.00643 
—0.00928 


—0.00119 
—0.00145 
—0.00157 
—0.00165 
—0.00171 
—0.00175 


0.01653 
0.00638 
—0.00072 
—0.00653 
—0.01180 


—0.00149 
—0.00162 
—0.00168 
—0.00174 
—0.00178 


0.02948 
0.00743 
—0.00265 
—0.00578 


—0.00167 
—0.00177 
—0.00182 
—0.00205 


0.0709 —0.00184 
0 —0.00190 
—0.00219 —0.00192 


0 —0.00204 
0 —0.00198 





Theoretical 
gs 


Experimental 


gs 
(Ref. 1) 





0.8560 
1.1424 


0.8054 
1.0325 
1.1659 


0.7307 
0.9652 
1.1065 
1.1984 


0.6027 
0.9005 
1.0703 
1.1760 
1.2462 


0.2928 
0.8275 
1.0702 
1.2007 
1.2786 
1.3287 


1.4978 
1.4974 
1.4970 
1.4963 
1.4955 
1.4946 


1.9933 


1.4965 
1.4961 
1.4954 
1.4944 
1.4932 
1.4919 


0.3050 
0.8318 
1.0706 
1.1985 
1.2746 
1.3231 


0.6141 
0.9045 
1.0692 
1.1707 
1.2370 


0.7544 
0.9706 
1.1035 
1.1926 


0.8048 
1.0315 
1.1629 


0.8548 


0.7311 +0.0002 


0.6032 +0.0001 
0.9002 +0.0002 
1.0715 +0.0020 


0.831 
1.068 


1.49838+0.00005 
1.49777+0.00003 
1.49705+0.00003 
1.49623+0.00004 
1.49531--0.00006 
1.49417+0.00010 


1.99337+0.00007 


1.24166-+-0.00007 ; 
1.2414 +0,0003 


1.19516+0.00010 


1.1638 +0.0002 


1.14122+0.00015 
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spin-other-orbit coupling and the last two terms are 
corrections to the orbit-orbit coupling. These corrections 
depend essentially on the electron density in the core 
and we refer to (15) as the diamagnetic correction. 

In order to calculate the matrix of (14) and (15) we 
shall, in principle, follow the approximate method which 
Abragam and Van Vleck used in their discussion of the 
Zeeman effect in atomic oxygen. We transform the two- 
electron operators appearing in these expressions into 
single-electron operators by integrating over one of the 
electrons. Of course, in doing this all exchange integrals 
are dropped as well as all elements between states that 
differ by two single-electron states. In this approxima- 
tion it is also assumed that the charge density from all 
electrons is spherically symmetric. It turns out that 
these approximations have only a small effect on the 
final result. One may note here the close relationship 
with Hartree’s SCF method. 

Integration over electron & yields for V; in (14) 


Z 1 
+f > y,*(r) 


; ki 


V—>~=—- wale’ )dr’ 
r’| 


Z pi(t’) 
= Be sess 
i; Ir;—r’| 


o(r’)= >¥ ve*(r’ Wi (r) 


Kt 


? 
where 


is the density of all electrons except i. If p; is spherically 
symmetric, V; becomes exactly the central potential 
used in the Hartree method. 

We then have, dropping the subscript i, 


1 dV 
s-(VVXA)=— —s-[rx (HX1)] 


2r dr 
r dV (s-r) 
- —H.(s-— r), 
2 dr r’ 
and Eq. (14) becomes 


1 (s-r) dV 
6Z,;= —e&nH-> G&G 2s)T— (s- r)r—| (16) 


r? dr 


In the same way we get from (15 
J 5 


1 
i2s= en f |2s-(v xa’) 
r—r'| 


A’ (r—r’)-A’ 
meaner premnn——estnsoand pon) lptear’ (17) 
lr—r| sf{r—r'|? 

Abragam and Van Vleck have shown that if p is 
spherically symmetric the operator (17) is equivalent to 


6Z2=a%uo © {—2s-[VXAY (r)]—H-IV (r)}, 


AND 
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where 


ip 1 —se) 3 
Y(r)= el rp ()ar'+ f — in| 
3L J r’ 


Here p’(r’)=4ar"p(r’) is the radial electron density. 
Now 

VX [AY (r) ]=HY (r)—3 (eX (AX8)/r*) U(r), 
where 


U(r)= 


and (12) becomes 


(s-r)r 
i2.= — aw | (14-28) (s— ol (18) 


r? 
Except for the radial parts this is identical to the 
relativistic correction operator (16), and therefore the 
total correction can be written 


i= 80 +82.=—a'ul-S| (1 +-2s)(T+YV) 


(s-r)r 
-(s- - r+v)| (19) 
r 


We have here replaced $r(dV/dr) by T, which, from the 
virial theorem, is correct as long as we stay within a 
given configuration. Obviously, only electrons outside 
closed shells contribute in this summation. 

In a state defined by only one determinantal product 
of single-electron states the expectation value of (19) 
becomes 


(6Z)= —c® poll > [ (mi t+2m,)(T+Y) 
—m,{sin’?@(T+U)]. (20) 
6 is here the angle between r and the magnetic field and 
hence we have 
(sin?@) = 2[ 1(/+-1)—1-++-m ? ]/ (2/—1)(2/+3). 
The off-diagonal elements of (19) between two single- 
electron states are 


(nlm,m,|6Z | nl m,1 mF 1) 


1 ¢* 
= 0? uoH- | 6(1m,)0 (lm, 1) sin?@ coséd&(T + U) 
2 + 


=o uoH[ (2m, 1)/2(21—1)(21+3)] 


X (14-1) —mi(m,F 1) \XT+U), (21) 
with the notations of Condon and Shortley. The integral 
has been evaluated by means of Gaunt’s formula.'® 

If all electrons outside closed shells are equivalent, 


18 J. A. Gaunt, Phil. Trans. Roy. Soc. A228, 151 (1929). 
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the total correction to the g value obtained from (19) is 
of the form 


dg= —a*[g(T+Y)—KT+U)], (22) 


where g is the classical g value and & is another factor, 
depending only on the angular part of the eigenfunction. 
It turns out that the first term in (22) usually predomi- 
nates, which means that an estimate of the correction is 





2(21—2n-+-1) 
h= 


RARE-EARTH ATOMS 1809 
obtained directly from this expression if the radial 
integrals (7) and (Y) are known, without the usually 
lengthy calculation of h. 

The operator (19) is very similar to the magnetic 
hyperfine-structure operator and can therefore be con- 
veniently treated by tensor operators." In the case of 
equivalent electrons and a Hund’s-rule ground state, the 
factor h in Eq. (22) is given by 


pLL+ LJ J +1)—L(L+1)+S(S+1)] 





~ 3n(2L—1)(21—1)(21+3)L 


2J (J+1) 


1J(J+1)—L(L+1)+S(S+1) 





3 —X—ET————e———r—vo 


4 J(J+1) 


Here n is the number of electrons or holes in the unfilled 
shell, whichever is the smaller. This expression is very 
similar to the corresponding formula for the magnetic 
hfs,!® the reason being that both operators involve the 
tensor (sC®)®, with the notations of Edmonds." For 
J=L+5S, Eq. (23) simplifies to 


h=n{121(1-+1)—3n(2/-+1)+2n?—5/6J (21—1)(21+-3). 


Relevant values of # for the rare-earth atoms are given 
in Table ITI. 


EVALUATION OF THE RADIAL INTEGRALS 


The evaluation of the various radial integrals ap- 
pearing in the relativistic and diamagnetic corrections 
discussed above requires some approximate radial 
eigenfunction for the 4f electrons. No SCF calculations 
are available for any rare-earth atom, but a good esti- 
mate of the shape of the eigenfunction can be made 
from calculations in the triply ionized atoms of Pr and 
Tm’ and in heavier atoms like W and Hg.” For inter- 
polation and extrapolation from the existing SCF eigen- 
functions it is very convenient to have an analytic ap- 
proximation of these functions. A simple form, which has 
been used by Cabezas and Lindgren” in the examination 
of the Zeeman effect in thulium, is 


R(r)=Nre-*" cosh[x (ar—n) |, (24) 


which is a modification of the hydrogenic eigenfunction 
for n=/+1. The extra factor has the effect of broadening 
out the eigenfunction without shifting the position of its 
maximum. With suitable values of the parameters, good 
agreement is obtained between Eq. (24) and the corre- 
sponding SCF functions.'® 

As mentioned above, the shape of the 4f eigenfunction 
is expected to differ only slightly between the neutral 


J. C. Hubbs, R. Marrus, W. A. Nierenberg, and J. L. 
Worcester, Phys. Rev. 109, 390 (1958). 

”D. R. Hartree and W. Hartree, Proc. Roy. Soc. (London) 
A149, 210 (1935); M. F. Manning and J. Millman, Phys. Rev. 49, 
848 (1936). 

#1 A. Y. Cabezas and I. P. K. Lindgren, Phys. Rev. 120, 920 
(1960). 





3 J(J+1) 





and triply ionized atoms; and for the same reason we 
expect a similar result between neighboring atoms in the 
series. By comparing eigenfunctions of the type (24) 
with available SCF functions in this region, we have 
obtained the x values given in Table IV. These values 
have been determined so that the values of (r~), (r~*), 
and (r~*) become approximately the same for the two 
functions. Exact formulas for these integrals with the 
eigenfunction (24) are given in reference 21. Of course, 
one can fit only two of these integrals exactly with a 
two-parameter eigenfunction, but the difference in «x 
value for different pairs is very small, which indicates 
that the approximation is satisfactory. We have chosen 
these negative powers of r to determine x, since all the 
radial functions that we want to average are decreasing 
with r. 

It is seen from Table IV that « is a very slowly varying 
function of Z, but, as one would expect, decreases with 
increasing atomic number. This reflects the fact that the 
functions become more hydrogen-like deeper inside the 
core. Quite accurate values of x can therefore be ob- 
tained by interpolation from this table. 

Although the other parameter of the wave function 
(24), a, could also be easily obtained by interpolation, 
we prefer to determine it from the experimental spin- 
orbit coupling constant. This probably gives more re- 
liable eigenfunctions than if they were entirely based on 
SCF functions. For the calculation of the spin-orbit 
coupling [Eq. (5) ] one also needs an estimation of the 
central potential V. The Thomas-Fermi potential is 
quite accurate for heavy atoms such as those considered 
here, but can probably be further improved by writing* 
V (r)=Z(r/b), where b=0.88534Z-! and the function v 
is determined so that V agrees with a suitable SCF 


TABLE IV. Values of «x from Hartree functions. 








Atom or ion Z K 


Pr3+ 59 0.432 
Tm*+ 0.418 
W 74 0.382 
Hg 80 0.343 
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Fic. 2. Variation 
of the kinetic energy 
T with the spin-orbit 
coupling constant ¢. 
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potential. We have here used tungsten for this purpose, 
since this is the nearest atom for which SCF calculations 
have been made. The difference between this potential 
and the Thomas-Fermi potential is, however, quite 
small.”" 

We have determined the radial eigenfunctions of all 
the rare-earth atoms in this way, using the spin-orbit 
coupling constants given by Eq. (11). For convenience 
we have used the same value of « throughout the whole 
series and have chosen x=0.42 as a reasonable value in 
view of Table IV. The corresponding values of the 
integrals (7), (U), and (Y) are given in Table V. (7) is 
calculated from the formula given in reference 21, and 
(U) and (Y) have been integrated numerically with the 
electron density from the Thomas-Fermi model. The 
variation of these integrals with the spin-orbit coupling 
constant is shown in Figs. 2 and 3. The quantities in- 
volved are here divided by appropriate powers of Z, 
which makes the same diagram valid for all elements. 
The values are given for two different x values, 0.40 and 
0.44, which shows the dependence on the shape of the 
eigenfunctions. For comparison we have also marked a 
point for a hydrogenic eigenfunction. From these dia- 


grams it is easy to estimate the corrections to the 





re) 
eo 


Fic. 3. Variation 
of the radial integrals 
U and JY with the 
spin-orbit coupling 
constant ¢. 


MlxZ* (atomic units) 
4 








4 


“tZ(eni!) 
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integrals, corresponding to a small change in the spin- 
orbit coupling constant. 


We are now ready to calculate the relativistic 1 


and 
diamagnetic corrections to the g values, and from Eqs. 
(22) and (23) and Table V we get the results shown in 
Table III for all levels of the ground terms. 

Although they are not needed for the calculations 
here, the values of (r~*) have also been determined with 
the same type of eigenfunction for the neutral as well as 
the triply ionized atoms, and are given in Table VI. The 
eigenfunctions have been chosen to reproduce the spin- 
orbit coupling constants given by (10) and (11), and the 
corresponding @ values are included in the table. We 
have used «=0.42 in all cases. 

Figure 4 shows, for the neutral atoms, the variation of 
Z; with the spin-orbit coupling constant for two values 
of x, where Z; is defined by 


1 dV 1 
241), 
r dr r 


TABLE V. The radial integrals (in atomic units) for «=0.42 


Atom Z 


~ 


La 57 
Ce 58 
Pr 59 
Nd 60 
Pm 

Sm 62 
Eu 63 
Gd 64 
Tb 65 
Dy 

Ho 67 
Er 68 
Tm 69 


ee OO UI bo 
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and some results with a Thomas-Fermi potential are 
also given for comparison. As one would expect, the 
values of (r~*) determined in this way are quite insensi- 
tive to the shape of the eigenfunction, and it is also seen 
from the figure that the actual choice of potential is not 
critical either. 

The values in Table VI differ considerably from those 
given by Bleaney,” which were calculated by use of 
hydrogenic eigenfunctions. We believe, however, that 
our values are much more accurate, since our assump- 
tions about the spin-orbit coupling and the eigen- 
functions have been very successful in our calculations. 


DISCUSSION OF RESULTS 


The experimental and theoretical values for gy are 
compared in Table III. It can be seen that the agree- 
ment is extraordinarily good for the early members of 
the rare-earth series, but less so for the later members, 
particularly Dy1. The large second-order contributions 


2B. Bleaney, Proc. Phys. Soc. (London) A68, 937 (1955). 





ZEEMAN EFFECT OF 
to gy due to departures from pure RS coupling make it 
seem likely that higher-order effects are not negligible in 
these cases. This hypothesis is consistent with the good 
agreement which has been obtained for the early mem- 
bers of the series. In the case of Hot 4f"', for example, 
third-order effects are 


(2004/619)*(298/397)*= 14.5 


times as large as for Pri 4/*, so that the discrepancy of 
0.0023 for gis;2 would be less than 0.0002 for the corre- 
sponding atomic g value in Pri. Fortunately, it is not 
difficult to include third-order effects for levels that 


satisfy J= L+S. This is because all possible linkages of 
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the type 
(O|A|m)(m|A|n)(n| g|n)(n|A}0), 


which includes three spin-orbit matrix elements, involve 
very few states |m) and |m). To produce the proper 
value of J while at the same time having a nonzero 
matrix element with the ground level, the quantum 
numbers S and L of a state of this type must be re- 
spectively one unit less than and one unit greater than 
the corresponding quantum numbers of the ground 
state. The large value of Z favors the occurrence of very 
few terms of the same kind (i.e., terms with the same 
S and L); for Ert and Hot there is only one, while for 
Dy there are but two, one of which possesses an ex- 
ceptionally small matrix element of A connecting it to 
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TABLE VI. Values of a and (r~*) for neutral and triply ionized 
atoms (in atomic units). 





Atoms Ions 


a a 
Element ‘ (x=0.42) (r-3) (x=0.42) 


(2.34) 
(3.00) 
3.63 


(4.95) 

(5.37) 
5.73 
6.04 
6.32 
6.58 
6.82 

(7.05) 
7.27 
7.49 
7.71 
7.93 
8.16 


La 
Ce 
Pr 
Nd 
Pm 
Sm 
Eu 
Gd 
Tb 
Dy 
Ho 
Er 
Tm 
Yb 
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the ground state. In these cases it is easier to set up the 
2X2 secular determinants and solve them exactly than 
attempt to use higher-order perturbation theory. By the 
former course, a number of higher-order effects are 
taken into account, and the problem for Ert, for which 
*H, and ‘J, are the only levels in the configuration with 
J=6, is solved completely. For Hot and Dy! there are 
other states with the same J value as the ground level, 
and the results are correct only to third order. The 
ground-level eigenfunctions are 


0.9959 | *H¢)+0.0917 |'J¢) for Ert, 


0.9860 | 4715 2) — 0.1669 | °K 15, 2) for Hol, 


0.9698 | 53) — 0.2438 | *Kgs) for Dyt, 
where 


| 8K’) =0.4596| (211) (21)*Ks)—0.8882| (211) (308K). 


It is to be noted that the’coefficients in these states de- 
pend on our choice of the integrals F;, and ¢. The final 
theoretical values for gy, taking into account the 
Schwinger, relativistic, diamagnetic, and spin-orbit 
corrections (to third order), are set out in Table VII for 
these atoms. 

The agreement between experiment and theory can be 
seen to be excellent. When these results are taken with 
others in Table III, there can be no doubt that the 
ground configurations of Pri, Ndi, Pm1, Sm1, Eut, Dyt, 


TABLE VII. Atomic g values including third-order spin-orbit coupling effects. 


Landé value 
with 
Schwinger 
correction 


1.25058 


Spin-orbit 


Atom correction 





Dy1 


1.20046 —0.00371 


1.16705 —0.00140 


~ 0.00743 


Relativistic 
and 
diamagnetic 
corrections 


—0.00178 _ 


gs 
Experimental 
1.24166+0.00007 
1.2414 +0.0003 


Theoretical 


4.2414 


—0.00205 1.1947 1.19516+0.00010 


—0.00192 1.1637 1.1638 0.0002 
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Hot, Ert, and Tmt are of the type 4/". Apart from Lat 
and Gdi, which are known to have 4f""'5d as the ground 
configuration,” there remain Cet and Tbi. The work of 
Smith and Spalding' on Cer and of Penselin and 
Schliipmann! on Tbi indicate that the simple configura- 
tions of the type 4/" are not sufficient to account for the 
experimental results in these cases. For Tb1, however, 
we can at least say that 4/° is very low-lying. 

The good agreement also gives us a great deal of 
confidence about the various radial integrals required in 
the calculations. The values of the spin-orbit coupling 
constants given by Eq. (11) should be accurate to at 
least 5% along the whole rare-earth series. The integrals 
F:, which to some extent depend on the choice of the 
ratios F,/F, and F,/F2, are probably given to within 
10% by Eq. (9). The error in the relativistic and 
diamagnetic corrections should also be quite small, 
probably not exceeding 10%. This shows that the ap- 
proximations made in the latter case are justified and 
also supports the type of eigenfunction used. It is easy 
to see, for instance, that if a hydrogenic eigenfunction 
is used instead of the modified type (24), the agreement 
would be poorer in almost all cases. As mentioned 
earlier, the shape of the eigenfunction has only a small 
effect on (r~*), and we estimate that the errors in the 
tabulated values of these quantities are not greater 
than 5%. 

In all the calculations it has been assumed that the 
electronic configuration is a pure 4/" configuration. This 
is not so restrictive as it might appear at first sight. The 
Coulomb interaction is chiefly responsible for admixing 
other configurations, and it commutes with S, L, and J. 
The Landé formula, with the Schwinger correction, re- 
mains valid, and no corrections are necessary. The 
spin-orbit interaction can couple only to configurations 
of the type 4f""'S/, 4f*"'6/, etc. These configurations 
are far removed from the ground configuration, and 
matrix elements of A between 4/f and wf states are 
certainly small. The virtually perfect agreement that 


%C. E. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular No. 467 (U. S. Government Printing Office, 


Washington, D. C., 1958); W. E 
(1935). 


Albertson, Phys. Rev. 47, 370 
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has been obtained for Tm1,”' where there are no correc- 
tions to gy due to spin-orbit coupling effects within the 
ground configuration, supports the view that the effects 
of configuration interaction are negligible. It also indi- 
cates that the residual discrepancies between the theo- 
retical and experimental g values of other rare-earth 
atoms are chiefly due to higher-order spin-orbit effects 
within the ground configurations, rather than to ap- 
proximations made in estimating the relativistic and 
diamagnetic corrections. This conclusion is supported 
by the excellent agreement obtained for Er1, where the 
complete J=6 matrix is diagonalized. 

It is interesting to note that when the Schwinger, 
relativistic, diamagnetic, and second-order spin-orbit 
corrections to the various gy values of the levels of a 
given multiplet are made, the final calculated values 
satisfy an equation of the type 


(J+1)g7— (J—1)g7-1 


where a and b depend on the multiplet under examina- 
tion and are independent of J. In deriving this equation, 
which is of a quite general validity, use was made of the 
detailed form of the 6-7 symbol (6) and also the S, L, J 
dependence of /. 

Finally, we should like to point out that some neg- 
lected corrections and errors in parameters such as ¢ 
may produce effects which to some extent cancel, and 
therefore the remarkable agreement we have obtained 
between the experimental and theoretical gy values may 
be partly accidental. However, since the results depend 
in sO Many ways on our various assumptions, and are so 
well checked by experiment, we feel that this could 
occur in only one or two instances, and our general 
conclusions concerning the accuracy of the spin-orbit 
coupling constants and other radial integrals should not 
be affected. 


(25) 
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Precise observations have been made on light emission from low triplet levels of helium gas traversed by 
a monoenergetic electron beam, with varying helium pressure and electron energy. In the past it has been 
customary to assign this triplet excitation to direct transfer from 'P states in flagrant violation of the Wigner 
rule and seemingly excessive cross sections for the transfer have been inferred. 

A new process of °xcitation transfer is proposed which minimizes the conflict with the Wigner rule by 
reducing the sizes of the cross sections required to values close to the gas-kinetic cross section. It is hypothe- 
sized that many 'P states, including those with large quantum number , transfer excitation energy to 
neighboring triplet states having closely corresponding principal quantum numbers. The triplet states thus 
formed in turn populate low-level triplet states by radiative transitions. It is found that states lying between 
n=4 and n=15 would play the dominant role in the transfer process. 

Satisfying qualitative explanations of several additional excitation-transfer-process phenomena are 


derived from this new multiple-state-transfer process. 





I. INTRODUCTION 


HE primary purpose of this paper is to suggest a 
new explanation of the transfer of excitation by 
collision from a singlet state to a triplet state in a gas 
such as helium and to show that it is consistant with 
some experimental observations. In this type of gas 
the Wigner spin conservation rule! is expected to be of 
great importance. This rule states that the total angular 
momentum of electron spin is conserved in a collision 
involving two gas atoms. In general, this rule is ex- 
pected to apply best when the angular momenta of an 
atom have LS coupling. Helium atoms with both elec- 
trons close to the nucleus show strong LS coupling. 
States of helium in which one electron is in its lowest 
state and the other a highly elevated state do not show 
as strong LS coupling. Therefore a collision involving 
such an atom would not be expected to adhere so 
strongly to the Wigner rule. 
The reactions which usually have been proposed to 
account for the transfer of excitation energy may be 
exemplified by the following: 


He(1'S)+He(n'P) > He(1'S)+He(n*D). (1) 


In such a reaction only thermal kinetic energies are 
available to trigger the process, and since the triplet 
levels lie between 19.8 and 24.6 ev above the ground 
state, only one atom may emerge from the collision in 
an excited state even though a collision of the second 
kind may have occurred. The production of only one 
triplet means that the total spin angular momentum 
of the system has been changed by /2m and the 
Wigner spin conservation rule violated. Large trans- 
ferred populations are experimentally observed in 
states as low as the 3*D state where the violation of 
the Wigner rule would be extreme. It is our contention 
that, in place of direct transfer between low lying 


* This work was supported by the Air Force Office of Scientific 
Research under contract. 
1 E. Wigner, Nachr. Ges. Wiss. Gottingen, p. 375 (1927). 


levels, a process is active in which many 'P levels 
transfer excitation to a corresponding multiplicity of 
nearby levels in other series, the Wigner rule being 
presumed to be less restrictive for levels lying near the 
continuum. These indirectly excited atoms then de- 
grade to lower levels by radiative transitions. It is 
from these lower levels that the observed visible light 
is subsequently emitted. 


II. EARLY INVESTIGATIONS 


Transfer of excitation in helium has been investigated 
by Lees and Skinner? * and by Wolf and Maurer.*:5 The 
experimental method of Lees? was to pass an electron 
beam through a collision chamber filled with helium 
gas. He observed the radiation emitted from the beam 
path and its immediate vicinity. Prominent features of 
his observations included similarities between light 
emitted from 'P states and light emitted from °D states 
at pressures slightly above the very lowest used. The 
light from 'P states originated from outside the electron 
beam channel as well as from the channel at high 
pressures. This spreading effect increased with pressure 
and was attributed to the imprisonment of resonance 
radiation (n'P— 11S). Light from *D levels also ex- 
hibited this spreading to a remarkable degree, with the 
relative spreading increasing with ». Imprisonment of 
this radiation by the normal helium atoms is impossible, 
since intercombination lines of helium are observed 
neither from absorption nor emission. Lees and Skinner® 
postulated that this phenomenon was brought about 
by the 'P excitation spreading out from the channel by 
the imprisonment process with the 'P atoms subse- 
quently forming *D atoms by a process such as given 
in Eq. (1). This is quite possible energetically as an 
n*D level is separated only a few thousands of an 


2 J. H. Lees, Proc. Roy. Soc. (London) A137, 173 (1932). 

3]. H. Lees and H. W. B. Skinner, Proc. Roy. Soc. (London) 
A137, 186 (1932). 

*W. Maurer and R. Wolf. Zeits. Phys. 92, 100 (1934). 

5 R. Wolf and W. Maurer, Zeits. Phys. 115, 410 (1940). 
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electron volt from the equivalent »'P level. However, 
it violates the Wigner spin conservation rule to a 
dramatic degree, and is repeatedly cited as a major 
proof of the weakness of the rule.® 

A second type of observation by Lees*® also seemed 
to demand transfer of excitation from 'P to °D states. 
This was the gradual growth with pressure of a peak 
in the uncorrected excitation function curve of a *D 
level that corresponded rather closely in energy to the 
peak in a 'P excitation function. Lees and Skinner’ 
calculated that the cross section for transfer from the 
3'P state to the 3°D state would have to be about 
4.5X10-“ cm’, a value 30 times larger than the gas- 
kinetic value. 

Wolf and Maurer® used an experimental arrangement 
consisting of two chambers, ‘each filled with helium. 
The first was the collision chamber through which the 
electron beam passed and excited the helium gas. The 
second chamber was adjacent to this, but isolated in 
such a way that no electrons could be shot into it. 
However, radiation from the first chamber could enter 
it. The radiation from the first chamber, in being ab- 
sorbed by the gas in the second chamber, produced 
fluorescent light in the second chamber. This light was 
observed in a direction perpendicular to the direction 
of the radiation from the first chamber. The spectrum 
of the fluorescent light showed not only lines of the 
principal singlet series (7'P—»2'S), but also lines 
whose initial levels were *D, 'D, *P, *S, and 'S. The 
lines originating from the 'D and *D levels were the 
most intense of the unexpected lines. 

Wolf and Maurer attributed the presence of these 
lines to an excitation transfer process in which the n'P 
excitation was directly transformed into » *D, n'D, etc. 
states by collision. See Eq. (1). The cross sections 
calculated for transfer to 'D and *D states were 10 or 
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Fic. 1. Photomultiplier current per unit electron current per 
unit pressure vs electron energy. Transition from 3%D to 28P. 
Pressures are 5X 10% and 5X10? mm. 
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and Company, London, 1937), p. 30. P. Pringsheim, Fluorescence 
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more times as large as the gas-kinetic cross section even 
for n=3. Transfer into other states was at a consider- 
ably lower rate and the values calculated for these 
transfer cross sections were approximately equal to 
the gas-kinetic value of 1.5X10~-'® cm?. All of these 
explanations involved not only violation of the Wigner 
rule, but a preferential violation, in that the cross 
sections needed invariably were very large. 


Ill. NEW DATA 


The experimental results obtained at this laboratory 
will now be discussed and an interpretation given which 
is based on the multiple state transfer process. The 
experimental apparatus is described in detail in an 
earlier paper.’ Briefly, a beam of monoenergetic elec- 
trons was passed through a collision chamber contain- 
ing helium atoms. The excited atoms emitted radiation 
which was filtered and detected by a photomultiplier. 
The electron energy and pressure were varied. The 
electron beam current could also be changed, but the 
light output from the collision chamber was exactly 
proportional to the current. This indicated that any 
excitation process involved an atom being struck by 
only one electron, rather than being struck successively 
by several electrons. For this reason, light yields are 
expressed for unit electron beam currents. 

The ratio Ip»/p/-, photomultiplier current to the 
product of pressure times electron beam current, as a 
function of electron beam energy is shown in Fig. 1 
for two pressures for the 3 *D— 2 *P transition. At the 
lower pressure a single sharp peak occurs at about 38 
ev. The curve monotonically and smoothly decreases 
at higher energies. This type of curve has the shape 
generally expected of a triplet excitation function and 
will be considered to be solely due to direct excitation 
of ground-state helium atoms by electron impact. 
However, high *P and *F levels, also directly excited 
by electron impact, feed the 3*°D level by the cascade 
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Fic. 2. Photomultiplier current per unit electron current per 
unit pressure vs pressure. Transition from 3%D to 2 §P. Electron 
energies are 38 and 120 ev. 


7R. M. St. John, C. Bronco, and R. G. Fowler, J. Opt. Soc. 
Am. 50, 28 (1960). Philip Smith, Phys. Rev. 36, 1293 (1930). 
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process; their effects must be removed when an ab- 
solute calculation of the excitation cross section of the 
3*D level is made. The density of atoms in the 3*D 
state per microampere photomultiplier current was 
1.54X 10? per cm* with one ya electron current. 

At a high pressure the curve shows a broad secondary 
maximum with its peak at 120 ev, as shown in Fig. 1. 
The value of Ip»/pJ- increases in the pressure range of 
4X10 to 7X10-? mm, with the change for electron 
energies of 38 and 120 ev shown in Fig. 2. The 38-ev 
curve increases by 57% while the 120-ev curve in- 
creases by 350% in this pressure range. At pressures 
greater than 7X10~? mm, J p»,/pJ, increases very slowly 
with pressure for the two cases. 

Figures 3 and 4 show the data obtained for the 
3°®P—+ 24S (3889A) and 44S—2%P (4713A) transi- 
tions. These transitions show single sharp maxima at 
about 35 ev. The high pressure curves exhibit a very 
slight increase of Ipm/pZ- at and near 120 ev. This 
increase is very minor, however, compared to the in- 
crease exhibited by the transition from the 3 *D level. 

The increase in the light output per unit pressure 
from the 3 *D state at elevated pressure appears to be 
due to excitation of this level by transfer from 'P 
states. The 'P states have direct excitation functions 
with a broad maximum near 120 ev. Figure 5 shows 
the excitation function of the 3'P level of helium,’ the 
ionization function of helium,’ and the difference of 
the curves of Fig. 2. The latter is proportional to the 
radiation from the 3°D level due to transfer of 
excitation. 

In addition to the fact that the shape of the broad 
maximum of an uncorrected *D excitation function 
nearly matches that of the 'P function, its pressure 
dependence is noticeable similar. The light emission 
per unit pressure from the 3'P state begins rising at 
p=3X10~ mm and again levels off at a pressure of 
5 or 6X10? mm. See Fig. 5 of reference 7. The light 
emission per unit pressure from the 3*D state begins 
increasing at a pressure of 4X10-* mm and becomes 
nearly constant again at about 7X10-? mm. The in- 
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Fic. 3. Photomultiplier current per unit electron current per 
unit pressure vs electron energy. Transition from 3%P to 24S. 
Pressures are 3.6 10-% and 3.0 10 mm. 


EXCITATION 


TRANSFER IN He 





453S$—25P(4713A) 














10 
ELECTRON ENERGY IN EV 


Fic. 4. Photomultiplier current per unit electron current per 
unit pressure vs electron energy. Transition from 44S to 24P. 
Pressures are 5.0X 107 and 9.5X 10? mm. 


crease in light from the 3*D state should set in at a 
higher pressure than that for the 'P state since a 
buildup of 'P concentration is required before an ap- 
preciable increase in transfer of excitation may be 
effected. At the high-pressure end of the curves, the 
density of normal atoms will be great enough that 
transfer of excitation energy back and forth from 
singlet to triplet will become copious; under these con- 
ditions the density of 3*D atoms will be almost en- 
tirely dependent on the density of 'P atoms. Since the 
curves of light emission from the 'P and 3*D states 
are so similar at high pressures, one can thus justify 
in a second manner that major contribution to the 
3 *D population comes from 'P states. 


IV. MULTIPLE STATE TRANSFER 
As stated before, several investigators have at- 


tempted explanation of the broad maximum by pos- 
tulating a transfer of excitation from the 'P level 





B- IONIZATION 


/ 6-33-23 
or DIFFERENCE C 


2° 
y 
g 


A-3!P EXCITATION 


pat EXCITATION OR IONIZATION 





L 1 i i 
300 
ELECTRON ENERGY IN EV 








G-8-D 


Fic. 5. A. Excitation function of helium 3'P level. B. Ioniza- 
tion function of helium. C. Difference in excitation curves at 
38D level; the low pressure curve is subtracted from the high 
pressure curve (see Fig. 1). 
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nearest the triplet level which yielded the observed 
light. 

There is another and more plausible explanation of 
the pressure-dependent broad hump which appears in 
the *D transition curves. Atoms in the 1'S state 
(ground state) are excited to the many upper levels 
by electron impact. At very low pressures these con- 
centrations are depleted by radiative transitions; at 
high pressures both radiative losses and transfer gains 
and losses can occur. The singlet P concentrations 
become very large with increased pressure due to im- 
prisonment of resonance radiation and hence, through 
the transfer process, can cause a buildup of certain 
triplet concentrations. The manifold triplet levels thus 
populated can feed triplet levels beneath them through 
radiative transitions. Of all the transitions from a 
particular level, the one with the largest probability 
is the one in which the / value of the terminal level is 
one less than that of the initial level and the. value of 
the terminal level is the smallest in that series of termi- 
nal levels. Transition probabilities to other levels in this 
family become smaller as m increases. Thus, the lower 
that the level of a family being fed by cascade lies in 
the energy diagram, the more its population will be 
augmented despite the fact that considerable transfer is 
occurring at higher levels. 

The cross section for transfer of excitation is ex- 
pected to increase with m in a complicated fashion. 
Three physical quantities will mainly determine the 
variation. First, the gross physical size of the atom may 
increase as m* since the atomic radius increases as n’. 
Second, the closeness of resonance between the n'P 
and an nth triplet level of any series will increase for 
larger m values. The third effect arises from the spin 
conservation rule. It is reasonable to expect that the 
Wigner rule would become less dominant as increases 
because of the decreased quantum mechanical exchange 
interaction between the spins of the excited and inner 
electrons of the excited atom. The exact dependence of 
the last two factors is unknown and no speculations 
concerning them will be made here. Results of calcula- 
tions based on two dependences on m are presented in 
the next section. It will be seen that the choice of 
cross-section dependence has only a mild influence on 
the distribution of active states required. The purpose 
of presenting results of calculations based on n® and n*‘ 
cross sections is to bring out this fact. The m‘ cross- 
section dependence, however, seems to be the most 
acceptable from a physical point of view. 

The data presented in Sec. III indicates that *D 
levels are not fed to any significant amount by the 
direct transfer process, but by cascade from *F levels. 
Figure 4 shows that the 4°S level is little affected by 
transfer, whether by direct transfer from 4'P or in- 
directly through n'P to n*P transfer. Figure 3 shows 
that the 3 *P level is little affected by transfer whether 
by direct transfer, or indirectly through n'P to n 8S or 
n'P to n*D transfer. Figure 1 shows the 3*D level 
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Fic. 6. Helium energy level diagram showing excitation by 
electron impact, transfer, and radiative transitions 


much affected by transfer, either directly from 3'P or 
indirectly through n'P to n*P or n'P to n*F transfer. 
The first two of these three possibilities were eliminated 
by the previous citations, and thus only transfer via 
the *F levels seems feasible. A quantum mechanical 
development by Lin and Fowler® to be reported in a 
subsequent paper points to a selection rule wherein 
transfer transitions involving A/=2 
others. 


are favored over 


V. CALCULATIONS 


An analysis of the transfer of excitation through 
many levels follows. Figure 6 shows the energy level 
diagram of helium. Atoms in the 11S state (ground 
state) are excited by electron impact to the many upper 
levels. For electron energies at 120 ev, the singlet 
excitations are near their peak while triplet excitations 
have declined from their peaks. The excited n'P state 
atoms, in colliding with ground state atoms, will pro- 
duce n *F atoms. 

The cross sections for excitation transfer between 
two states will be assumed to be inversely proportional 
to the statistical weights of the states. Thus 


O.(n'P — n®F) 
=[G(n*F)/G(n'P) ]0.(n °F > n'P)=00Q,, 


where 


O.=Q0.(n*'F > n'P) and b=[G(n*F)/G(n'P)]=7. 


In the absence of exact knowledge it will be assumed 
that the cross section for transfer Q; will be equal to 
kon or kan*. Here ke and &, are constants and m is the 
principal quantum number. It is hoped that this range 
of functions assumed for the cross section will encom- 
pass the actual function. 


§ This development was presented in part at the 13th Gaseous 
Electronics Conference in Monterey, California October 12-15, 
1960. 
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The triplet state atoms are formed by electron im- 
pact and transfer of excitation. They may lose their 
excitation energies either by radiative or collisional 
transfer processes. The latter process may return the 
triplet atoms to singlet states or possibly to additional 
triplet states. The latter transfer possibility will be 
neglected in these calculations. 

The constants k» or ky in the cross section for transfer 
of excitation must be evaluated to give the transfer 
cross sections the values required by the experimentally 
determined intensity of light emission from the low- 
level triplet state. Our measurements are of the light 
emitted from the 3*D state and therefore we will 
confine our calculations and remarks to the process 
whereby that particular low-level state is populated. 

The following equations are those which relate the 
various population and depopulation rates of the in- 
volved states. n'P state: 


IN 
O(n 'P)-—+NN (n°F)Q.2 
eS 


transfer 
gain 


electron 
impact gain 


+ frN(n'P)A(n'!P — 1)=NN(n'P)0Q.2 
regained by 
imprisonment 


transfer 
loss 


+N (n'P)A'(n'P)+N(n'P)A(n'P— 1), (2) 
radiative loss 
except to ground 


radiative loss 
to ground 


where f, is the fraction of resonance quanta which are 
absorbed in the collision chamber, A(n1P— 1) is the 
transition probability from the n'P state to the 1'S 
state, and A’(n'P) is the sum of all transition proba- 
bilities from the m 'P state except that to the 1'S state. 

If (1—f,)=gn, the fraction of the resonance quanta 
which escape from the collision chamber, the equation 
for the m'P state becomes: 


IN 
O(n '!P)- —+NN(n*F)O,2= NN(n'P)60,2 
eS 


transfer 
gain 


electron 
impact 


transfer 

loss 

+[gnA(n'!P— 1)+A'(n'P)N(n'P). 
net radiative 


loss 
i 


Letting gnA(n'P—1)+A’'(n'P)=A(n'P), the total 
transition probability for the n 'P state, the nm 'P equa- 
tion becomes : 


IN 
O(n 'P)- —+NN(n®F)Q2 
a 


=NN(n'P)b0O,e+A(n'!P)N(n'P). (2’) 
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n*F state: 


IN 
O(n *F)- —+NN(n'P)b0.2 
es 


transfer 
gain 
=NN(n*F)O¢+N(n*F)A(n*P). (3) 
transfer radiative 
loss loss 


electron 
impact gain 


n*P state: 


IN 
O(n *P)- —= N(n*P)A(n *F). 
eS 
electron 
impact gain 


radiative 
loss 


33D state: 


IN 
0(3*D)-—+> N(n*F)A(n®F > 38D) 
eS n= 
electron 
impact gain 


gain by cascade 
from °F 


+3. N(n*P)A(n*P > 3°D)=N(3*D)A(3 4D). (5) 


n=4 


radiative 
loss 


gain by cascade 
from *P 


The 3°D state equation may be rewritten as follows: 


= 4) 


> N(n3F)A(n2F — 3*D)=N(3*D)A(3 8D) 
n=4 


T 


T] x 
—0(3*D)-—— © N(n*P)A(n*P— 38D). (5’) 


eS 


In these equations the cascading into the mth level 
from a higher level is neglected, and the direct transfer 
of excitation from 3'P to 3*D is assumed negligible. 
When the equations of the mth state are solved in terms 
of the density of the *¥ series member one obtains: 


[O(n'P)+O0(n*F)VUNb QO(n8F)I 
a - 
eSA(n'P) QeSé 
A(n*F) <A(n®F) 


A(n'P) NQe 





N(n*F)=— 





In these expressions, J is the electron current and 
N is the density of normal atoms. The results which 
follow are for a helium pressure of 5X10? mm. S is 
the electron beam cross section and is determined by 
the geometry of the electron gun. ¢ is the mean relative 
velocity of helium atoms at room temperature; a value 
of 1.78% 10° cm/sec was used. The value of N(3*D) 
was determined by comparing the light output from 
the collision chamber with that from a standard lamp. 
A symbol such as A (m *F) represents the sum of proba- 
bilities for transitions out of the m *F state. The transi- 
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tion probabilities are theoretical.’ Values involving 
n>8 are extrapolated from the tabulated values. The 
excitation cross sections from the 'P states are based on 
the data of St. John, Bronco, and Fowler for the 
3'P state.? An m* dependence is assumed." The 
values thus obtained are in good agreement with those 
of Thieme.” The cross sections for direct excitation to 
the m °F states by electron impact are approximations 
which were obtained by extrapolation from Thieme’s 
data on *S, *P, and *D states. The expression used 
herein is: 


O(n *F)= (2.0K 10-'8/n*) cm?. 


At pressures low enough that transfer of excitation is 
negligible (i.e., when the secondary peak on the excita- 
tion function is negligible), one may determine Q(3 *D). 
This value is used in the 0(3*D)(IN/eS) term when 
higher pressures are used. At 120 ev, Q(3*D) is 6.0 
X10-* cm?. This value is not to be regarded as having 
great accuracy, as the cross sections for excitation by 
electron impact to the *F level are approximations only. 
Had the excitation to the *F levels been considered 
negligible, with the 3 *D state filled by direct excitation 
and cascading from *P states, the cross section would 
have been approximately one and one half times as 
large as the value given here. However, the actual 
value of Q(3*°D) is of very minor importance in de- 
termining the transfer cross sections; only the total 
populating effects of direct excitation to the 3 *D level 
and direct excitation to the low *F levels are of 
importance. 

The values of g, for use in this analysis were, for the 
first set of calculations, determined from the results 
of Phelps." The effective radius of the collision chamber 
was assumed to be 1.0 cm, a value slightly smaller 
than the actual radius. The imprisonment of resonance 
radiation is greatest for radiation emitted from low 
1P states; imprisonment effects cease to exist when the 
n value of the resonance level exceeds 14. Such results 
will be called “partial imprisonment”’ results. 

A second set of quantitative calculations was made 
in which it was assumed that imprisonment of all reso- 
nance radiation was complete (g,=0). These yield 
“complete imprisonment” results. The basis of this 
assumption is derived from an inspection of the data 
shown in Fig. 2. The photomultiplier current per 
pressure vs pressure has virtually reached a saturation 
value at a pressure of 0.05 mm. This suggests that the 
slight increase in density of *F atoms per gas density 


9 E. A. Hylleraas, Z. Phys. 106, 395 (1937). D. R. Bates and A. 
Damgaard, Phil. Trans. Roy. Soc. (London) A242, 101 (1949). 
L. Goldberg, Astrophys. J. 90, 414 (1939); 93, 244 (1941). A. H. 
Gabriel and D. W. O. Heddle, Proc. Roy. Soc. (London) A258, 
124 (1960). 

1” H. A. Bethe and E. E. Salpeter, Handbuch der Physik, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1957), Vol. 36, p. 352. 

uL. S. Frost and A. V. Phelps, Westinghouse Report 6-94439 
6-R3, 1957 (unpublished). 

20. Thieme, Z. Physik 78, 412 (1932). 

#3 A. V. Phelps, Phys. Rev. 110, 1362 (1958). 
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TABLE I. Calculated cross sections in cm? for transfer of 
excitation from an m 'P state to an n °F state. 


Complete imprisonment 
1.54 10-8 5.9 10~'n? 
0.39 10'* 
0.96X 10° 
2.0 10" 
3.7 10" 
6.3 X10" 


Partial imprisonment 
4.7X107%n* =14K 107"? 


1.2 10" 2.24 10" 
1.48 105 2.9X 10" 3.5 «10% 
2.1 «10"5 6.1 10"5 5.0 «105 
2.9 «10 11.3 10% 6.9 «10% 
3.8 X10! 19.2 10" 90 «10% 
10.1 10" 4.8 10" 31 x10" 11.3 «10 
15.4 «10° 5.9 10" 47 x10 140 1015 
22.5 «10% 7.1 «10% 69 x10" 16.9 «10% 
32.0 *« 10" 8.5 «10'5 97 x10" x 1015 
44.0 x10" 10.0 «10! 134 «10% x 10'5 
59.1 «10 11.6 *10'5 179 x10" 7.8 10% 
77.9 K10% 13.3 «10"5 238 105 5 x10 


0.94 1015 


noted as higher pressures is due to the increased number 
of *F levels which are near saturation rather than due 
to the compounded effect of an increase in the imprison- 
ment of the 'P atoms and an increase in the number of 
3F states which are near saturation. 


VI. RESULTS OF CALCULATIONS 


The above equations and data yield cross sections 
for transfer from n'P to n*°F of 1.4X107'%n? and 4.7 
X 10~'8n* cm? for the partial imprisonment assumption. 
The reverse transfer from »*F to n'P with partial 
imprisonment have cross sections of 2.0 10~-'"n? and 
6.8X 10-n* cm?. Calculations based on the assumption 
of complete imprisonment of radiation yield cross 
sections of transfer from m'P to n*F of 5.9X10-'"'n? 
and 1.54 107'Sn' 


and sections for the 
reverse transfer of 8.5 10~!5? 


cm’, cross 
and 2.2X10-"n* cm’. 
The forward cross sections are tabulated as a function 
of m in Table I. The results of the partial imprisonment 
calculations almost certainly represent an upper limit 
on the transfer cross sections. Even in this case, the 
cross sections of low states have values near the gas- 
kinetic value of 1.5X10~'® cm’, and are in harmony 
with the Wigner rule. 

In Eq. (5’) the right-hand members are experimen- 
tally determinable while the left side is composed of a 
series of functions of the transfer cross section. Each 
left side member is a measure of the amount its re- 
spective n*F state contributes to the 3*D population 
through both transfer and electron impact. When each 
left-side member is evaluated with V — 0 (no transfer 
of excitation), it is a measure of the contribution of the 
n*F state due to electron impact alone. Subtraction of 
these values yields the transfer contribution of the 
nth term. The transfer contribution of each term ex- 
pressed as a percent of the entire amount transferred, 
is plotted in Fig. 7 for each form of the transfer cross 
section for the partial imprisonment calculation. States 
with ” between 4 and 15 handle more than 95% of the 
transferred excitation. In both cases, states above n> 15 
contribute little to the populating of the 3*D level. 





NEW PROCESS OF 
For states of n>15, the transfer contribution is very 
nearly equal for both dependences and is proportional 
to nm‘. In this high m range the summation was re- 
placed by an intergration process. Figure 8 shows the 
transfer contributions of the various m levels for the 
complete imprisonment case. States with n between 4 
and 15 handle more than 90% of the transferred 
excitation. 

It is seen that the m dependence of the transfer cross 
section may vary within rather wide limits, and still 
allow the cross section for any state of low n value to be 
of an acceptably small size. The authors feel that a 
cross section initially proportional to m‘, but saturating 
at a constant value or even decreasing for large m, is 
probably the most nearly like the actual cross section. 
For values great enough to cause atoms to overlap 
one another (if their physical size were that given by 
the transfer cross section), the cross section dependence 
on » might be expected to break down and the cross 
section itself become as small as that of the incident 
normal atom. In this realm of m it is more a case of a 
neutral atom colliding with an electron than with an 
excited atom. 

The physical fact accounting for the fact that the 
transfer contribution of the high n states is insensitive 
to the cross-section dependence on n is that the cross 
section is high for any of the dependences assumed. A 
large cross section causes the high triplet states to be 
saturated; this being the case transfer transitions back 
and forth from the high triplet and singlet states 
heavily outnumber radiative transitions. 

Up to this point two calculations have been made 
for the proposed multiple state transfer process, which 
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Fic. 7. Percent of transferred excitation handled by nth 
state in populating the 34D level; partial imprisonment of reso- 
nance radiation. 
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Fic. 8. Percent of transferred excitation handled by nth state 
in populating the 3 *D level; complete imprisonment of resonance 
radiation assumed. 








might be regarded as giving lower bounds on the 
process. Thus, despite the uncertainty which exists 
about selection rules, collision cross sections, and transi- 
tion probabilities when the principal quantum number 
is so large (n> 15) that the classical orbital dimensions 
of the atom exceed the interatomic distances, all rules 
and formulas found for small m have been extrapolated 
boldly. Still a third calculation was performed which 
has the nature of an upper bound on the theory; it was 
assumed that no selection rules at all operate except 
the rule that direct electron excitation from the 11'S 
state to the triplet states is substantially less probable 
(owing to the need for exchange) than to the upper 
singlet states. This rule is a result of the original 
structure of the 11S state and will be assumed to be 
retained for large m. 

In making this third calculation we assumed that the 
collision process can be treated as a collision between 
a free electron (the excited orbital electron) and the 
neutral colliding 11S atom and hence is independent 
of n for transfers between non-degenerate levels. Further- 
more it was assumed that imprisonment of resonance 
radiation emitted from the levels with n>15 is negli- 
gible for a pressure of 5X10-? mm. The result of the 
calculation is that only the states with m values be- 
tween 15 and 24 are needed to explain the observed 
onset of transfer at a pressure of 6X10~* mm, and the 
observed saturation of transfer at 5X10-? mm, and 
that a transfer cross section as small as 8X 10~n? cm? 
between levels of n?-fold degeneracy will account for 
the amount of transfer observed. Further tests of this 
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new theory would be desirable. Since the transfer 
through the upper states should be strongly dependent 
upon the cutoff of large values by ionizing collisions, 
which in turn depends on the gas temperature, it is a 
deduction that the proposed process should be strongly 
temperature dependent, and experiments to test this 
are now in process. 

Two pieces of experimental evidence exist which 
indicate that the third process may be preferable to 
the other two. First, when the transfer cross section 
curve is obtained by subtracting the measured direct 
excitation to the 3*D state from the gross excitation, 
it is found that in respect to its shape and the location 
of its maximum, it resembles more the ionization cross 
section curve than the direct cross section for 3'P. 
(See Fig. 5.) It would be anticipated that cross-section 
curves for quantized states near the ionization level 
would trend toward the ionization curve in shape and 
hence transfer through the high states should bear out 
this resemblance. Second, the third process is inde- 
pendent of imprisonment effects in the pressure range 
examined and will allow a faster saturation of the gross 
excitation curve with increasing pressure than the first 
process. The experimental curve (see Fig. 2) seems to 
indicate that the transfer effect is in fact nearly satu- 
rated at 5X10-* mm. 

We thus conclude that by invoking the transfer 
process through the upper states the apparent viola- 
tions of the Wigner rule at least can be minimized if 


the selections rules are merely extrapolated, and can 
be removed if the selection rules do not hold. Effort 
is now being directed to the theory of the high quantum 
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states in the presence of perturbations to endeavor to 
refine the process proposed. 


VII. APPLICATION TO EARLY RESULTS 


The multiple state excitation transfer explanation 
can account for all observed experimental results 
mentioned to this point in this paper. Qualitative ex- 
planations of a number of points will be given. 

Lees noted that both the relative spreading of a 
line originating from a *D level and the size of the 
broad peak relative to the narrow “triplet” peak of 
the excitation function of this line increased with n. 
The narrow peak is caused by direct excitation into 
the triplet states and this varies inversely as n*. The 
broad peak is dependent on high level *F states radiat- 
ing into the n *D level. The probability for a transition 
such as this varies inversely approximately as n*. This 
combination of effects will cause the broad peak to 
drop more slowly than the narrow peak as » increases. 
Also the diffuse part of the beam, having its real origin 
in the imprisoned resonance radiation, will by the same 
reasoning, dominate the direct excitation portion as n 
increases. 
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In the energy levels of valence electrons in atoms, molecules, solids, and liquids, there is a contribution 
from the large negative potential energy inside the core of the atom and the large positive kinetic energy 
which the electron has there. Phillips and Kleinman have shown how the kinetic energy can be represented 
by a repulsive pseudopotential which cancels most of the potential energy inside the core. The explicit 
representation of the pseudopotential is now developed further to demonstrate more clearly the extent of 
the cancellation. The formalism justifies the simple models which are in common use for treating valence 
electrons. It is also used to relate similar atoms from different rows of the periodic table, and in particular 
to discuss the systematic trends in the energy levels of the alkali and noble metal atoms. 





I, INTRODUCTION 


NE of the most interesting things about valence 

electrons is the extent to which their observed 
properties parallel those to be expected from apparently 
very crude models or simple computational schemes. 
We have in mind pseudohydrogenic models for atomic 
energy levels; the point-ion approximation for crystal 
and ligand fields; the nearly free electron model for 
metals, alloys, liquid metals, and conjugated aromatic 
hydrocarbons; and the valence bond scheme for crystal 
and molecular structures. A common feature of all these 
models or schemes is that either the core electrons are 
ignored or their role vastly simplified. Another common 
feature is that it is not readily apparent from, say, the 
Hartree-Fock equations that the model should work 
at all. 

Let us take as perhaps the most extreme example the 
fact that the band structures of metals are remarkably 
nearly-free-electron-like as regards the form of E(k). 
There is detailed indirect information about the shapes 
of the Fermi surfaces in the alkali metals, the interpreta- 
tion of which! also agrees with detailed band structure 
calculations of Ham.? There is detailed direct informa- 
tion for Cu,?-? Ag,*:7-8 Au,*:7? Al,610.1119 Ph 12-14 Jess 
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Research. 
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complete direct information on Sn,'*—"” Mg,'* Zn,” Cd,” 
and also numerous band structure calculations. Cer- 
tainly in the noble metals and probably in lithium the 
Fermi surface deviates markedly from a sphere, but the 
deviation is a bulge in the direction of the nearest zone 
faces, as would be expected on a nearly free electron 
model with a considerable band gap. Indeed for all of 
the metals listed above, the Fermi surface is recog- 
nizably a moderate distortion of the free electron sphere. 

The reason for such a resemblance to a free electron 
band structure does not, of course, lie with the nearly 
free electron approximation®—this approximation re- 
quires the atomic potential to be weak compared with 
the bandwidth, which is certainly not the case. The 
reason lies instead in the cancellation between the 
negative potential energy of the electron near an atomic 
nucleus and the positive kinetic energy associated with 
the rapid oscillations of the wave function within the 
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region of the ion core. Mathematically the oscillations 
are imposed by the requirement of orthogonality of the 
valence electron wave functions to all the occupied 
electron wave functions. In the past, the cancellation 
has been obvious in the course of calculating matrix 


elements in the orthogonalized-plane-wave (OPW) , 


method, numerical examples being given for instance in 
reference 22. Recently, Phillips and Kleinman™** have 
demonstrated the effect more explicitly by expressing 
the terms arising from orthogonalization as a pseudo- 
potential** and observing the cancellation in the calcula- 
tion of the Fourier coefficients. The implication of this 
cancellation for the justification of the point-ion approxi- 
mation has been discussed by Phillips.*® 

The purpose of this paper is firstly to demonstrate 
the cancellation between kinetic and potential energy 
much more explicitly in real space. Secondly, the theory 
we develop throws light on the general validity of the 
various simple valence-electron models mentioned 
above. Thirdly, it provides a formalism which can 
treat systems with different numbers of electrons on the 
same footing, and thus leads to an understanding of the 
systematic variation of the properties of the elements 
throughout the periodic table. In Sec. II we start by 
generalizing the OPW scheme to apply to any valence 
electron problem including atoms and molecules, and 
trace its relation to the Phillips-Kleinman (PK) scheme. 
The demonstration of the cancellation is contained in 
Sec. III, and in Sec. IV we discuss the relation of the 
PK scheme to the simple valence-electron models. Sec- 
tion V concludes with a discussion of the systematic 
trends in the energy levels of monovalent atoms and in 
the band structures of metals. 


Il. ORTHOGONALIZED ORBITALS AND 
THE PK SCHEME 


The basis of the OPW method is that the wave func- 
tion of a conduction electron in a solid is nearly a plane 
wave, or a linear combination of a few plane waves, in 
the regions between the ion cores, but that the oscilla- 
tions of the wave function near the nuclei must be 
inserted. As first pointed out by Herring,”* this can be 
achieved by subtracting some core orbitals from the 
plane waves, e.g., a 3s—3p conduction-electron wave 
function.in sodium is represented by a plane wave 
with some 1s, 2s, and 2 functions ¢; subtracted: 


(OPW) =e**—Tie(due™*)oe 
(t=1s, 2s, 2p2, 2py, 22). (1) 


This representation works remarkably well because it is 
a general feature of atomic wave functions that the 


2 V. Heine, Proc. Roy. Soc. (London) A240, 354 (1957). 

% J. C. Phillips and L. Kleinman, Phys. Rev. 116, 287 (1959). 

* L. Kleinman and J. C. Phillips, Phys. Rev. 118, 1153 (1960). 
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25 J. C. Phillips, J. Phys. Chem. Solids 11, 226 (1959). 

26 C. Herring, Phys. Rev. 57, 1169 (1940). 
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inner loops of ¥ come at about the same radii as the 
main maxima of the The 
coefficients 


ls, 2s, etc., functions. 


(dy,e"* r) foun k rd 


in (1) are chosen to make (OPW) orthogonal to the 
inner orbitals ¢;, and the ¢; are chosen” as the 1s, 2s, 
etc., eigenfunctions, 


(2) 


Ho.= Es, 


of the same Hamiltonian 1 as we wish to calculate the 
valence orbitals y for, since we know y has to be or- 
thogonal to the lower energy solutions of its own wave 
equation. The expansion of ¥ in OP W’s with coefficients 
C, leads to the secular equation 


Dm (n| H|m)— E(n|m) jC,,=9, (4) 


where |), |m) represent OPW’s with vectors 
k,, k» such that k,—k,, is equal to a reciprocal lattice 
vector. The cancellation between the potential energy 
and the kinetic energy which comes from the orthogo- 
nalizing terms in (1) can be seen” easily in the matrix 
elements of (4), leading to a nearly free electron band 
structure with small band gaps and an expansion of 
in a small number of OPW’s. 

Clearly, we can apply similar ideas to the calculation 
of valence orbitals y in atoms and molecules, expanding 
y in terms of a few orthogonalized orbitals x, 


Y=D Coxe, 


fn— Dil, fn)br, 


wave 


Xn= (6) 


where the f, are some simple set of suitable smooth 
functions and the ¢,, the inner core orbitals again. 

Let us now define the function @ 
(7) 


$=LaCafo, 


— 


which stands in one-to-one correspondence with the 
true wave function y. It represents the smooth part of 
y without the inner oscillations, and from (5) and (6) 
we have 

¥=6—Lt(G1,6) du. (8) 
The norm of ¢ is 


(,6)=1+ 202! (61,4) |*, 


when y is normalized to unity. Now as Phillips and 
Kleinman have shown,” the substitution of (8) into the 
real wave equation, 


(9) 


Hy= EY, (10) 
leads directly to a wave equation for ¢, 
(H+Vr)o= Ed, (11) 


V rd= > (E— E,) (61,6) 6. (12) 


nonlocal 


The entity Ve is an integral operator or 
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potential 


Vag e)= f Velee')g(et, 


where g(r) is any function and 
Veter’) =D (E— Edo (r’)d: (1). 


We can separate Vz into 


(14) 


Ve=VarstVarptVerat::, (15) 


with all the inner p orbitals grouped into Vpp, etc. 
Then (13) and (14) show that only Vr» operates on 
functions with p symmetry, etc. 

In (14), the core energies F; lie lower than E, so 
that Vr behaves like a repulsive potential which has 
the general effect of cancelling some of the negative 
potential V. Our task now is to express (14) in a form 
which demonstrates more clearly the details of the 
cancellation. 


III. CANCELLATION OF THE POTENTIAL 


One point about the orthogonalized orbital method 
is that the expansion (5) in terms of orthogonalized 
orbitals x, is actually not unique. If a set of coefficients 
C,, is a solution of the secular equation for energy £, 
then so is the set C,+ D0 a:(fn,:) a solution for the 
same energy, where the a are arbitrary. The wave 
function itself is unaffected by the change in the co- 
efficients. The reason for this indeterminacy is that the 
Xn are overcomplete. The f, are complete and inde- 
pendent, but the effect of orthogonalization of the f, to 
the core functions is to introduce linear relations among 
the Xn- 

Ea(fudbdxa(8) = g(r) =0. (16) 


Adding any amount of each function g,(r) thus changes 
the coefficients of the x; as stated without affecting the 
wave function. 

A precisely analogous indeterminacy of ¢ exists in 
the PK scheme.*’ If one adds 


b= Dor adhe (17) 


to ¢ in (8), the addition to the first term is immediately 
subtracted out by the orthogonalization terms. Alter- 
natively, if @ is a solution of Eq. (11) with energy £, 
then so is 6+). «@:. Thus we are at liberty to impose 
an additional constraint on ¢, and this will allow us to 
simplify (14) through the choice of a particular ¢. We 
shall apply the constraint in the form of a variational 
principle, and there are a number of different quantities 
one might vary. 

In an actual calculation, one would usually expand ¢ 
in terms of a finite number of functions f,, n=1 to N, 
and one could then minimize the energy subject to an 
expansion in this finite function space, giving a unique 
set of expansion coefficients C,. Such a procedure in 


27 We are grateful to Dr. W. Kohn for emphasizing this point. 
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fact leads directly back to the same secular equation 
(4) as found in the orthogonalized orbitals method. In 
a sense therefore it does not give anything new, but it is 
interesting to note in passing what happens to the 
indeterminacy.”* Let us consider (4) again as the secular 
equation for the orthogonalized orbital expansion (5). 
By taking linear combinations of the x,, we can always 
set up a new set of base vectors. to describe our N- 
dimensional function space. One such base vector (for 
each ¢t) could be 


‘ 
DX (fn,60)xXn(r)= ge (r)¥0. 
n=l 
If N is large, these functions would have a very small 
amplitude in view of (16) and their coefficients in the 
expansion of @ would in general be correspondingly 
large. Thus we can expect large numbers in the solution 
of (4) which later cancel one another, leading to some 
numerical difficulties. 

A different approach is to choose ¢ to be the smoothest 
¢@ with the inner oscillations subtracted out as well as 
possible, i.e., to minimize {| Vo|*dv/(¢,). The analysis 
follows closely the one for V-+V » below, and we shall 
only quote the result. With the particular @ mentioned, 
(12) reduces to 
(V+V2)b=(Vo—Lie(o.,V0)¢] 

+[(E-T) Xielbuo)oe]. (18) 
Here T is the kinetic energy operator, and 7 the ex- 
pectation value,  _ 
T= (¢,T¢)/ (4,9), 
using the ¢ giving the minimum value. 

Alternatively we could demand that the cancellation 
between V and Vz be as good as possible, i.e., we mini- 
mize |(¢, (V+Ve))|/(¢,¢). The variational equation 
is 


(6¢,(V+ Vr)o)— V (56,0) > 0, 
V=(¢, (V+Ve)¢)/(¢,9) (20) 


using the minimum ¢. Substituting the variation (17) 


gives bs 
(¢:, (V+Ver)o)— V (1,6) =0. (21) 


Incidentally, it is not difficult to verify that a @ exists 
which satisfies both (11) and (21): starting with any @ 
that satisfies (11), a set of a; can be constructed such 
that (17) satisfies (21), as well as automatically satisfy- 
ing (11). From (12) we have 
($:,V no) = (E— Ex) ($49). (22) 

On subtracting (21) from (22) and substituting back 
into the right side of (12), we obtain 
(V+Ve)o=[VO-Li($.,V 060] 
Pap We Tarver +LV dielos6)¢]. (23) 

28 We are grateful to Dr. S. F. Boys for emphasizing some of 


these points; see also V. Heine, thesis, University of Cambridge, 
1956. 


(19) 


where 
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Fic. 1. The cancellation in the potential acting on the valence 
electron in Si*+: Z=rV(r); Z' =r V(r) — (61s, V br. (bas, V Gee 
~=r[V+Vr,]. V(r) is the same potential™ as used by Kleinman 
and Phillips.* The o1,, 62, are from Hartree et al.™ Although the 
¢: are not eigenfunctions of V(r) as assumed in Eq. (3), this 
should not affect Z’ very much. Note added in proof. The repulsive 
potential in Fig. 1 of reference 24 is twice too large. When cor- 
rected, their effective potential is in good agreement with ours. 
(Private communication from Dr. Kleinman). 





In both (18) and (23), we have separated the right side 
into two brackets. The first bracket has simply the form 
of a nonlocal potential acting on ¢, but in the second 
bracket the coefficient V or (E—T) itself requires a 
knowledge of ¢, so that it is not in a useful form for 
detailed calculations. However, by taking the matrix 
element with ¢, we see that the second bracket in each 
case is smaller than the left side of (18) or (23) by a 
factor >°:| (¢:,¢)|? which is typically about 0.1. Thus 
the first bracket represents about 90% of the net po- 
tential V+Ve after the cancellation has been done 
rigorously. For our present semiquantitative discussion, 
we shall therefore drop the second bracket in (18) and 
(23). We could take it into account by perturbation 
theory, in which case its first-order effect is simply to 
multiply the first bracket by 1+ >¢;| (¢:,¢)|*, but in 
practice, for accurate calculations, one would probably 
revert to the orthogonalized orbital equation (4). 

Retaining only the first bracket of (18) and (23), we 
have as our net nonlocal potential 


V+Ve=V(r'/)[6(2,r')—Die de" (8’)oe(8)], (24) 


where we have assumed V itself is local as in the Hartree 
approximation. A simple generalization of (24) can be 
written down if V is nonlocal due to inclusion of ex- 
change terms. Now if the ¢, formed an infinite complete 
set of functions, the square bracket in (24) would vanish 
identically, giving complete cancellation between V 
and Vx. In practice we only have a finite number of ¢; 
2 J. McDougall, Proc. Roy. Soc. (London) A128, 550 (1932). 


*® W. Hartree, D. R. Hartree, and M. F. Manning, Phys. Rev. 
60, 859 (1941). 
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in the core, but these ¢; are quite a good set for repre- 
senting the bulk of V over the region of the ion core 
because the 1s, 2s, etc., functions have their main 
maxima at nicely spaced increasing values of r, so that 
we get cancellation in (24) to that extent. 

We can show the extent of the cancellation in a more 
perspicuous though slightly approximate form by taking 
¢ out of the integral. Suppose y and ¢ have the sym- 
metry of a spherical harmonic Y;,,. If the cancellation 
is nearly complete as we suppose it will turn out to be, 
¢ varies slowly and inside the ion core can be replaced 
by Ar'Yim. The A can then be taken out of the integral, 
and from (23) we obtain 


(V+Vao=LV —Lie(oe'V im, V) (b1/1'¥ tm) 1. 


We have here reduced V+V x to a semilocal potential, 
i.e.; a local potential but different for each /, since in 
(25) only the ¢; having the same / as ¢ contribute. The 
extent of the cancellation is the extent to which V(r) can 
be expanded in the finite set of functions d7'Y im. Thus 
the cancellation is almost complete inside the core, but 
nonexistent outside the core. This is clearly illustrated 
by the numerical example shown in Fig. 1. 


(25) 


IV. RELATION TO SIMPLE VALENCE- 
ELECTRON MODELS 


In Secs. II and III we have seen how an actual 
Schrédinger equation Hy=Ey may be replaced by 
(H+Vpr)d= Ed, where ¢ is essentially the same as y 
but with the rapid oscillations inside the ion core re- 
moved. Thus in discussing the valence electrons in 
atoms, @ would be a 1s-like or 2-like function. In 
metals ¢ would approximate a plane wave or a simple 
combination of plane waves; the potential is fairly 
flat between the atoms and the large negative potential 
inside the ion core is cancelled off by Vr, so we expect 
that V+V,» can be treated by perturbation theory. In 
this way then, we can justify the use of the simple 
models for treating valence electrons, like the nearly 
free electron model, which were mentioned in Sec. I, 
and we obtain a general understanding of why they 
work as well as they do. 

This is satisfactory as far as it goes, but we can 
develop much more precisely the relationship of our 
cancellation scheme to any particular model. Let us 
split H+V-p into a simple model Hamiltonian Hy and 
a perturbation Vp: 


H+ Ve=Hut Vp = (p?/ 2m+ Vw) 


+(V—VautVer). (26) 


For instance, in a metal we might choose V 4=con- 
stant; this allows us to absorb the constant part of 
E—T in (18) or of V in (23). In an atom or ion a useful 
Vu might be a cut-off Coulomb potential (see Fig. 1): 


Vu=Z- yr, 
=0, 


Par 


TE. 


(27) 
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We now use the arbitrariness of @ (Sec. III), and choose 
¢ to minimize 


(¢,H u)/($,¢) ; 


i.e., we Choose the ¢@ most nearly an eigenfunction of 
Hy. Analogously to (21), we have 


(¢:,H ub) — Em (4,6) =0, 
where Ey is the value of (¢,H wo)/(¢,6). From (3) we 


have 


(¢:,Ho) _ E.(¢1,0) =0. 


Subtracting these two equations gives an expression for 
E.(¢4,), which when substituted into (11) and (12) 
gives 


(H+Vr)o 


= Huot [(V—Vu)o— Libs, (V—Viu)o)oe] 
+(E—Em) Dot(¢,0)b1= Eo. 


We shall take the square bracket as our perturbation 
Vp; if we have chosen Vy, to represent V fairly well 
outside the core, then the cancellation of V-—Vy, by 
the Vp should be almost complete, so that Vp is really 
small. The term following Vp can be neglected com- 
pletely ; alternatively, as remarked in connection with 
(18) and (23), (E—E,) in first order is (¢,V pp) and 
the expectation value of the whole term is 


(9%, V pd) D:| (1,0) | 20.1 (¢, V pd), 


so that it can be taken into account correctly to first 
order by multiplying Vp by 1+)0;| (¢.,¢) |?=1.1 ina 
typical case. 

A criterion which can be used to test whether V pd 
may be regarded as small compared with (AE)¢, where 
AE is of the magnitude of a typical separation between 
valence-electron energy levels, is suggested by the 
standard criterion for convergence of generalized 
Fourier series: 


G=[(g,g)—Lie| (Ong) |? )/ (AEP ,6)<1, 


where 


(28) 


(29) 


g=(V—V uo. (30) 


Whenever the criterion (29) is well satisfied, ¢ is close 
to f, an eigenfunction of the model Hamiltonian Hy. 
It is sufficient, therefore, to require that 


G’=C(¢',e’)—-Xul (Gug’) |2)/ (AEP NK, 


where 


(29) 


g’=(V—Va)f. (30’) 


Thus a knowledge of the solution of the real problem ¢ 
is not required to test the accuracy of the model. If V 
contains adjustable parameters, these can be chosen in 
such a way as to minimize G’, which is the same as 
requiring optimum cancellation of the difference be- 
tween V and Vy by the orthogonalization terms. It is 
interesting to note that in this variational principle the 
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TABLE I. Energy levels of alkali atoms.* 





—€, 


(ev) 


(1s) Y dale 
(2s) (2p) —3.54 
(3s) (3p) —3.04 
(4s) . (4p) —2.73 
(5s) —4.18 (5p) —2.60 
—3.89 (6p) —2.45 


—€p €s— Ep 
(ev) (ev 








* —e,and —ep, are the energies of the levels relative to the ionized state 
of the atom. ep represents the average for the 7 =} and j =} levels. Values 
of és, €p are taken from reference 31, values of the atomic radius ra from 
reference 21. 


model Hamiltonian itself is varied to approximate 
closely to the actual Hamiltonian H+ Vp; it contrasts 
with the usual uses of model Hamiltonians, when the 
parameters of the model are varied to minimize the ex- 
pectation value of the true Hamiltonian with the model 
wave function. 


V. ATOMIC ENERGY LEVELS 


Consider the ground states of the alkali atoms 
(Table I). By using the cancellation theorem and Eq. 
(11), we always reduce the wave function of the valence 
electron to a 1s-like function. We have therefore a 
basis for comparing the different alkali atoms, and the 
energy levels just depend on the goodness of the can- 
cellation. The first thing we note is that in the s series, 
the first level H 1s has a very low energy compared with 
Li 2s, Na 3s, etc.; this is because in the case of H 1s 
there are no lower core orbitals to do any cancelling. 
The same effect can be seen in the Li 29 level, though 
to a much lesser extent because here the centrifugal 
1(l+1)/r? term in the radial wave equation to some 
extent makes up for the lack of a 1p function. After 
that, Table I shows that the levels in both the s and p 
series get progressively more weakly bound: On the 
one hand, the number of functions increases approxi- 
mately as the square root of Z so that the cancellation 
gets better and better; on the other hand, the potential 
itself gets deeper rather less rapidly than proportional 
to Z. The facts show that the first tendency dominates 
over the second, as is hardly surprising since from (25) 
the net potential left in the region of the core after 
cancellation is the remainder after expanding V(r) in 
the series of m functions, and due to the rounded shape 
of the functions we might expect the series to converge 
at least as fast as 1/n?, i.e., as 1/Z. These remarks are 
at present, of course, no more than qualitative comments, 
but they show how Eqs. (25) and (28) open the way for 
a quantitative comparison between different atoms. 

Incidentally, we note from Fig. 1 that the potential 
is not cancelled off for r<rx, the radius of the K shell. 
For functions of s-like symmetry, (25) reduces to 


(31) 


V+ Vr= v= a (drs, V)dve 
v=] 
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where » is the principal quantum number of the outer- 
most s electron in the core. Now ¢,,(r)—> const and 
V(r) —o asr—O0, so that V+V p contains an un- 
cancelled spike —Ze®/r of radius rx. Now rx is approxi- 
mately ao/Z, where do is the Bohr radius, so that in 
first-order perturbation on ¢ the spike contributes an 
energy of about 42|¢(0)|?Zrxn?~1/Z rydbergs which is 
unimportant for large Z. 

Table I also shows how the radii r, of the alkali 
atoms increase significantly with Z. Part of this is due 
to the decreasing ¢, since ¢1,~exp{ — (e,)*7] at large r, 
giving r.< ¢,~). However, the observed increase in rq is 
considerably greater than this, and must be due to the 
fact that good cancellation inside the core pushes ¢ out 
to the regions of negative potential energy outside the 
core. 

We turn now to the other monovalent series, the 
noble metals. Their ¢, ionization energies are rather 
larger than those of the alkalis: 

Ag, 7.57 ev; Cu, 7.72 ev; , 9.22 ev. (32) 
The reason for this is as follows. In copper, for example, 
the 3d shell is rather loosely bound compared with the 
cores of the alkali atoms, and consequently extends out 
to a considerably larger radius than the 3s function. 
Thus the 3s function in (31) is incapable of cancelling 
off the potential in the outer regions of the core, leaving 
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a large negative potential which produces a tightly 
bound 4s level, i.e., a large e,. Thus the looser the d 
shell, the tighter the next s shell is; and if we take the 
order of increasing looseness of the d shells as Ag, Cu, Au 
as evidenced by their color and chemical valencies, we 
note that this is indeed the same as their order of in- 
creasing ¢, in (32). 

A rough theory has already been given in reference 1 
relating the electronic band structures of the alkali 
metals to the atomic parameters ¢,—e, and r,, and the 
argument seems to be applicable qualitatively also to 
groups ITA and ITIA of the periodic table. In Na, Mg, Al, 
the band gaps appear to be very small.*! As Z increases, 
€, («rq-*) decreases more rapidly than e,—e,, resulting 
in an increasing band gap with the s-like state at the 
gap being the lower one. In Li and Be, however, there 
are large band gaps with the p-like state lowest, due to 
the small r, and the abnormally low e,—e, which we 
have seen is in turn due to the e of a 1p shell. 
As Ziman* has pointed out, these syste matic trends in 
the band structures are dire tly reflected in the elec- 
trical resistivities and Hall coefficients” of these metals 
as well as in other properties. 
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Configuration Interaction in Simple Atomic Systems*} 
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The ground-state wave functions of the helium, lithium, and beryllium atoms were approximated by < 
superposition of configurations with expansion lengths ranging from 35 for helium to 55 for beryllium 
The discrepancies in the total energy are 0.014 ev for helium, 0.026 ev for lithium, and 0.17 ev for beryllium 
A 19-configuration function was also applied to the lowest 3S state of helium, with a resulting accuracy o 
0.0005 ev. The calculations were also made on all the isoelectronic series of ions through Z=8, the dis 
crepancy remaining of the same order of magnitude but increasing with increasing Z. A lower bound to the 
electron affinity of lithium is set at 0.4773 ev, with the most probable value, obtained by extrapolating the 


isoelectronic series, being placed at 0.62 ev. 


INTRODUCTION 


ROBABLY the most widely used and most gener- 
ally successful approach to many-particle quantum 
mechanics is the independent-particle model, which at 
its best is represented by the Hartree-Fock approxima- 


* This work was assisted by the Office of Naval Research and 
by a grant from the National Science Foundation. 

t Submitted in partial fulfillment for the degree of Doctor of 
Philosophy, Department of Physics, University of Chicago. 

} Present address: National Bureau of Standards, Washington 
25, D. C. 


tion.! Physically, this approximation amounts to treat- 
ing the interparticle interactions in only an average 
fashion, i.e., each particle is assumed to move in only 
the average field of all the other particles of the system. 
Mathematically, the method consists of approximating 
the state function as an antisymmetrized product of 
one-particle functions (spin orbitals). Subjecting such a 
function to the variational principle leads to the well- 


1D. R. Hartree, The Calculation of 
Wiley & Sons, Inc., New York, 1957). 
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known self-consistent-field (SCF) equations for the 
one-particle functions. 

While this model is extremely useful for many pur- 
poses, it has a fundamental shortcoming. Since the 
wave equation is not separable in the individual par- 
ticle coordinates, the many-electron eigenfunction can 
never be written as an antisymmetrized orbital product. 
Physically, this means that the details of the way in 
which the particles mutually correlate their motions is 
not adequately represented. There are two general 
methods of surpassing the basic approximations of the 
independent-particle model: (1) Explicitly introduce 
the interparticle coordinates r;; into the trial wave 
function. (2) Write the trial wave function as a linear 
combination of antisymmetrized products of one- 
electron functions (commonly called configuration in- 
teraction). The first procedure has met with great suc- 
cess for two-electron systems such as helium-like atoms 
and the hydrogen molecule.?* It has established the 
energy eigenvalues for the helium isoelectronic series 
within the current limits of experimental error.‘ How- 
ever, it suffers from the extreme computational diffi- 
culty involved in extending it to larger systems. One 
attempt has been made to do the exactly analogous type 
of calculation for the lithium atom,® which gave good 
results, although nowhere near the accuracy obtained 
for helium. The second method (configuration inter- 
action), while it can be readily applied to any system 
within reach of ab initio calculations, has always been 
plagued with the difficulty of slow convergence. 

The primary purpose of the present research is to 
make a thorough investigation of the method of con- 
figuration interaction to see just how well one can 
expect to do with expansion lengths which are still 
tractable on present-day rn equipment. The 
systems chosen were the lowest 'S and 4S states of the 
helium atom, the lowest 2S state of lithium, and the 
lowest 'S state of beryllium, and the respective iso- 
electronic series through Z=8. The list thus includes 
an excited triplet and several systems with more than 
a single closed shell. 

A second purpose, of course, is to produce wave 
functions which should be a reasonable compromise be- 
tween accuracy of approximation and usability, and 
hence useful for studying properties like diamagnetic 
susceptibilities, hyperfine splitting, transition proba- 
bilities, A third purpose grew up in the course of 
the investigation, namely an attempt to predict the 
stability of the isoelectronic negative ions. 


etc. 
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GENERAL THEORY 
In the method of configuration interaction, the state 
function is approximated as a linear combination of 
many-electron functions, 


V= Di ci, (1) 
where each of the #;’s (configurations) is an antisym- 
metrized product of one-electron functions (spin orbi- 
tals), and the coefficients c; are taken as those which 
minimize the total energy. The total energy for such a 


function is 
Dis cicjH j; 
(viv) > 


— 


(VW \5C\ ¥) 


- , 
ij Ci FA) ij 
where 


H;= (®;! S$ ;= (®;|@;). 


KH ?; 5 


The condition for the energy to be an extremum, 5E=0, 
is the well-known matrix eigenvalue equation: 


Di Hj 5¢;- EX:S ijCj- (3) 


The Hamiltonian used here is the nonrelativistic, spin- 
independent, infinite-nuclear-mass, Schrédinger Hamil- 
tonian,® 


(4) 


It is the eigenvalue of this Hamiltonian which is re- 
ferred to as the exact energy throughout this paper. 

The specific forms of the configurations used for the 
systems studied here are the following linear combina- 
tions of Slater determinants. 


2 electrons (45,3S) 
J=[(VW/D FD, 
X{ Grulla, (2)8) + | Xax,(Vayr,(2)8| }. 
3 electrons (2S): 
(ox)~y= Ca 6)~\ Dy] 1 
+ { Pru(LaXay( 
+ | Xayu( 
(ox)*Sy= [3v 2\/D,}" 
xD uf2 Pru(l 
—| ru(1) aX), (2 “ BY (3 
— |p = a EN Jar | }. 


2)BY(3)a 
Lay, (2)Bp(3) 


ca (3)8| 


JaXy , (2 


4 electrons (4S): 
(vy)? ¢x=[4v3 (D,D,-)? +! 


XD wwf | Pru(1 ayy ( (2) By w (3)aupr-w (4 | 
+ | Kau (Dagny (3)BPrw (3)aprru(4)8| }. 


The symmetry species of each orbital is labeled by A, 
the degeneracy by D,, and the subspecies by yw. The 
bars over the orbitals x, ¢, or indicate the complex 


are used 
) ev, length 


s U wens i rwise specified, atomic units (a 
throughout this paper. Energy units are 1 a.u.=27. 
units are 1 a.u.=0.52915 A, and m,-=h=e=1. 


u.) 
21¢ 
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conjugate. The phases of the spherical harmonics in 
these orbitals [see Eq. (6)] are chosen such that 
Y,,.=Y,,-,. Summing over the subspecies » from —) 
to +A then yields the S state appropriate for each case. 
The minus sign in the two-electron functions, of course, 
is for the *S state. The two types of configurations that 
can be constructed for the three-electron case are 
linearly independent and correspond respectively to a 
‘S$ and *S coupled K shell. Two such functions could 
have been constructed for the four-electron case if four 
distinct orbitals had been used. However, for simplicity 
of the computer programming and because the approxi- 
mation used was expected to be adequate, the four- 
electron configurations were always constructed with at 
least one of the orbitals doubly occupied. 

The basis set of one-electron functions chosen con- 
sisted of the normalized Slater-type orbitals defined by 


(2¢)n+4 


-- r 
[(2n) !}} 


Xnalm= ‘ le rrV) m(0,¢). (6) 


While the nonorthogonality of this set of functions 
would rapidly make it impracticable with increasing 
numbers of electrons, the problem was still tractable 
for four electrons, and the results should remain very 
nearly the same as if an orthogonalized set were used. 
If one were to go to still larger systems, it would, no 
doubt, be necessary to use some orthogonalized set of 
functions. 


‘S TWO-ELECTRON SYSTEMS 


The lowest 'S state of the helium atom has been 
studied by numerous authors’ using the configuration 
interaction approach, and it is included here for the 
sake of completeness as well as a testing ground and 
starting point for subsequent calculations on larger 
systems. Since much that can be said about the two- 
electron 'S state is applicable to the rest of the systems 
being reported on, it will be dwelt on to some extent. 
The set of s-functions that was finally settled on is 
1s, 2s, 15’, 2s’, 3s’. Except for the added 3s’ function, 
this is the same basis set as was needed for the helium 
Hartree-Fock function.® Even the ¢’s were fairly similar 
(¢=1.48, 3.7, as opposed to 1.4, 3.0 for the Hartree- 
Fock, ¢,<f,’). All possible configurations (15) that 
could be made from these s-functions were included in 
the wave function. The ¢’s were determined by straight- 


7G. R. Taylor and R. G. Parr, Proc. Natl. Acad. Sci. U. S. 38, 
154 (1952); H. Shull and P. Léwdin, J. Chem. Phys. 30, 617 
(1959); E. Holgien, Phys. Rev. 104, 1301 (1956); D. H. Tycko, 
L. H. Thomas, and K. M. King, ibid. 109, 369 (1958); R. K. 
Nesbet and R. E. Watson, ibid. 110, 1073 (1958). 

§ Priming on functions of the same symmetry refers to different 
values of {, e.g., 1s, 2s, 1s’, 1s’’ means a set of Slater type orbitals 
with exponentials of f14.=fe*f1e~f1e". To avoid an overly 
cumbersome notation, this convention is not adhered to when 
going to a different symmetry, e.g., 2p is understood to have a 
different ¢ than ns. 

*C. C. J. Roothaan, L. M. Sachs, and A. W. Weiss, Revs. 
Modern Phys. 32, 186 (1960). 
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forward numerical minimization of the energy over a 
two-dimensional ¢-grid. 

The above basis set was settled on only after a fair 
amount of numerical experimentation. The set 1s, 2s, 3s, 
+++, ns with a single ¢ reproduced, of course, the re- 
sults of Holgien and Shull and Léwdin. Independent 
variation of the ¢’s in as well as the set 
1s, 1s’, 25’, 3s”, «++, ns” tried but aban- 
doned, in view of the ratio of paucity of results to 
amount of labor required for the ¢ variation—a ratio 
that seemed to approach zero rather rapidly. One also 
runs into problems of linear dependence and multiple 
minima with a large number of nonlinear parameters. 

As the results indicate (Tables II and III), it is 
necessary to add in higher angular configurations 
(np*, nd*, etc.) to account for most of the correlation 
error. As with the s functions, a “double ¢” set of p 
functions was found to be the best compromise between 
amount of labor and accuracy of results—the final set 
being 29, 3p, 2p’, 3p’. All possible configurations (10) of 
these functions were added to the s-function substruc- 
ture. Single ¢ sets of each symmetry were used for all 
higher angular configurations, since their contributions 
are small and become negligibly different from multiple 
¢ sets. The ¢’s were optimized numerically in a progres- 
sive fashion by holding all lower /-value terms fixed 
a procedure that was verified by a few spot checks which 
reminimized the lower set. 

The upshot of all of this is the following 35-configura- 
tion function put forward as an approximation to the 
lowest 4S state of helium. 


Ws = {15,25,1s’,2s’,35’} + {2p,3p,29',3p'} 
+-{3d,4d,5d} +{4,5/}+ {5g}. 


this set, 


was soon 


(7) 
The bracket notation here is shorthand for a linear 
combination (variationally determined coefficients) of 
all possible configurations that can be made from the 
functions in the bracket, e.g., 


{3d,4d,5d} =c;(3d)*+-c2(3d4d)-+c3(4d)” 
+c4' 3d5d)+< 5\ 4d5d)+-ce( 5d)?. 


This type of function determined for helium was also 
applied to the isoelectronic series of ions for Z ranging 
from 1 through 8 (Table I). The ¢’s were optimized 
along the entire series by straightforward minimization 
at a few selected points, with the remaining points 
being read off from the resulting ¢ vs Z curves. No 
doubt, better results could have been obtained in 
different regions of the isoelectronic series by adjusting 
the basis set. However, this procedure was not followed, 
partly to avoid the extra work, and partly to insure 
some consistently uniform behavior along the series, 
which is of importance for estimating the error for the 
negative-ion end of the series. In particular, it should 
be noted that the error in the total energy decreases 
with decreasing Z, taking a rather sharp dip at H~ (see 
Table I). This is a trend which appears to be quite 
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TABLE I. 4S two-electron systems 


Z 
Energies 
Computed 
Exact* 
Error 


—0.52751 
—0.52775 
0.00024 


— 2.90320 
— 2.90372 
0.00052 


— 7.27924 
—7.27991 
0.00067 
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Coefficients 
1s? 
1s2s 
2s? 
isis’ 
2s1s’ 
1s’? 
152s’ 
2s2s’ 
1s’2s’ 
2s"2 
1 s3s’ 
2535’ 
1s’3s’ 
2s'3s’ 
3s 
2p? 
2p3p 
3p? 


Ih? p’ 
2p2} 


0.09243 
—0.08983 
0.02180 
—0.75813 
0.08886 
—0.01312 
0.05199 
—0).04463 
—0).12684 
0.20378 
—0.22838 
0.10745 
—0.05400 
—0.25226 
0.15331 
0.53318 
—0.48239 
0.14328 
—0.12255 
0.06364 
0.03555 
-0.48351 
0.22807 
0.16493 
0.15965 
0.05073 
—0.16718 
0.17595 
0.08481 
—0.20000 
0.06998 
0.01448 
—0).02709 
0.01680 
0.00177 


0.30709 
—0.58623 
0.14117 
—0.59306 
0.12052 
0.07324 
—0).29466 
0.05457 
0.05529 
0.07434 
—0.55471 
0.16365 
0.14812 
— 0.00026 
0.14627 
0.34907 
—(0.38838 
0.14147 
—0).08323 
0.05171 
0.01409 
—().24336 
0.12920 
0.01274 
0.06653 
0.03533 
—0.11962 
0.13109 
0.06117 
—0.15148 
0.05356 
0.01137 
—0.02110 
0.01295 
0.00127 


0.51545 
—0.76338 
0.15375 
—0.74523 
0.19361 
0.10743 
—0.39384 
0.10211 
0.10123 
0.07174 
—().64785 
0.19433 
0.19574 
0.04921 
0.14061 
0.25757 
—().29719 
0.11023 
—().06365 
0.04059 
0.00948 
—0.17516 
0.09531 
0.01129 
0.04530 
0.02423 
—0.08301 
0.09238 
0.04287 
—0.10801 
0.03870 
0.00817 
—0.01522 
0.00939 
0.00091 


3p2p" 


» See reference 4. 


general and is the exact opposite of the behavior of 
isoelectronic series SCF calculations.® It will show up in 
all the other systems studied in this research. 

This entire calculation was repeated for a smaller 
(20-configuration) wave function, which was used as a 
starting point for the four-electron atoms and ions. 
The 35-configuration function was used as the K shell 
starting point for the three-electron systems. 

As a side interest, some attempts were made to pin 
down for helium the limiting values of the energy im- 
provements arising from the addition of each class of 
angular configurations. This was done by adding a 
successively larger single-¢ set of functions to the lower 
angular substructure of the final 35-configuration func- 
tion (see Table IIT). AZ,, was obtained by extrapolating 


— 13.65481 


— 13.65557 
0.00076 


0.52909 
—0.77925 
0.14548 
—0.77651 
0.21295 
0.11900 
—0.41769 
0.11532 
0.11853 
0.06726 
—0.63526 
0.18946 
0.20199 
0.06600 
0.12579 
0.20137 
—0.23589 
0.08811 
—0.05043 
0.03252 
0.00714 
—0.13560 
0.07461 
0.00939 
0.03425 
0.01796 
—0.06216 
0.07000 
0.03244 
—0.08280 
0.03006 
0.00633 
—0.01181 
0.00731 
0.00070 
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35 configurations. 


— 22.03016 
— 22.03097 
0.00081 


—32.40540 
— 32.40625 
0.00085 


—44.78057 
— 44.78145 
0.00088 


— 59.15570 
— 59.15660 
0.00090 


uw 
~ 


6.58 
14.0 
11.45 
22.9 
18.3 
21.2 
24.7 


7.6 
16.0 
13.2 
26.4 
21.0 
24.2 
28.4 


_ 
> 
= 


w= 
eK COomooru 
CONUS, 


0.46506 
—0.74102 
0.13445 
—0.75189 
0.21196 
0.11866 
—0.40700 
0.11571 
0.12075 
0.06176 
—0.59439 
0.17777 
0.19356 
0.06968 
0.11181 
0.16481 
—().19469 
0.07300 
—0.04156 
0.02696 
0.00572 
—0.11039 
0.06113 
0.00793 
0.02752 
0.01426 
—().04967 
0.05633 
0.02609 
—0).06709 
0.02455 
0.00463 
—0.00893 
0.00573 
0.00057 


0.32657 
—0.64641 
0.11446 
—0.67076 
0.18788 
0.10760 
—0.36513 
0.10329 
0.11070 
0.05472 
—0.51865 
0.15280 
0.17141 
0.06365 
0.09605 
0.13932 
—0).16542 
0.06216 
—0.03528 
0.02297 
0.00478 
—0,09303 
0.05172 
0.00683 
0.02300 
0.01200 
—0.04182 
0.04748 
0.02197 
—().05656 
0.02070 
0.00397 
—0.00763 
0.00488 
0.00048 


0.23469 
—0.59240 
0.10398 
—0.61327 
0.17385 
0.09914 
—0.33476 
0.09582 
0.10271 
0.04915 
—().46881 
0.13866 
0.15587 
0.05950 
0.08522 
0.12053 
—().14361 
0.05405 
—0.03061 
0.01998 
0.00410 
—0.08029 
0.04476 
0.00599 
0.01974 
0.01023 
—0.03577 
0.04075 
0.01885 
—0.04871 
0.01790 
0.00348 
— 0.00666 
0.00424 
0.00041 


0.16845 
—0.54611 
0.09318 
—0.57454 
0.16146 


0.00359 
—0.07068 
0.03949 
0.00533 
0.01730 
0.00901 
—0.03150 
0.03589 
0.01660 
—0.04289 
0.01575 
0.00309 
—0,00590 
0.00375 
0.00036 


TABLE II. Breakdown of !S two-electron calculations 
(35 configurations). 
Z 1 8 


—0.48793 —2.86168 —7.23641 —S9.11114 
—0.51439 —287896 —7.25242 —59.12595 
—0.52647 —2.90039 


—7.27575 —59.15130 
—0.52730 —2.90258 


—59.15467 
—0.52747 —2.90307 —59.15549 
—0.52751 —2.90320 


— 59.15570 
—0.52775 —2.90372 —59.15660 





Hartree-Fock* 
Sb 
S+P 
S+P+D 
S+P+D+F 
S+P+D+F+G 


Exact® 





® See reference 9. 

b The notation here is S={1s,2s,1s’,2s’,3s’ 
D =(3d,4d,5d}, F={4/,5f}, G=(5g}. 

© See reference 4. 


P =(29,3p,2p',30'}, 


AE. The s-function limit has been determined already 
by Shull and Léwdin’ to be —2.87900 a.u., giving an 
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TABLE III. Helium angular limit study. 


E 


2.87896 
0.01943 
2.89839 
0.02106 
S+{2p,3p} 2.90002 
0.02130 
S+{2p,3p,4p} 2.90026 
0.02141 
S+{2p,3p,4p,5p} — 2.90037 
0.02146 
2.90042 


Limit A£,.=0.02150+0.00001 


S+{2p,3p,4p,5p,6p} 


S+P* 2.90039 
0.00177 
2.90216 3.6 
0.00211 
2.90250 4.1 
0.00219 
2.90258 4.5 
0.00223 


S+P+ {3d} 
S+P+(3d,4d} 
S+P-4 {3d,4d,5d} 


2.90262 4.8 
Limit AZ,.=0.00225+0.00001 


S+ P+ {3d,4d,5d,6d} 


S+P+D* 2.90258 
0.00039 

S+P+D+{4/} - 2.90297 
0.00049 

S+P+D+{4/,5/} 2.90307 
0.00053 
S+P+D-+{4/,5/,6/} 2.90311 


Limit AE. ~0.00056 


® S = {1s,2s,1s’,2s’,3s’'}, P dp 
the same sets of configurations (¢ 
Eq. (7). 


3p,2p’,3p'}, D 


i 3d,4d,5d}. These are 
is in the 35- 


onfiguration function of 


energy increment over the Hartree-Fock for s functions 
of 0.01732. 

The necessity of higher angular terms and their 
slow convergence can be understood in terms of the 
singular behavior that the eigenfunction must have as 
ry}. — 0. It can be shown that the eigenfunction should 
have a cusp-like behavior at r;.=0 such that 


1 ow 
. 
— 122=0 : 
and piling up higher and higher (s,p,d,---) angular 
terms is attempting to represent the details of this 
behavior much like representing a sawtooth function 
by a Fourier series (Table Il). To some extent, at 
least, the convergence of the energy with such functions 
is an indication of how important, energetically, the 
details of this cusp are. As might be expected from the 
increasing spatial compactness of the wave functions, 
these angular terms become more and more important 
for large Z. 
As is clear from the results, the configuration inter- 
action procedure is slowly converging from the stand- 
point of reaching a particular limit as well as of how 


” C, C. J. Roothaan and A. W. Weiss, Revs. Modern Phys. 32, 
194 (1960). 
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far along the angular series one must go. This investiga- 
tion terminated at 35 configurations, through g func- 
tions. It is clear that one could slowly approach the 
eigenvalue by adding more configurations and higher 
angular terms (h,i,---, etc.), but it was felt that the 
point of diminishing returns had been reached if not, 
indeed, passed. The results are discouraging if one is 
looking for Pekeris-type accuracy, however they are 
somewhat encouraging in terms of somewhat larger 
systems where one might settle for a reasonable com- 
promise between accuracy and simplicity. 


8S TWO-ELECTRON SYSTEMS 


A similar search for a configuration interaction basis 
set was made for the lowest *S state of helium. This 
search did not need to be as exhaustive as for the 'S 
state, since the orbital product approximation is quite 
good to begin with. Putting the two electrons in spa- 
tially different functions and with parallel spins already 
has the effect of crudely representing the “way the 
electrons tend to avoid each other.’’ Configuration inter- 
action here, then, is simply a way of representing the 
still finer details of the eigenfunction. 

The function finally settled on as an approximation 
to the eigenfunction is the following 19-configuration 
function: 


Woe=[1s,25,3s,15’,25’ 
+[2p,3p,2p',3p’ ]+[3d,4d,3d’]. (8) 


The square bracket notation here means a linear com- 
bination of all possible triplet combinations of the en- 
closed orbitals, e.g., 


[3d,4d,3d’ |= 61(3d4d— td3d ¢ 3d 3d’ — 3d’ 3d) 


+-¢3(4d3d’ —3d’4d). 


The doubling of the ¢’s here has perhaps a little 
more physical significance in that they correspond 
roughly to the two different electrons. 

As with the 4S state, once helium was settled, this 
function was applied to the isoelectronic series through 
Z=8, keeping the same form of the function but mini- 
mizing with respect to the ¢’s along the series. The 
error trend along the series (see Table V) is 
obvious as in all the other calculations. The correct 
Schrédinger energy for helium is taken from Pekeris 
(second paper in reference 3). 

A rough estimate of the nonrelativistic Schrédinger 
energy of the rest of the isoelectronic series was made 
by adding to the Schrédinger one-electron atom energy 
the relativistically adjusted experimental ionization 
energy." This adjustment was made by looking at the 
experimental 2s ionization energy as the energy of a 
one-electron atom in the 2s?S state and applying the 


not as 


1 Atomic Energy Levels, edited by C. E. Moore, National Bureau 
of Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1949). 





CONFIGU 


Z 
Energies 
—0.52707 
—0.52775 
0.00068 


Computed 
Exact® 
Error 
t’s 
Ss 
Hy 
Sy 
$1 
Md 


Ss 


‘oefficients 
1s? 0.36392 
1s2s 0.36241 
2s? 0.08739 
Isis’ —0.73912 
2s1s’ 0.15100 
ls? 0.06447 
1s2s’ -0,47403 
2 0.13327 
1s’2s’ 0.05506 
' 0.18344 
0.29026 
-0.06097 
0.08194 
0.44443 
0.04428 
0.25885 
0.02952 
-0.04880 
0.03231 
0.00441 


s2s’ 


RATION 


INTERACTION 


IN 


TABLE IV. 'S tivo-electron systems 


— 2.90270 
— 2.90372 
0.00102 


0.33482 
—0.72953 
0.18820 
—0.69063 
0.16905 
0.10337 
—0.60201 
0.17657 
0.16481 
0.13980 
0.09325 
—0.01985 
0.01919 
— 0.08940 
—().01867 
0.05922 
0.02009 
— 0.03432 
0.02344 
0.00299 


— 7.27862 
—7.27991 
0.00129 


mn 


SIAN W UID 
Aue Oe 
oT 


0.11236 
—0.61207 
0.15048 
—0.53776 
0.15519 
0.08417 
—0.46916 
0.14584 
0.13646 
0.10270 
0.06786 
—0.01524 
0.01186 
—0.06569 
—0.01049 
0.04043 
0.01413 
—0.02432 
0.01673 
0.00210 


4 


—13.65412 
— 13.65557 
0.00145 


- 
ie ons, Bae) 
monukr 


0.03996 
— 0.56969 
0.12823 
—0.48704 
0.14867 
0.07955 
—0.41584 
0.13187 
0.12821 
0.08755 
0.05598 
—0.01397 
0.00927 
— 0.05604 
—0.00674 
0.03287 
0.01083 
—0.01871 
0.01292 
0.00161 


SIMPLE 


ATOMIC 


20 configurations. 


— 22.02943 
— 22.03097 


0.00154 


= 
i) 


o> 
TS 
mn 


Ss 
Nm ww 


— 0.06489 
—0.49185 
+0.10725 
—0.41996 
0.13085 
0.06977 
—0.35556 
0.11365 
0.11200 
0.07384 
0.04736 
~—0.01253 
0.00761 
—().04823 
— 0.00476 
0.02755 
0.00877 
—0.01518 
0.01051 
0.00122 


—32.40464 
—32.40625 
0.00161 


5.65 
11.4 

8.6 
14.8 
13.7 
17.0 


—0.13554 
—0.44032 
0.09247 
—0.37138 
0.11703 
0.06245 
—0.31176 
0.09997 
0.09977 
0.06400 
0.04191 
—0.01184 
0.00663 
—().04349 
—0.00337 
0.02428 
0.00737 
—0.01276 
0.00884 
0.00104 


SYSTEMS 


1831 





—44.77979 
—44.78145 
0.00166 


6.68 
13.4 
10.1 
17.4 
16.1 
20.0 


—0.19161 
—0.39922 
0.08107 
—0.33207 
0.10532 
0.05629 
—0.27696 
0.08893 
0.08958 
0.05639 
0.03581 
—0.01007 
0.00568 
—0.03722 
—0.00295 
0.02084 
0.00635 
—0.01100 
0.00763 
0.00090 


—59,15490 
— 59.15660 
0.00170 


—0.24264 
—0.36099 
0.07181 
—0.29750 
0.09476 
0.05066 
—0.24737 
0.07955 
0.08048 
0.05015 
0.03270 
—0.00958 
0.00506 
—0.03425 
—0.00216 
0.01877 
0.00557 


* See reference 4. 


well-known relation from Dirac theory: 


1 3 a(Z—a)* 
Epirac= Bs +( i434 ) or =] 
j+s An n 


where 7 is the angular momentum quantum number of 
the electron, » the principal quantum number, and a 
the fine structure constant. The shielding o was chosen 
as that which made the helium value agree with 
Pekeris’ value. The experimental error is indicated in 
parenthesis in Table V and is, no doubt, responsible 
for the fluctuations in the computed-energy error. 

A fairly extensive search was also made for a bound 
®§ state of H-, without success. The procedure followed 
for varying the ¢ pairs consisted of computing the 
energy over a two-dimensional ¢ grid until a minimum 
was located and then homing in on the bottom of the 
well. For H-, however, the energies remained unbound 
but gradually sloped down to —0.5 a.u. as ¢, — 1.0 and 
¢,’— 0, with no sign of a minimum, as though the 
Slater-type orbitals were trying to look like a bound 
H-atom function plus a free electron. Since the accuracy 
for the neutral system (helium) was 0.00002 a.u., it 
seems reasonable to assume that if H~ were bound by 
this much it could have been picked up by the 19- 
configuration function. It appears, therefore, that if the 


(9) 


H-*S 
0.0005 


state is stable, it is bound by no more than 
ev. 
28 THREE-ELECTRON SYSTEMS 

The ground state of lithium has been treated to some 
extent by several authors in the configuration inter- 
action approximation—Holgien’s work coming closest 
to the present treatment.” It has also been computed 
with a 12-term function explicitly containing r;; by 
James and Coolidge.® The interest here is in extending 
the entire approach described for the two-electron 
systems to'a system with an extra outer electron. 

The starting point for this system is the 35-configura- 
tion function for the 'S two-electron ion. The first 35 
configurations of the lithium wave function then are 
simply the K-shell configurations of Lit, each multi- 
plied by a 2s Slater-type function and properly anti- 
symmetrized. The coefficients are freely determined by 
the variational principle, but the K-shell configurations 
and ¢ values were taken over from the Li* ion.” The 
problem then boils down to finding the best set of 


2 EF. Holgien, Kgl. Norske Videnskab. Selskabs, Forh. 31, 6 
(1958). 

13 A simple example should serve to clarify this. If the two- 
electron 1S state is represented by the function K = 1s*+1s2s+2s?, 
then the first 3 configurations of the three-electron 2S state would 
be K -2s'=15s?2s'+-1s2s2s’+2s?2s’. 
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TABLE V. *S two-electron systems—19 configurations. 


Z 
Energies 
Computed 
Exact® 


_ — 5.11069 
— 5.11073 
(+0.00001) 


0.00004 


—9.29713 
—9,29713 
(+0.00046) 

0.0 


? 
? 


Error 0.00002 
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Coefficients 
1s2s’—2s'1s 
2s2s’ —2s'2s 
3s2s’ —2s'3s 
1s’2s’—2s’1s’ 
isis’ —1s'1s 
2sis’—15'2s 
3s1s’—15'3s 
Is3s—3sls 
2s3s—3s2s 
1s2s—2s1s 
2p3p’—3p'2p 
3p3p’—3p'3p 
2p'3p’—3p'2p’ 
2p2p’—2p'2p 
3p2p’—2p’3p 
2p3p—3p2p 
3d3d’ —3d'3d 
4d3d’ —3d’4d 
3d4d —4d3d 


1.30806 
—().33058 
0.07243 
—0.01855 
0.01283 
0.03300 
—0.03446 
—0.04515 
—0.01374 
—0.08650 
—0.00499 
0.01891 
—().03845 
0.01213 
—0.04038 
—0.01369 
0.00562 
—0.01394 
— 0.00824 


1.55467 
0.42016 
0.11369 
—0.05061 
—().02350 

0.13419 
—().09254 
—().04871 
—0).03433 
—().08298 
—().00248 

0.02641 
—().04549 

0.01521 
—().04718 
—().01677 

0.00678 
—0.01535 
—0.01010 


1.70765 
—0.42775 
0.11854 
—0.06182 
—0.49505 
0.20753 
—0.12578 
—0.04463 
—(0).04724 
—0.03856 
—0.00008 
0.02888 
— 0.04908 
0.01661 
—0.04808 
—().01820 
0.00764 
—0.01620 
—0.01151 


* For sources of exact values, see text preceding Eq. (9). 

extra “mixing” configurations which, in part at least, 
represents some of the details of the correlation between 
the K shell and the outer 2s electron. While one can 
think of these configurations in this way, it is not en- 
tirely correct, since the Slater 2s function is nodeless 
and they are also acting to put a loop in the outer 
electron orbital. 

The search for the best extra terms was a straight- 
forward, tedious, numerical task, which resulted in the 
following 45-configuration function as an approxima- 
tion to the 2S three-electron eigenfunction. 


Wye=K-2s"+,+4%, (10) 


where 
y= (15)?15’’+ (isis’)1s"+ (2p)?15” 

+ (1s)?2s+ (2p’’)?1s+ (3d’)*1s, 
b.= (3p2p"’)'S1s+ (2p"3p"")*S1s 

+ (5d3d’)*S1s+ (2p"3p”)*S2s. 


(11) 


The configurations like (3p2p”)*S 1s are the triplet 
coupled K-shell terms mentioned earlier, and the exact 
form of the configuration is the second of the three- 
electron functions of Eqs. (5). It is interesting to see 
from Table VI that their contribution is not negligible. 
Also, they all contain two higher angular functions. It 
is tempting to think of ®, as representing largely the 
correlation between the outer electron and the inner 





— 14.73385 

— 14.73402 

(+0.00091) 
0.00017 


— 21.42071 
—21.42105 
(+0.00137) 

0.00034 


- 2935763 
— 29.35792 
+0.00228) 
0.00029 


— 38.54459 
38.54448 
+-0.00273) 

0.00011 


4.4 
2.13 
6.8 
3.9 
6.8 
5.1 


7.0 
3.65 
11.0 
6.5 
10.9 
8.4 


1.76117 
—0.41916 
0.11622 
—0.06672 
—0.58253 
0.22429 
—0.13468 
—0.04851 
—0.04827 
—0.03272 
0.00154 
0.02888 
— 0.04890 
0.01651 
—0.04661 
—0.01829 
0.00798 
—0.01623 
—0.01204 


1.88502 
—0.46051 
0.13406 
—(0).09046 
—0.77519 
0.28209 
—0.15927 
—().04461 
—0.05500 
0.00561 
0.00191 
0.02661 
—0.04435 
0.01493 
—0.04268 
—0.01684 
0.00730 
-0.01469 
—().01099 


1.98305 
0.49118 
0.14610 
0.10987 
0.93849 
0.32687 
0.17395 
-0,04007 
0.05822 
0.03965 
0.00207 
0.02445 
0.04036 
0.01356 
0.03908 
0.01548 
0.00727 
0.01429 
0.01093 


1.99093 
0.47697 
0.13824 
0.10580 
0.96373 
0.31993 
0.16660 
0.03948 
~0.05447 
0.03720 
0.00254 
0.02335 
-0.03873 
0.01295 
0.03698 
0.01490 
0.00662 
0.01296 
0.00994 


one of opposite spin, and ®, the correlation between 
the outer electron and the inner one of the same spin. 
However, this may be stretching the imagination too 
much. Several spot checks were made on the K-shell 
¢’s by reminimizing them for the lithium atom holding 
the outer electron ¢’s constant, with the result that 
they remained substantially unchanged. 

With regard to looking at the K shell in this way, asa 
somewhat autonomous structure, it is interesting to 
observe the energy improvements as successively higher 
angular terms are added to it, starting with only s-type 
K configurations. These results for Li and Bet are 
shown in Table VII and compared with the correspond- 
ing two-electron ion. The comparison is, to say the 
least, striking. 


TABLE VI. Lithium ground-state energies. 


— 7.43273 
.47050 
47608 
47402 
47622 
47710 
47807 


Hartree-Fock* 
Holgien> 
James and Coolidge® 

K-2s'""4 ~ 
K-2s"'+4, - 
K- 2s’ +4, +, 


Exact® 


/ 
/ 
/ 
/ 
‘ 
/ 
i 


® See reference 9. 

b See reference 12. 

¢ See reference 5. 

4 For definitions see Eqs. (10) and (11) of text 

¢ For derivation of the exact value, see text pre 
the discussion of 2S two-electron systems. 
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TaBLeE VII. Breakdown o 
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f K-shell energy contributions. 


Two-electron 1S 
Lit 


S+P 
S+P+D 
S+P+D+F 
S+P+D+F4+G 


AE° 


— 13.62678 
0.02333 0.02418 
— 13.65096 
0.60270 0.00297 
— 13.65393 
0.00063 0.00071 
— 13.65464 
0.00016 0.00017 


— 13.65481 





Three-electron 28 


E 
—7.44720 
—7.47054 
(S+P+D)-2s” 
(S+P+D+F)-2s” 
(S+P+D+F+G)-2s” 
(S+P+D+F+G) -2s’+4,> 


— 7.47323 


— 7.47386 


(S+P+D+F+G) -2s"+4:+4, 





Li 
E 


“—14.28639 _ 


AE AE 


0.02334 0.02408 
— 14.31047 
0.00269 0.00295 
— 14.31342 
0.00063 0.00069 
—14.31411 
0.00016 0.00018 
— 14.31429 
0.00220 0.00782 
—14.32211 
0.00088 0.00139 


— 14.32350 





® The notation is S = {1s,2s,1s’,2s',3s'}, P = {29,3p,2p',3p'}, D = (3d,4d,5d} 
b See Eq. (11) in text for definitions. 


Having settled on this function for lithium, it was 
applied to the series of isoelectronic ions through Z=8, 
optimizing the ¢’s and, of course, coefficients along the 
series (Table VIII). The energies given as the exact 
Schrédinger eigenvalves in Table VIII were estimated 
from experimental data" by adding to the Pekeris 
two-electron ion energy the observed 2s ionization 
energy, relativistically corrected. Relativistic correc- 
tions were estimated by treating the observed ioniza- 
tion energy as the energy of a shielded Dirac 2s electron 
with Slater shielding. The error trend mentioned previ- 
ously should be noted. 

An attempt was made to obtain binding for the *S 
state of He~, without success. An effect similar to that 
for the H~ 8S state was found here also. In varying the 
outer electron ¢, the energy remained above the com- 
puted value for helium but gradually approached it as 
fo,’’ was decreased, with no sign of a minimum. £2,” 
was taken down to 0.001, where the energy difference 
between He and He~ was in the roundoff error. Pre- 
suming that He~ could be picked up with an error no 
greater than that of the lithium calculation, one is led 
to the conclusion that it is probably unstable, and, if it 
is stable, it is bound by no more than 0.026 ev. 


1§ FOUR-ELECTRON SYSTEMS 
There have been several configuration interaction 
studies made of the beryllium atom,':’® but none of the 


iM S. F. Boys, Proc. Roy. Soc. (London) A217, 136 (1953). 
16 VY. V. Kibartas, V. I. Kavetskis, and A. P. Iutsis, Soviet 
Phys.—JETP 2, 49% (1956). 


, F=(4/,5f}, G=(Sg}. 


isoelectronic series and only one that is comparable in 
extent to this research.'® The approach here is similar 
to that applied to the lithium atom. For beryllium, the 
20-configuration K-shell function for Bet+* was taken 
as the starting point—the first 20 configurations being 
simply the K-shell functions multiplied by a doubly 
occupied Slater 2s-type orbital, and the whole thing 
properly antisymmetrized. Once again, the problem 
came down to a straightforward but tedious search for 
the best way of representing the Z shell and the best 
“mixing” configurations. 

The function finally settled on was the following 55- 
configuration function: 


Waep=S+ P+D-+F, (12) 


where 
S=K,- (2s’)?+ {15",25",18’"} 15? 
+ (1s’’2s+2s’2s+15’2s) 152+ (1s1s’+ 152s) 15’ 
+ (1s’’2s"’+15’"15’’)25?, 


P=K,: (2s")? 
+{2p,2p",3p"} 1s?+- (19’2s""+15'2s") 2p? 
+ (1sis’+ 1525+ 2s?+ 152s’"+-2p*)2p’” 
+ (152s’)3p’”, 

D=K p: (2s")?+-3d"15?+ (152s8""+2p'")3é 

+ (1s2s+ 152s”+2p)3d”, 
F=K rg: (2s’)?+4f2s'?+ (15'2s")4f?+ (1s2s”)4f”. 
The bracket notation is the same as before, and its 


16R. E. Watson, Phys. Rev. 119, 170 (1960). 


(13) 
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TaBLeE VIII. 2S three-electron systems—45 configurations. 


P + 5 6 


Energies 
Computed 7.47710 — 14.32350 — 23.42312 — 34.77384 48.37509 64.22661 
Exact* 7.47807 — 14.32479 -23.42471 : 48.37728 64.22917 
Error 0.00097 0.00129 0.00159 0.00189 0.00219 0.00256 


¢ 8s 

pe 0.68 ; 1.71 2.21 
ro 1.65 ; 3.18 3.9 

ta’ as a 4. 6.0 

‘oefficients 

(1s)?2s” 0.39992 0.40003 0.32523 0.18140 0.13862 0.00233 
(1s2s)2s”’ 0.60623 —().66540 —0.65367 —0.56821 0.57295 0.48009 
(2s)?2s”’ 0.12431 0.12938 0.12521 0.10581 0.10786 0.08751 
(1sis’)2s” 0.56973 -0.62625 —0).62099 —0.55195 0.54864 0.47383 
(2s1s’)2s”’ 0.15246 0.17953 0.18423 0.16150 0.16747 0.13980 
(1s’)?2s”’ 0.08061 0.09338 0.09521 0.08621 0.08656 0.07572 
(1s2s’)2s”’ 0.30086 —0.33828 —0.33927 —0.30239 0.30134 0.26040 
(2s2s’)2s”’ 0.08111 0.09877 0.10271 0.09019 0.09365 0.07819 
(1s’2s’)2s”’ 0.07687 0.09495 0.09945 0.09057 0.09185 0.08032 
(2s")?2s”" 0.05253 0.05127 0.04837 0.04282 0.04079 0.03591 
(1s3s’)2s”’ 0.48815 —0).49523 —0.46735 —0).40310 0.39320 0.33242 
(2s3s’)2s” 0.15015 0.15328 0.14566 0.12270 0.12321 0.10049 
(1s’3s’)2s”’ 0.14625 0.15551 0.15020 0.13190 0.12934 0.11091 
(2s’3s’)2s” 0.03904 0.05410 0.05746 0.05130 0.05288 0.04485 
(3s’)?2s”’ 0.10306 0.09373 0.08336 0.07102 0.06630 0.05659 
(2p)22s’’ 0.18931 0.14926 0.12163 0.10237 0.08794 0.07692 
(2p3p)2s” -0.21814 —0.17376 —0.14235 —0.12009 0.10335 0.09048 
(3p)?2s”’ 0.08109 0.06519 0.05374 0.04546 0.03926 0.03445 
(2p2p’)2s” —0.04648 —0.03694 —0.03024 —0.02552 0.02197 0.01924 
(3p2p’)2s” 0.02982 0.02400 0.01978 0.01674 0.01445 0.01268 
(2p’)?2s”’ 0.00684 0.00518 0.00415 0.00346 0.00296 0.00258 
(2p3p’)2s”” -0.12709 —0.09859 —0.07978 —0.06687 0.05732 0.05010 
(3p3p’)2s”’ 0.06975 0.05480 0.04461 0.03749 0.03220 0.02815 
(2p’3p’)2s” 0.00836 0.00695 0.00580 0.00495 0.00429 0.00377 
(3p’)?2s”’ 0.03261 0.02473 0.01981 0.01651 0.01412 0.01232 
(3d)*2s”" 0.01727 0.01284 0.01021 0.00860 0.00732 0.00645 
(3d4d)2s"’ —0.05913 —().04428 —0.03533 —().02972 0.02536 0.02232 
(4d)?2s’’ 0.06571 0.04964 0.03976 0.03342 0.02857 0.02512 
(3d5d)2s”’ 0.03058 0.02315 0.01858 0.01563 0.01337 0.01176 
(4d5d)2s”’ —0.07692 —0.05879 —0.04740 —0.03982 0.03415 0.02999 
(5d)22s”’ 0.02762 0.02144 0.01746 0.01467 0.01264 0.01110 
(4f)?2s”’ 0.00578 0.00445 0.00324 0.00277 0.00242 0.00215 
(4f5f)2s” —().01071 —(),00822 —0.00617 —0.00524 0.00454 0.00401 
(5f)?2s”’ 0.00658 0.00503 0.00392 0.00330 0.00284 0.00250 
(5g)?2s”’ 0.00064 0.00049 0.00040 0.00034 0.00029 0.00025 
(1s)*1s” 0.03521 0.11056 0.17003 0.20545 0.24977 0.27268 
(1sis’)1s” 0.00532 0.00788 0.00810 0.00657 0.00661 0.00529 
(1s)?2s 0.01628 0.01529 0.01268 0.01286 0.00885 0.00863 
(2p)?1s”’ 0.02050 —().00269 —().00254 —0.00232 0.00208 0.00184 
(2p”’)?1s 0.00775 —(0).00780 —0.00703 —().00626 —0,00559 0.00503 
(3d’)?1s 0.00173 —0.00181 —0.00167 —0.00152 0.00138 0.00125 
(2p”3p’’)3S2s 0.00590 0.00324 0.00197 0.00127 0.00091 0.00062 
(3p2p"’)8S1s — 0.00100 —0.00202 —0.00204 —0.00224 —0.00197 0.00175 
(2p"3p"")8S1s 0.02878 —0.02200 —0.01753 —0.01402 0.01208 0.01054 
(5d3d’)8S1s 0.00143 —0.00151 —0.00140 —0.00127 0.00114 —0.00104 


® See discussion of 28 three-electron systems in text. 
b The ¢’s for all other functions are the same as for the 'S two-electron (35-configuration) calculation 


meaning here should be clear. K,, K>, etc., refer to the Taste IX. Beryllium atom calculations 
corresponding angular configurations of the two- 
electron function. ; mre Await —14.57302 
P g a - 'S aby a 8 mm, i utsis et al. (3-conf.) — 14.642 
The results for this function are shown in lable IX Boys (7 conf.)* 14.637 
and compared with several other~calculations. It is Watson (37 conf.)4 -14.65740 
° . > (99 eanf \e = 
clear that they are not very good when considered with sub tan aia maeee 
_ ° O7 2 cont. - 65722 
respect to the two- and three-electron calculations. One S+P+D (51 conf.) 1466039 
reason, of course, is the smaller set of K-shell functions S+P+D+F (55 conf.) -14,66099 
used here. Another reason is the limitation of the four Stact! 14.66741 
electron configurations, as mentioned previously, to 
‘ ‘ => ® See reference 9. 
always contain at least one doubly occupied orbital. aan names £3. 
v : c . © See reference . 
his precluded the use of a whole host of configurations 4 See reference 16. 


: ¢ For definition of symbols, see Eqs ») 
such as (1s1s’)(2p3p), etc., as well as the other class of ‘fee Gieenaiion of S four-ahectres nncteye 
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triplet coupled K- and L-shell configurations like their effect is not negligible in terms of the desired 
(1s1s’) §$(2p3p) 8S. The latter type of configurations accuracy. At the time of writing the computer program, 
vanish identically unless all four orbitals are different. it was thought that, if the electron correlation within 
As demonstrated by the three-electron calculations, each shell could be adequately represented, the inter- 


Taste X. 1S four-electron systems—55 configurations. 


& 3 4 5 6 





Energies Tea 
Computed —7.49561 — 14.66090 — 24.34132 — 36.52621 —51.21281 — 68.40009 
Exact* see — 14.66741 — 24.34915 — 36.53524 — 51.22358 — 68.41332 
Error vee 0.00651 0.00782 0.00902 0.01077 0.01323 


1.5 
Coefficients 
(1s)2(2s’’)? 0.93351 0.91165 0.87754 0.77289 0.54829 0.05506 
(1s2s)(2s’’)? —0.54524 —0.65550 —().63233 —0.60914 —0.57897 —0.52899 
(2s)2(2s’’)? 0.06611 0.12367 0.12968 0.12652 0.11728 0.10141 
(1s1s’)(2s’’)? —().49069 —0.54059 —0).50834 —0.47842 —0.44629 —0.40414 
(2s1s’) (2s"’)? 0.15933 0.18505 0.17823 0.17028 0.16019 0.14483 
(1s’)2(2s’’)? 0.08109 0.08905 0.08400 0.07944 0.07442 0.06759 
(1s2s’) (2s’’)? —0.45815 —0.46686 —0.42311 —0.38896 —0.35643 —0.31712 
(2s2s") (2s’’)? 0.15026 0.16153 0.14942 0.13923 0.12857 0.11404 
(15’2s’) (2s’")? 0.13274 0.14407 0.13390 0.12539 0.11646 0.10457 
(2s’)?2(2s"’)? 0.09820 0.09360 0.08235 0.07406 0.06686 0.05912 
(1s’’)?(1s)? 0.49526 1.02587 1.84495 2.43287 2.14867 —0.68785 
(1s’’2s’’) (1s)? — 1.36905 — 1.85924 — 2.58144 — 2.96682 — 2.66161 —0.70078 
(1s’’1s’"") (1s)? — 1.42699 — 1.61620 — 2.93374 — 3.60154 — 2.60505 3.04377 
(2s’’1s’’’) (1s)? 1.69724 1.44396 2.10366 2.37362 2.01148 0.15512 
(1s’’’)2(1s)? 0.81464 0.69164 1.25315 1.40966 0.78040 — 1.95387 
(2s1s’’) (1s)? 0.34009 0.23693 0.28722 0.16687 —0.13735 —0.77242 
(2s2s’’) (1s)? —0.33204 —0.14418 —0.13654 —0.05742 0.07618 0.30639 
(2s1s’’’) (1s)? —0.23863 —0.18025 —0.24986 —0.16372 0.07609 0.58992 
(1s2s) (1s’’)? —0.10678 —(0.04860 —0.01808 * —0.00101 0.01015 0.01588 
(1s1s’) (1s’")? —0.04208 —0.01272 —0.00083 0.00561 0.00958 0.01196 
(1s’’2s’’) (2s)? 0.10895 0.05337 0.03242 0.02482 0.02690 0.03703 
(1s’’1s’’’) (2s)? —0.00846 —0.01537 —0.01488 —0.02081 —0.03191 —0,04811 
(2p)?(2s’")? 0.03977 0.04142 0.03908 0.03799 0.03501 0.03413 
(2p2p’) (2s’’)? —0.01367 —0.01262 —0.01140 —0.01104 —0).00967 —0.00946 
(2p’)?(2s”’ 0.01090 0.00902 0.00754 0.00664 0.00574 0.00513 
(2p3p’) (2s”” —0.05864 —0.05064 —0.04463 —0.04134 —0.03602 —0.03354 
(2p'3p’) (2s’’)? —0,00983 —0.00713 —0.00527 —0.00376 —0.00314 —0.00220 
(3p’)2(2s’’)? 0.03671 0.03113 0.02675 0.02398 0.02076 0.01874 
(2p’")?(1s)? 0.19593 0.06863 0.01148 —0).00457 —0.01002 —0.01143 
(2p'’3p"’) (15)? —0.04896 0.07103 0.09406 0.08487 0.07394 0.06574 
(3p”)?(1s)? 0.01897 0.02293 0.05472 0.07438 0.08595 0.09239 
(2p2p’’) (1s)? 0.00030 —0.00226 —0.00184 —0.00103 —0.00047 —0.00006 
(2p3p’’) (1s)? 0.00199 0.00482 0.00639 0.00778 0.00911 0.00997 
(2p)?(1s)? —0.00001 0.00034 0.00061 0.00071 0.00074 0.00073 
(1s’’2s’’) (2p)? 0.02542 0.01502 0.01078 0.00734 0.00431 0.00117 
(15’’2s’’) (2p)? —0.00786 —0.01021 —0.01002 —0.00880 —0.00719 —0.00509 
(1s1s’) (2p)? 0.03643 0.02425 0.01799 0.01449 0.01222 0.01056 
(152s) (2p”)? 0.07606 0.05941 0.04644 0.04050 0.03669 0.03319 
(2s)2(2p’")? —0.03591 —0.02228 —0.01525 —0.01152 —0.00926 —0.00774 
(1s2s’’) (2p’’)? —0.00537 —0.01606 —0.02015 —0.02028 —0.01929 —0().01798 
(2p)?(2p"")? —0.00951 —0.00616 —0.00443 —0.00343 —0.00281 —0.00235 
(1s2s’’) (3p"")? 0.00481 0.01173 0.01293 0.01192 0.01065 0.00941 
(3d)2(2s’’)? 0.01036 0.01071 0.00958 0.00848 0.00756 0.00679 
(3d4d) (2s’’)? —0.02215 —0.01766 —0.01428 —0.01191 —0.01018 —0.00887 
(4d)2(2s’’)? 0.01518 0.01199 0.00960 0.00793 0.00672 0.00582 
(3d’)?(1s)? 0.01182 6.01320 0.01140 0.00973 0.00844 0.00748 
(1s’’2s’’) (3d)? 0.00298 —0,00033 —0.00122 —0.00152 —0.00160 —0.00159 
(152s) (3d’)? —0.00189 —0.00105 —0,.00051 —0,00010 0.00014 0.00025 
(1s2s’’) (3d’)? —0.00047 —0.00121 —0.00164 —0.00183 —0.00187 —0.00185 
(3d)?(2p’"")? —0.00176 —0.00118 —0.00086 —().00067 —0.00055 —0.00046 
(3d’)2(2p)? —0.00043 —0.00037 —0.00026 —0.00019 —0,00014 —(,00011 
(4f)2(2s”’)? 0.00090 0.00172 0.00160 0.00154 0.00143 0.00131 
(4’)2(2s’”)? 0.00012 0.00017 0.00010 0.00004 0.00000 —0.00002 
(15’2s") (4f)2 0.00118 —0.00021 —0.00049 —0.00063 —0.00065 —0.00065 
(1s2s’’) (4f’)? —0.00087 —0.00081 —0.00034 —0.00005 0.00013 0.00025 











® See discussion of 'S four-electron systems in text. ; ’ 
b All other functions are the same as for the !S two-electron (20-configuration) calculations. 
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shell effects could be handled satisfactorily in a some- 
what sloppy fashion. It seems reasonable also to pre- 
sume that a beryllium wave function that is as accurate 
as the 45-configuration lithium function should contain, 
roughly at least, twice as many configurations. In this 
regard, comparison of the 55-configuration energy with 
Watson’s (a 37-configuration function) and Boys’ (7 
configurations) shows just about what one might expect. 
The results also illustrate the importance of the p- 
function orbital degeneracy pointed out by Watson!® 
and Nesbet.!” 

The isoelectronic series through Z=8 was also doné 
for the four-electron 'S ions in the same way as the 
two- and three-electron systems (Table X). The same 
wave function was used as for beryllium, optimizing the 
¢’s along the series. The same error trend displayed by 
the other systems also shows up here, the accuracy in- 
creasing towards the negative end of the series. A re- 
mark is in order concerning the estimated “exact” 
total energies. They were computed by adding to the 
Pekeris two-electron ion energy the relativistically cor- 
rected experimental first and second 2s ionization en- 
ergies. The second ionization energy was corrected in 
the same way as described under the three-electron 
systems. The first ionization energy was corrected by 
applying the Breit equation corrections for a shielded 
hydrogenic 2s? configuration, with Slater shielding. 

The negative lithium ion, in particular, merits some 
discussion. Since this is a variational calculation, the 
computed energy of —7.49561 a.u. represents an upper 
bound to the eigenvalue. Comparing with the exact 
value for neutral lithium yields a lower bound to the 
electron affinity of 0.4773 ev. If one assumes that the 
computed Li~ energy is in error by the same amount as 
beryllium, a value of —7.50212 a.u. would be assigned 
to the energy eigenvalue, corresponding to an electron 
affinity of about 0.65 ev. In view of the error trend in 
these isoelectronic series calculations, it seems reason- 
able to take this as an approximate upper limit to the 
electron affinity. Least-squares fitting of a cubic to the 
errors in the isoelectronic series extrapolates to an 
error of 0.00509 a.u. in the computed Li- energy. This 
yields a probable value for the electron affinity of 
approximately 0.62 ev. 


CONCLUSIONS 


It appears clear that, in summary, one can say that 
trying to obtain very accurate wave functions by con- 
figuration interaction rapidly becomes a case of hope- 
lessly diminishing returns. All of the results of this re- 
search could easily have been improved on simply by 


17R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955). 
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adding more configurations or perhaps by further 
experimenting with the types of configurations, but it 
is clear that the improvements would have been small, 
and one would eventually converge on the correct 
energy only by small bits at a time. If something 
approaching Hylleraas or Pekeris type accuracy is de- 
sired for systems with more than two electrons, one 
will have to go to outrageously long expansions, prob- 
ably too long for present day equipment. It is possible 
to obtain a sizable improvement over Hartree-Fock 
functions for larger systems with relatively simple 
functions, as has been demonstrated by Boys on beryl- 
lium and various authors on helium-like systems, but 
picking up the remaining discrepancy is a long and 
tedious task which appears to be simply out of range. 

There are two directions that can be taken as a 
follow-up to this work which appear to be of some 
interest. Firstly, there are other systems than those 
covered here which could be handled by these tech- 
niques with comparable accuracy. Some excited states 
of the atomic systems covered here are one possibility. 
In particular, the lowest *P,?D,?F series of states of 
lithium and its isoelectronic ions can be handled very 
easily, and probably with about the same accuracy as 
the ground state. It might also be of interest to look at 
the excited states of the same symmetry as the ground 
state. They are approximated to by the higher eigen- 
values of the configuration interaction matrix. Molecu- 
lar systems such as H;~, H;, Hes, and LiH should also 
be obtainable to a similar accuracy as the isoelectronic 
atom. 

Secondly, since the criterion of accuracy throughout 
this research has been the total energy, other properties 
computed with these wave functions should provide 
other interesting criteria of goodness for the configura- 
tion interaction type of approach—properties like 
hyperfine splitting, diamagnetic susceptibility, etc. In 
particular, one set of properties that bear looking at 
are transition probabilities. While they require excited 
states as well as the ground state, there is the nice fea- 
ture that they can be computed by three different 
methods, the dipole length, velocity, and acceleration, 
all of which would be identical for the eigenfunction. 
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The cross sections of the reactions Ce!(p,pn)Ce™! and Ce(p,2p)La™! have been determined for protons 
of 60, 120, 180, 200, and 233 Mev energy. A comparison is made of the observed yields with those predicted 
on the basis of Monte Carlo cascade-evaporation calculations at 83, 238, and 368 Mev. For protons of 
energy between 60 and 240 Mev the agreement is good for the (p,pm) reaction and fair for the (p,2)). 





INTRODUCTION 


LTHOUGH considerable effort has been devoted 
to the elucidation of spallation, fission, and frag- 
mentation reactions at high bombarding energies (>60 
Mev), little attention has been given to the study of 
competition between reactions such as (p,pm) and (p,2p) 
at these energies. In spallation studies it has been com- 
mon practice to use targets of monoisotopic elements 
in order that there be a single primary source of product 
nuclides, and, while the (f,pm) product is generally 
amenable to radiochemical analysis, the (p,2p) product 
is invariably stable. 

Although the (p,pm) and (p,2p) reactions are among 
the most elementary of nuclear reactions, there are 
several mechanisms whereby the two product nuclides 
can arise. The contribution from each mechanism de- 
pends upon the energy of the incident proton and the 
nature of its interaction with the target nucleus. For 
incident protons in the energy range of 60 to 240 Mev, 
both reactions can result from a direct knock-on process 
which leaves the resultant nucleus with insufficient 
residual excitation energy for nucleon evaporation. The 
(p,pn) product can also arise from two evaporation 
mechanisms, viz., neutron evaporation from the excited 
target nucleus and proton evaporation from the excited 
(A, Z+1) nucieus. The (,2p) product can, by proton 
evaporation, also arise from the excited target nucleus. 
The evaporation mechanisms would be expected to 
decrease in probability as the incident proton energy 
increases, while the knock-on mechanism would be 
expected to increase with increasing proton energy. 

Unfortunately, the radiochemical method measures 
only the total cross section or the sum of the various 
contributing mechanisms. By measuring the cross sec- 
tions as a function of incident proton energy information 
can be obtained regarding the extent to which various 
mechanisms contribute to the total cross sections, but 
this is based, to some extent, upon theoretical predic- 
tions as to the manner in which the various mechanisms 
depend upon the bombardment energy. Theoretical 

* The investigation was supported in part by the U. S. Atomic 
Energy Commission. This report is based on a portion of a thesis 
submitted by William R. Ware in partial fulfillment of the re- 
quirements for the degree of Doctor of Philosophy at the University 
of Rochester, 1957. 

+ DuPont Féllow in Chemistry 1956-1957. 


t Present address: Union Carbide Consumer Product Company, 
Cleveland, Ohio. 


predictions based upon Monte Carlo cascade data are 
very useful since the Monte Carlo method breaks down 
the total cross section into contributions from various 
mechanisms, but the difficulty of comparing total cross 
sections remains. Agreement between experiment and 
theory can thus be looked upon only as an indication 
of the importance of the various mechanisms considered 
in the calculation of the predicted cross section. 

Ce'” was chosen as the target nucleus for the present 
study since Ce™ and La™ are radioactive and have 
suitable half-lives and decay characteristics. Ce™ is 
the heaviest stable cerium isotope and thus the (p,pm) 
and (~,2) products of interest could arise only from 
Ce. This was a fortunate choice since Metropolis 
et al.' have made a Monte Carlo cascade calculation on 
Ce, and sufficient data were also available to permit 
an evaporation calculation with the cascade data to 
obtain total cross sections. In addition, these two re- 
actions had been studied by Caretto and Friedlander* 
in the energy range of 380-3000 Mev. 

There are relatively few target nuclides suitable for 
a study of the (p,pn)—-(p,2p) competition, and while 
Ce is probably one of the most favorable cases, the 
fact that La’! must be determined indirectly limits the 
accuracy with which the (p,2p) cross sections can be 
determined for incident protons between 60 and 240 
Mev. 


EXPERIMENTAL 


Spectroscopically pure cerium dioxide was used as 
the target material. The target contained approximately 
100 mg of CeO, and was bombarded in the internal 
proton beam of the Rochester 130-in. synchrocyclotron 
as described previously.’ Targets were bombarded for 
one hour at proton energies of 60-233 Mev. 

A direct quantitative determination of 3.7-hr La" 
by beta proportional counting would have been ex- 
tremely difficult due to the necessity of separating La 
from the other rare earth activities in the presence of 
La carrier. In addition, La’ was produced, making 
accurate decay-curve resolution impossible. These diffi- 
culties were overcome by use of an indirect method, 

1N. Metropolis, R. Bivins, M. Storm, A. Turkevich, J. M. 
Miller, and G. Friedlander, Phys. Rev. 110, 185 (1958). 
ot A. Caretto, Jr., and G. Friedlander, Phys. Rev. 110, 1168 
“SR. W. Fink and E. 0. Wiig, Phys. Rev. 94, 1357 (1954). 
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similar to that used by Caretto,‘ which involved de- 
termining La'' by counting the daughter Ce™. 

Within 15 min after termination of the bombardment 
the CeO, target material was quantitatively dissolved 
in 10M HNO; and made up to a known volume. Two 
aliquots were taken, one of which was allowed to stand 
until all the 4-hr La™ had decayed to Ce™. Cerium was 
immediately separated and precipitated as the oxalate 
from the other aliquot by the method of Glendenin 
et al.® The aliquot which had been allowed to stand until 
the La™ had decayed to Ce" was treated in identical 
fashion, giving a second oxalate sample for counting 
which contained Ce! from the (p,pm) reaction plus 
that from the decay of the (~,2) product La". Chemi- 
cal yields were determined gravimetrically by ignition 
of the oxalate to CeOz after counting was complete. 

The samples were counted on an end-window, 
methane-flow beta proportional counter of the Los 
Alamos type. The samples were approximately 2.2 cm 
in diameter and weighed between 15 and 30 mg. No 
attempt was made to follow the short-lived activities 
in the samples except to check for radiochemical purity. 
That the chemical technique produced good radiochemi- 
cal purity was indicated by the fact that all the activities 
observed could be accounted for by assuming a pure 
cerium sample at the time of chemical separation. That 
good separation was obtained from lanthanum was 
indicated by the absence of 40-hr La’ and by the 
growth curves obtained in a study of short-lived cerium 
isotopes.° In addition, Ce and Ce’ were the only 
long-lived isotopes observed to be present. 

Each sample was counted for at least six months, 
and many. were followed for over a year. The decay 
curves could not be resolved graphically because of the 
excessive time required for Ce'*! to decay and the rela- 
tive intensities of Ce’ and Ce. The decay curves were 
resolved analytically, assuming half-lives of 32.8 days*~* 
and 140 days” for Ce™ and Ce™, respectively. The 
data for Ce’ were extrapolated to the time correspond- 
ing to the end of bombardment. The two inner alumi- 
num foils from each target were counted on the same 
equipment and the decay curves resolved graphically 
to obtain the count of Na™ at the end of the 
bombardment. 

Conversion of observed counting rates at the end of 
bombardment into absolute disintegration rates was 
accomplished with conversion factors taking into ac- 
count corrections for self-absorption, backscattering, 
air scattering, chemical yield, counting efficiencies, and 
counting geometry. The geometrical factor was deter- 
mined from National Bureau of Standards P® for the 





4A. A. Caretto, Jr., (private communication). 

5L. E. Glendenin, K. F. Flynn, R. F. Buchanan, and E. P. 
Steinberg, Anal. Chem. 27, 59 (1955). 

®*W. R. Ware and E. O. Wiig, Phys. Rev. 117, 191 (1960). 

7D. Walker, Proc. Phys. Soc. (London) A62, 799 (1949), 

8 E. Kondaiah, Phys. Rev. 83, 471 (1951). 

9J. T. Jones and E. N. Jensen, Phys. Rev. 97, 1031 (1955). 

10 C. H. Pruett and R. G. Wilkinson, Phys. Rev. 96, 1340 (1955). 
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geometry used in counting both the cerium and alumi- 
num samples. The air-window absorption was calcu- 
lated for Ce and Na*™ from the coefficient of absorption 
taken from the graphs of Gleason et al."' That this was 
valid for our geometry was demonstrated with P® and 
Co® by using aluminum absorption techniques. The self- 
absorption correction for Na™ was calculated from the 
absorption coefficient and was essentially unity. The self- 
absorption—backscattering correction 
for Ce™ was interpolated from the data of Cuninghame 
et al.!? The backscattering correction for Na™ was deter- 
mined experimentally. Air scattering was considered neg- 
ligible. Since the decay schemes of Ce™! and Na™ are well 
known, the counting efficiency for each isotope was 
easily computed. No correction was necessary for the 
finite resolving time of the counter since all counting 
was done at rates where this correction was negligible. 

Absolute disintegration rates at the end of bombard- 
ment were calculated to infinite bombardment time. 
A half-life of 15.0 hr'* was used for Na™ and of 3.7 hr" 
for La™'. Absolute cross sections for the production of 
Ce™! and La™ were obtained by comparison with the 
known cross sections'’® for the Al?’(p,3pn)Na™ monitor 
reaction. 

It was necessary to correct for the decay of La™! 
to Ce during the bombardment and between the end 
of bombardment and the time of chemical separation. 
The derivation is straightforward." 


self-scattering 


RESULTS 


The (p,pm) cross section and the ratio of the cross 
sections were calculated first and the (p,2p) cross sec- 
tion calculated from the ratio. The values obtained 
from the experiments at various energies are presented 
in Table I. For the (p,pm) cross section the scatter is 
caused principally by errors in chemical yield, self- 
absorption corrections, and beam monitoring. It will 
be noticed that the reproducibility for the (p,pm) cross 
section is rather good for this type of work while the 
(p,2p) cross section shows considerable scatter. It is 
felt that the inaccuracy of the (~,2p) determination is 
caused principally by the quite low yield of La as 
compared to that of Ce"! ; the enrichment was thus quite 
small in the sample allowed to stand until the decay of 
La™ had taken place. This tends to magnifiy the errors 
in the self-absorption correction, chemical! yield, and 
errors in the counting data, since the method required 
the calculation of a difference that was small. This was 
the largest factor contributing to the errors in the (p,2p) 

11 G. Gleason, J. Taylor, and D. Tabern, Nucleonics 8, No. 5, 12 
(1951). 

2 J. G. Cuninghame, M. L. Sizeland, and H. H. Willis, Atomic 
Energy Research Establishment Report C/R 2054 (unpublished). 

13 FE. E. Lockett and R. H. Thomas, Nucleonics 11, No. 3, 14 
(1953). 

4R. B. Duffield and L. M. Langer, Phys. Rev. 84, 1066 (1951). 

15H. G. Hicks, P. G. Stevenson, and W. E. Nervik, Phys. Rev. 
102, 1390 (1956). 

16W. R. Ware, Ph.D. thesis, University of Rochester, 1957 
(unpublished). 











(p,pn) AND (6,2) 


TABLE I. Cross sections of the (p,pn) and (p,2/) reactions 
on Cel, 











Proton 
energy (p,pn) (p,2p) 
(Mev) (mb) (p,pn)/(p,2p) (mb) 
233 60.7 2.0 30 
62.7 3.3 19 
71.6 7.2 10 
O08 ooe 
66.9 17* 
av 65.5+3.8 4.242 19.647 
200 65.5 3.4 19.3 
72.3 7.8 9.2 
av «(68.94+:3.4 5.6+1.5 15.5+-6 
180 86.0 b b 
67.9 9.9 6.9 
67.6 4.7 14.4 
73.4 2.9 25.2 
av 73.748 5.842.5 15.546 
120 125 tee 
72.9 4.6 15.9 
105 13.7 7.7 
90 eee 
av 98.2+17 9.144.5 11.8+4 
60 125 21.7 5.8 
96 7.9 12.2 
121 12.4 9.8 
av 114412 14.0+5.4 9.242 





* Omitted from the average. 
> La sample lost. 


determination and is inherent in the method. It would 
be highly desirable to repeat the (~,2p) determination 
using a direct method. 

If approximately 5% absolute errors are estimated 
for all counting corrections except the counting effi- 
ciency, and 5% allowed for the uncertainty in the moni- 
tor cross section, an estimated 20% absolute error is 
obtained for the results of the (p,pm) study. This is 
quite reasonable for this type of work. For the (p,29) 
reaction, the absolute error is probably much greater. 


DISCUSSION 


It is of interest to compare the present results with 
the cross sections to be expected on the basis of the 
cascade-evaporation model for these reactions. The 
Monte Carlo calculations on intranuclear cascades of 
Metropolis ef al.,' fortunately included proton energies 
of 83 and 238 Mev and Ce™ as a target nucleus. The 
detailed cascade data'’ together with data on the com- 
pound nucleus Ce", needed for the evaporation calcu- 
lation and determined by Caretto, permitted calcula- 
tions to be made of the cross sections to be expected for 
the (p,pn) and ($,2p) reactions with Ce. 

For Ce the products of interest from the cascade 
data were Ce™*, Pr", Ce'*, and La'*. In addition, 
it was necessary to know the total number of proton 
cascades at each energy, the assumed nuclear radius 
and the number of cases for the various excited product 
nuclides found falling within given intervals of residual 
excitation energy. From the data, plots were constructed 


17 Kindly supplied by Dr. Anthony Turkevich. 
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to give the number of cases per 10-Mev interval of 
residual excitation energy as a function of residual 
excitation energy. It was necessary in the case of Ce!” 
and La'®* to determine the number of cases where the 
residual excitation energy was insufficient for nucleon 
emission. A cutoff of 9 Mev was used; this was found 
not to be critical. For Ce* and Pr it was necessary 
to apply the compound nucleus data for Ce*. These 
consisted of the excitation functions for Ba'**(a,n)Ce™ 
and Ba'®*(a,p)La™ from 15- to 40-Mev alpha bombard- 
ing energy, and the compound nucleus total cross sec- 
tion.‘ It was assumed that these data could be applied 
to excited Ce and Pr’ and in addition it was assumed 
that the (p,pm) and (p,2p) cross sections calculated 
from the Monte Carlo cascade data would apply to 
the experimental results with Ce™. These assumptions 
are reasonable since these are high energy reactions and 
in addition no shell effects were considered in the Monte 
Carlo calculation. 

The (a,n) and (a,p) excitation functions plus the total 
compound nucleus cross section as a function of energy 
permitted the calculation of the fraction of excited 
Ce and Pr" nuclei which lost just a neutron and just 
a proton, respectively. It was thus a simple matter to 
calculate the contribution of these two excited nuclides 
to the Ce! and La'® yields. The desired (p,pn) and 
(p,2p) cross sections were then easily obtained from 
the total number of Ce! and La™ cases, respectively. 
The geometrical cross section was computed from 
r=1.3X10-"A!, The results of the calculations are 
given in Table II along with the estimated errors. The 
errors were estimated from the uncertainty in the 
points on the distribution plots of number of cases per 
10-Mev interval vs excitation energy. Also shown are 
the percentages of the calculated cross section resulting 
from the various contributing processes. 

The excitation functions for the (p,pm) and (p,2p) 
reactions are plotted in Fig. 1, along with the values 
obtained from the cascade-evaporation calculations. 
The values reported? for 380 Mev are also shown. For 
proton energy between 60 and 240 Mev the agreement 
with the calculations is good for the (p,pm) reaction and 
fair for the (p,2p) reaction. The cross sections in this 
energy interval will be considered first. 

The low (p,2p) cross section compared to the (p,pm) 
cross section at 60 Mev may be considered as due to 
the following factors: (a) Ce'*' can be produced by three 
processes whereas only two contribute to the produc- 
tion of the (p,2p) product. (b) Neutron evaporation 
from excited Ce! in the range of excitation energies 
from 15 to 40 Mev is three to four times more probable 
than proton evaporation. This is indicated by the (a,) 
and (a,p) excitation functions of Caretto.! 

As can be seen from Table II, the Monte Carlo 
calculation predicts that at 84 Mev the contribution 
from the direct knock-on process will be relatively 
small, but that there is a higher probability of knocking 
out a neutron than a proton. This is no doubt in part 
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TABLE II. Cross sections predicted by cascade evaporation calculations. 





83 Mev 
No. 
cases 


360 Mev 
No. 


cases 


238 Mev 
No. 
cases 





Incident protons 

Ce(p, pn)Ce™ 

Ce! (p,m) Pr — Ce+- p 
Ce(p,p)Ce™ — Ce-+-n 
Ce!(,2p)Lal™ 
Cel™(p,p)Cel > La + p 


97+10 
25+6 
4+1 


«(p,pn), mb 
o(p,2p), mb 
a(p,pn)/o(p,2p) 


886 


50+ 10 
20+6 
2.5+0.8 


16.545 
3.6+0.5 








due to the presence of more neutrons than protons in 
the target nucleus. Thus at 60 Mev the ratio of the two 
cross sections is probably determined by potential 
barrier considerations and the fact that charge exchange 
and deuteron pick-up reactions contribute to the (p,pm) 
cross section. 

As the proton energy is increased, the experimental 
value of the cross section of the (p,2p) reaction (Table 
I) appears to increase slightly, whereas the (p,2) cross 
section is about one-fourth that of the (p,pm). The (p,pn) 
excitation function can be interpreted in the following 
manner. As the proton energy is increased the charge 
exchange reaction followed by proton emission would 
be expected to decrease, as well as the reaction involving 
neutron evaporation from excited Ce. Larger amounts 
of energy are being deposited in the target nucleus 
favoring the loss of more than one nucleon. However, 
the probability of forming Ce with an excitation en- 
ergy of 10 to 30 Mev will decrease rapidly as the proton 
energy is increased, since the average energy deposited 
in the target nucleus is a slowly increasing function of 
energy. Thus the contribution from Ce! through excita- 
tion followed by neutron evaporation is expected to 
decrease slowly in going from 60 to 240 Mev. The Monte 
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Fic. 1. Experimental and calculated cross sections of the (p,pn) 
and (/,2/) reactions on Ce as a function of energy. 


Carlo calculation predicts a slow decrease in the contri- 
bution from charge exchange as the proton energy is 
increased. 

It will be noticed that the (,p) excitation function 
levels off as the proton energy approaches 240 Mev. 
This is undoubtedly due to the increase in the relative 
proportion of the direct knock-on production of the 
(p,pn) product as the energy increases. This relative 
increase in the direct knock-on reaction with energy 
is predicted by the Monte Carlo results and can be ex- 
plained in the following manner. At 60 Mev the direct 
knock-on reaction may be thought of as occurring near 
the diffuse rim of the nucleus. This is suggested by the 
work of Elton and Gomes'*® who found that to explain 
certain inelastic scattering results it was necessary 
to assume that the knock-on reaction with 31-Mev 
protons on medium to heavy nuclei was taking place 
in the diffuse rim. This would also be the case to some 
extent at 60 Mev. With 31-Mev protons they found 
theoretically a very low probability for an interaction 
in the central core of the nucleus that would result 
simply in the loss of the proton and one neutron without 
additional interaction. 

As the proton energy is increased it is reasonable to 
expect that a larger portion of the outer shell of the 
nucleus would participate in the knock-on reaction. 
The nucleus becomes more transparent as the energy 
increases, and as a consequence there is a higher proba- 
bility of protons passing through the nucleus and inter- 
acting at or near the back surface to knock out a nucleon. 
Since the energy of the struck nucleon will tend to in- 
crease with increasing proton energy, the struck nucleon 
will have a higher probability of escape without further 
interaction. Thus instead of the knock-on reaction 
merely involving the diffuse rim, at higher energies 
an appreciable portion of the surface shell on the back 
side (relative to the direction of the incident particle) 
of the nucleus might be expected to participate, and 
the probability would increase. Thus as the excitation 
function levels off, the decreasing probability of the 
evaporation mechanism is being presumably counter- 
balanced by an increase in the knock-on mechanism. 


18 L. R. B. Elton and L. C. Gomes, Phys. Rev. 105, 1027 (1957). 





(p,pm) AND (p,2p) REACTIONS ON Ce?#! 


The increasing trend in the (p,2) excitation function 
may also be attributed to an increase in the knock-on 
process and a decrease in the mechanism involving 
proton evaporation from excited Ce. It will be noticed 
(Table II) that the cascade-evaporation calculations 
perhaps predict a slight decrease in the (p,2) cross sec- 
tion with increasing energy. However, they also predict 
that the direct knock-on reaction will increase while the 
evaporation mechanism decreases in probability. It 
appears that not enough weight is given to the knock-on 
process. 

At 240 Mev the observation that the (p,pm) reaction 
has approximately four times as great a probability 
as the (p,2p) process can be interpreted as due in part 
to the contribution of neutron evaporation from excited 
Ce', which will still be two to three times more probable 
than proton evaporation, since the same range of nuclear 
excitation energies is involved. In addition it is reason- 
able to assume that the knock-on process would still 
favor neutrons over protons owing to their relative 
abundances. There are other factors that influence 
the knock-on probability, such as the exclusion principle 
for all interactions taking place within the Fermi vol- 
ume, the nucleon-nucleon inelastic cross sections, the 
probability for nucleons to escape once struck, etc. The 
Monte Carlo calculation of course utilizes such 
considerations. 

In making a comparison with the results of Caretto? 


AT 60-233 Mev 1841 
at 380 Mev it is necessary to consider the absolute errors 
in the measurements. Since more or less the same 
method was used in the two investigations, it does 
not seem reasonable that an error of 30 to 40% would 
exist. In fact, a real rise in oy,» is confirmed by recent 
data of Strohal and Caretto."® In the (p,2) case, the 
increase is too large to be accounted for by absolute 
errors. A plot of the ratio o(p,pn)/o(p,2p) as a function 
of energy gives a very smooth curve from 60 to 380 
Mev, but this is to some extent to be expected since 
many counting corrections cancel in the ratio. However, 
this smooth curve may be fortuitous, as may the cas- 
cade-evaporation calculation prediction of the observed 
cross section ratios at 240 and 380 Mev. 

Thus it would appear that the Monte Carlo cascade 
data and evaporation calculation, although based on a 
model which leaves a great deal to be desired, are some- 
what realistic. In addition, reasonable explanations can 
be given for the observed excitation functions. However, 
the limitations of the radiochemical method discussed 
at the beginning of this paper must be kept in mind. 
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The absolute differential cross section for the elastic scattering of oxygen by gaseous targets of helium, 
nitrogen, and neon and of carbon by nitrogen were measured from about 4 to ~20 degrees in the center-of- 
mass system. The energy of the incident heavy ions was ~10 Mev per atomic mass unit. The ratio of the 
elastic cross section to the Coulomb cross section exhibits diffraction-like oscillations which damp out as 
n=Z,Z2¢"/hv increases from ~1 to ~4. The results are compared with the predictions of a simple diffraction 
model, a sharp-cutoff model, and a modified-cutoff model. Reasonably good agreement is obtained in pre 
dicting the angular position of the maxima and minima, but not the absolute cross section. The modified 
cutoff model appears to apply only if 7 is greater than about 2.5. The value of ro found for the O""—Ne 
scattering is 25% greater than for the remaining three reactions. 





INTRODUCTION 


[* the past years much attention has been given to 
the experimental investigation of elastic scattering 
cross sections. Recently, data for the scattering of 
alpha particles and of heavier ions has been accumu- 
lated rapidly with a view toward inferring the proper- 
ties of nuclear matter. 

Angular distributions for elastic scattering have been 
analyzed in terms of sharp-cutoff'~* or modified-sharp- 
cutoff models, by optical model calculations,® and in 
terms of the rainbow model.® Since most angular dis- 
tributions in which the parameter n= Z,Z2e?/hv is less 
than ~5 exhibit a diffraction-like structure,’ these 
experiments are amenable to analysis by a simple 
diffraction model.* In this expression Z,; and Zz are 
the incident and target nuclear charge, respectively, 
v is the relative velocity of the two particles, e is the 
electronic charge, and # is Planck’s constant divided 
by 2. 

A mean interaction radius may be obtained from 
each of these models. In addition, the modified-sharp- 
cutoff, optical, and rainbow models allow a parametri- 
zation of the shape of the potential so that information 
on the diffuseness of the nuclear edge may be inferred. 
The rainbow model is applicable only to data which 

*Work performed under the auspices of the U.S. Atomic 
Energy Commission. This article is based on a dissertation sub- 
mitted by E. Newman in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy at Yale University. 

tSocony Mobil Fellow. Now at the Electronuclear Research 
Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee. 

t Now at the Palmer Physical Laboratory, Princeton Uni- 
versity, Princeton, New Jersey. 

1A, Akhieser and I. Pomeranchuk, J. Phys. (U.S.S.R.) 9, 471 
(1945). 

2 E. Clementel and A. Coen, Nuovo cimento 10, 988 (1953). 

2J. S. Blair, Phys. Rev. 95, 1218 (1954); ibid. 108, 827 (1957). 

4J. A. McIntyre, K. H. Wang, and L. C. Becker, Phys. Rev. 
117, 1337 (1960). 

5 A rather complete list of references is given in the Proceedings 
of the International Conference on the Nuclear Optical Model, 
Florida State University Studies No. 32, edited by A. E. S. Green, 
C. E. Porter, and D. S. Saxon (The Florida State University, 
Tallahassee, 1959). 

6K. W. Ford and J. A. Wheeler, Ann. Phys. 7, 259 (1959). 

7J. A. McIntyre, S. D. Baker, and T. L. Watts, Phys. Rev. 
116, 1212 (1959). 
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exhibit a smooth dropoff from the Coulomb cross 
section with increasing angle. Calculations by Porter’ 
and more recently by Bassel, Drisko, and Melkanoff"® 
with the optical model have met with a fair degree of 
success. 

The present differential cross sections were measured 
for the elastic scattering of O'® from He’, N“, and Ne”; 
and of C” from N"™. They are part of a continuing 
series to determine the interaction radii of heavy-ion 
interactions in a region of the periodic table where 
relatively large changes might be expected. They also 
provide a test of the applicability of the modified-sharp- 
cutofi model. 


EXPERIMENTAL APPARATUS 


At energies of 10 Mev per nucleon the cross section 
for elastic scattering from low-Z targets deviates 
markedly from Coulomb scattering very close to the 
forward direction. These measurements, therefore, 
presented the usual problems of dealing with gas 
targets, plus the added complications of determining 
the cross sections at small angles. Figure 1 is a view of 
the scattering apparatus (the section is taken in the 
plane of scattering). The detector rotates about the 
center of the target volume which is located within a 
standard 4-in. diam Sylphon bellows. Keeping both 
faces of the bellows perpendicular to the plane of 
rotation, alternate sides undergo simple compression 
and expansion without torsion. This arrangement has 
a total angular sweep of approximately 100 deg. As 
shown in the figure, the midpoint of the swing used 
here is 30°; this permits the angular distributions to 
be followed continuously from —20° to +80° in the 
laboratory system. 

The beam enters the collimating system through a 
2.4-mg/cm? nickel foil. This foil serves the dual purpose 
of keeping the target gas within the chamber and of 
providing a diffuse source of particles entering the 
collimators. The collimating apertures and antiscat- 

®C. E. Porter, Phys. Rev. 112, 1722 (1958). 

1 R. H. Bassel, R. M. Drisko, and M. A. Melkanoff, Bull. Am. 
Phys. Soc. 5, 67 (1960). 
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tering apertures are machined into opposite ends of a 
brass tube 10 cm long. Two such assemblies are placed 
in the slit-holding tube. Two pairs of beam-defining 
apertures were used, first a 0.200-in. diam set, and a 
second 0.062-in. diam set for small-angle measurements. 
In both cases the antiscattering apertures are } in. in 
diameter. The distance between the circular defining 
apertures is 30 cm. 

As the beam emerges from the second collimating 
aperture it enters a 4-in. diam tube. As may be noted, 
the beam does not pass down the axis of the tube but 
is 0.600 in. off center to allow the target volume to 
remain in the center of the bellows. There are several 
entrances to this tube, (1) the gas inlet needle valve, 
(2) a target pressure gauge port, (3) a monitor port, 
and (4) a port for a retractable Faraday cup. This 
Faraday cup may be slid into place immediately fol- 
lowing the second defining aperture. This indicates 
that the heavy-ion beam is entering the chamber, and 
provides an estimate of the current. The cup may then 
be withdrawn to a position where the bottom is ap- 
proximately one inch from the beam center line. When 
in this position, a positive bias is applied and the signal 
derived from electron pickup is used for machine 
tuning purposes. 

The detector tube, a 3-in. o.d. seamless stainless 
steel tube 5 ft long, follows the bellows; it contains the 
rectangular slit and the detector assembly. This tube 
rotates on the edge of a 33-in. diam pulley wheel (not 
shown in Fig. 1) with the hub as a center. The edge of 
the wheel was ground to provide a smooth flat surface. 

The alignment of the components was accomplished 
by means of a standard surveyors’ transit. The detector 
tube’ was set at the zero angle of scattering and all 
apertures centered on a common line passing through 
the axis of rotation. The long sides of the rectangular 
aperture could be made vertical by rotating the de- 
tector arm slightly off the zero-angle position such that 
the transit vertical cross hairs coincided with the side 
of the aperture. 

Either of two interchangeable circular apertures of 
200 mils or 62 mils diameter were placed in front of the 
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detector. The width of the rectangular slit was 64 mils 
and its height great enough so that the detector en- 
compassed the entire beam in cross section. The beam 
volume thus defined is the intersection of cones and 
pyramids. Figure 2 shows schematically the geometric 
configuration of the apertures and target volume. In 
Table I are listed the dimensions referred to in the 
figure. 

The detector for the elastically scattered particles 
was a thin Nal(TI) crystal mounted directly to the 
face of a DuMont 6292 photomultiplier. A housing was 
constructed with the vacuum seal made directly to the 
face of the phototube to permit the hygroscopic crystal 
to be kept under vaccum continuously. The target-to- 
detector distance could be adjusted with a threaded 
rod connected to the detector assembly and plug. 
Once the detector had been positioned and the chamber 
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Fic. 2. Schematic representation of the scattering geometry. 
For appropriate dimensions see Table I, The dimensions have 
not been drawn to scale for reasons of clarity. The notation is 
that of reference 12. 
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Taste I. Dimensions (cm) referred to in Fig. 2. 





3.5°-10° 


0.254 
0.254 
0.254 
0.163 
50.80 


5° 


Quantity 





0.0787 
0.0787 
0.0787 
0.163 
77.72 
30.00 
45.72 
15.72 
51.82 








evacuated and filled with target gas, a Circle Seal 
valve was opened to expose the detector to the target 
volume. In this manner the NaI was kept protected 
against moisture without the use of packaging or 
windows. 

The elastic detector signal was analyzed by a 20- 
channel pulse height analyzer. A 400-channel analyzer 
was also available and was used in addition to the 
former to obtain spectra for some of the runs at large 
angles. Although limited in number of channels and 
readout, the 20-channel analyzer was more useful 
because it required smaller dead time corrections. 

The scattering angle was measured from an angular 
vernier table rescued from a small optical spectrometer. 
It was possible, by means of a low-power hand lens, 
to read the angle to +} minute. The zero-degree point 
was determined from the symmetry of the left-right 
scattering yields. The difference between the optical 
method of determining zero degrees and this method 
was never greater than 0.1 deg. 

Scattered particles were monitored to determine the 
exposure during a given run. These were detected by 
a 1-mm thick CsI crystal mounted to a DuMont 6467 
photomultiplier. A 2.2-mg/cm? Ni foil was placed in 
front of the detector to screen out particles of very low 
energy. The angular acceptance of the monitor was 
restricted to the angles from 60° to 170° by use of a 
collimator. 

After the monitor signal had been amplified, it was 
fed to an integral discriminator. The output of the 
discriminator was used to drive a scaler, the count 
switch of which also actuated the 20-channel elastic 
particle analyzer. 

To calibrate the monitor a series of measurements 
were made in which the beam was collected in a 
Faraday cup. The elastic detector was removed, the 
detector arm set at zero degrees, and the cup installed 
in the end of the arm. The Faraday cup itself was 
located in a chamber with an aluminum foil entrance 
window. The cup was insulated from the housing with 
two Teflon pillars. A ring magnet was positioned in 
front of the collection cup and a 4-kv negative potential 
was applied to it to suppress secondary electrons 
arriving from the cup or window. The operating pressure 
within the Faraday chamber was maintained below 
5X10-* mm Hg to minimize any ionization chamber 
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effect within the housing. The number of monitor 
counts per collected microampere of beam was constant 
for suppressor voltages from 0.5 to 4.0 kv. To deter- 
mine the loss of integrated beam due to multiple 
scattering, the number of monitor counts per micro- 
ampere was measured as a function of target pressure. 
Varying the pressure from 10 to 75 mm Hg resulted 
in no detectable effect. An upper limit of 1% has been 
placed on this source of error. In making the absolute 
calibration, sufficient counts were recorded on the 
monitor scaler to obtain 1% statistics. 

Standard commercial grade dry nitrogen and research 
grade helium and neon gases were used as targets. The 
gas was present in the chamber from the entrance 
window to the elastic particle detector. To insure as 
low contamination as possible, the gas was continu- 
ously flowed through the chamber at a typical rate of 
1 to 2 cc/min. A pressure of 50.0 mm Hg, measured 
with a Wallace and Tiernan 0-200 mm pressure gauge, 
was held constant with a Manostat.'' The gas tempera- 
ture was assumed to be that of the surroundings and, 
therefore, the ambient temperature was used in cal- 
culating the target density. The error in density is 
estimated to be +1%. 


PROCEDURE 


The heavy-ion beams of O'* and C” used in this 
experiment were accelerated to a nominal energy of 10 
Mev per nucleon in the Yale heavy-ion linear acceler- 
ator. At the exit of the accelerating cavity a pair of 
quadrupole magnets focused the beam; it was then 
magnetically analyzed to approximately 1% in energy, 
passed through a bending magnet so that it was again 
parallel to the original direction, and focused once 
again with a pair of quadrupoles. 

Before data were taken, the lower level in the 
monitor discriminator was set; this value was selected 
to be in a region of pulse height where the slope of the 
monitor spectrum was not rapidly varying. 

The small beam-defining and detector apertures were 
used in the 2° to 5° (laboratory) angular region, the 
large set of apertures from 3.5° to ~ 10°. This provided 
an overlap of approximately 2° for the two systems. 
The angular resolutions in the laboratory for the two 
systems are 0° 13’ and 0° 25’, respectively (full width 
at half-maximum). The angular interval used for the 
“small” angle geometry was 0° 10’; for the “large” 
angle measurements data were taken at 0° 15’ intervals. 
The scattering of O'® by He was the exception, the 
intervals used here were 0° 5’ and 0° 10’, respectively. 
Approximately one third of the experimental points 
were observations made at negative angles. A sufficient 
number of counts were accumulated in both the monitor 
and elastic detectors to give approximately a 2% sta- 
tistical error in the determination of yield. 


™ Model 8; Manufactured by 
York, New York. 


Manostat Corporation, New 
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After appropriate dead-time corrections were applied 
to the elastic and monitor detectors, the differential 
cross section was calculated from the yield by means 
of the geometrical factor of Critchfield and Dodder.” 
In using this expression account is taken of the finite 
divergence of the beam by assuming that the nickel 
window acts as a uniform isotropic source of particles. 
Should the target volume be a section of a cylinder 
rather than the frustrum of a cone, however, these 
data would be overcorrected, i.e., low, by approxi- 
mately 3.5%. It is felt that the description chosen 
represents the actual conditions much more closely. 
The relative derivatives of the true cross section, o’/o 
and o’’/o, used in the calculation of the G factor were 
approximated by the relative derivatives of the un- 
corrected cross section. 

The energy of the beam at the detector was deter- 
mined from a knowledge of the ratio of the pulse height 
of the elastic peak to the pulse height of the ThC’ 
alpha."* To obtain the energy at the target volume, the 
curves of Roll and Steigert" for the residual ranges vs 
energy of heavy ions in oxygen were differentiated to 
obtain the specific energy loss. The energy loss was 
then calculated from the relationship 


d(E/A) i = 
patel Sig” ; 
A 


pdx A’ I 


where p, A’, Z’ are the density, atomic number, and 
nuclear charge of the stopping material, respectively, 
and £/A is the energy per amu of the incident particle. 
The average ionization potential was taken to be 13 Z’ 
ev.!® Since the reference material is gaseous and the 
difference in Z’ small, the specific energy losses calcu- 
lated in this way are believed to be accurate to better 
than 2% for the region in which they are used here. 

No cane for either multiple or slit-edge scat- 
tering have been applied to these data. An estimate of 
the multiple scattering which results in a measured 
yield greater than the true yield was made, however. 
The increased yield is proportional (in first approxi- 
mation) to the product of the relative second derivative 
of the cross section times the mean square deviation of 
the Gaussian portion of the scattering distribution.'® 

At laboratory angles of 3°, 6°, and 10° this amounts 
to approximately 3%, 0. 7%, and 0.2%, respectively. 
An estimate of the slit-edge scattering is placed at 


Table II is a summary of the estimated experimental 
errors. The combined effect of these uncertainties is to 
assign a relative error of +4% to these data. The 
standard error in the absolute magnitude of the 
differential cross section is taken to be +15%. 


2 C. L. Critchfield and D. C. Dodder, Phys. Rev. 75, 419 (1949). 
18 EF. Newman and F. E. Steigert, Phys. Rev. 118, 1575 (1960). 
4 P. G. Roll and F. E. Steigert, Nuclear a, 16, 534 (1960). 
16 R. M. Sternheimer, Phys. Rev. 115, 137 (1959). 

16 B. Rossi and K. Greisen, Revs. Modern Phys. 13, 267 (1941). 
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TABLE II. Estimated atnennenters errors. 








Angular region (lab) 
2°-5° 5°-10° 


Alignment ®* 2.5% 
G factor 0.5% 
Counting statistics 2.0% 
Counting loss 0.02% 
Target density 1.5% 
Angle 0.5’ 
Energy 2.0% 
Beam current 15.0% 


Source 





15.0% 








* Includes uncertainties in the aperture and interaperture dimensions. 


RESULTS AND DISCUSSION 


The results of this experiment are presented graphi- 
cally as the ratio of the observed differential cross 
section to Rutherford vs the center-of-mass angle. One 
may note that as 7 is increased from ~1 to ~4 the 
amplitude of the diffraction-like oscillations decrease 
markedly and the drop below Rutherford slowly 
becomes more pronounced. 

Since all results show diffraction-like effects to some 
varying degree and the penetration depth for heavy 
ions in nuclear matter is expected to be very slight, the 
experimental results are compared with the predictions 
of a simple diffraction calculation. The diffraction 
pattern for an opaque sphere may be expressed in 
terms of the first-order cylindrical Bessel function. The 
argument is taken as 8=2kR sin(@/2), where & is the 
center-of-mass wave number, R the interaction radius 
and @ the center-of-mass scattering angle. The differ- 
ential cross section may be expressed as® 


do/dQ= k*R* cos*(6/2)[J1(8)/B F. 


In general, although the locations of the maxima and 
minima are described, the predicted cross sections are 
too low for small angles and too great for larger angles. 

The sharp-cutoff model is valid if » is much larger 
than unity. Also, it has been observed that in a-particle 
scattering’? the model breaks down where ¢/¢cou<1/n. 
In view of the fact that the majority of these data fail 
to satisfy one or both of the restrictions, it is not sur- 
prising that the over-all fit is rather poor. 

The modified Blair model prediction for the differ- 
ential scattering cross section relative to Coulomb 
without a nuclear phase shift term but including an 
amplitude factor for the /th partial wave may be 
written as 


oC B wo 
—= |sin(n lInB)+— > (2/+-1)P,(cos6)(1—A1) cos2e; 


Ce n '=0 


+f cost InB) 


_ 2 
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17H. E. Wegner, R. M. Eisberg, and G. Igo, Phys. Rev. 99, 
825 (1955). 
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Fic. 3. Elastic scattering of O'* by He‘. The energy in the center- 
of-mass system at the target volume is 32.2 Mev. Results of a 
diffraction and sharp cutoff calculation are shown. 


where 
B=sin?(6/2), 


l 
a= > tan“(n/l’’). 


S| 
The amplitude is taken to be 


1 

1, — +. 

1+exp[ (/—L)/Al] 

The result is a Saxon-shaped edge, where L (the sharp 
cutoff / resulting in the best fit to the locations of the 
maxima and minima) is the half-amplitude / value and 
Al is the diffuseness parameter. The “thickness” AR 
of the nuclear edge may then be expressed as 


AR=Rr4:—Rz_At. 


The modified-cutoff model used here is similar to that 
introduced by McIntyre e/ al.,‘ with the exception that 
the rounding of the nuclear phase shift has been 
omitted. 
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The observed differential cross section divided by 
the Coulomb cross section vs the center-of-mass angle 
6 for O"* on Het is shown in Fig. 3. The energy at the 
target in the c.m. system is 32.2 Mev. It may be noted 
that this reaction is inverted in the sense that usually 
oxygen is bombarded with alpha particles. There are 
no advantages to the order chosen other than the 
improved detector energy resolution. Compensating 
for this gain, however, is a loss of angular resolution 
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in the center-of-mass system. This effect poses no 
serious problem here because of the width of the 
diffraction structure. By performing the experiments 
in this inverted order, the accuracy of the very small 
angle data (2° lab) could be checked against the pub- 
lished data of Yavin and Farwell.'* Although the energy 
at the target is not stated, the center-of-mass energy 
should be only slightly different than that of the present 
experiment. The first minimum and succeeding maxi- 
mum detected by these workers are exactly duplicated 
in angle by the dip at 0=17.5° and the peak at 24° 
found in this experiment. Their measurements were not 
carried to sufficiently small an angle to observe the peak 
at 11° now reported. 

The ratio of the cross sections for the 24° peak is 
shown as approximately 1.0 in reference 18. The ratio 
in the present work is ~1.0 for the 11° peak and 1.75 
for the succeeding maximum. This increase in the 
ratio of observed to Coulomb cross section for suc- 
ceeding maxima has been observed previously in the 
elastic scattering of alpha particles from carbon.'® The 
difference in the absolute cross section for the 24° peak 
is greater than the quoted limits of error for the two 
experiments. It should be pointed out, however, that 
Aguilar ef al.” have also investigated this reaction at 
an energy of 30.4 Mev (c.m.) and find a value of 1.9 
for this ratio. 





c'2- n'* 


SHARP CUT-OFF £28 
—-— DIFFRACTION R=6.45 FERMI 











Fic. 4. Elastic scattering of C by N™. The energy in the center- 
of-mass system is 62.5 Mev. Predictions of the simple diffraction 
model and the sharp-cutoff model are also shown 


18 A. I. Yavin and G. W. Farwell, Nuclear Phys. 12, 1 (1959). 

9 G. Igo, H. E. Wegner, and R. M. Eisberg, Phys. Rev. 101, 
1508 (1956). 

J. Aguilar, W. E. Burcham, J. Catala, J. B. A. England, 
J. S. C. McKee, and J. Rotblat, Proc. Roy. Soc. (London) A254, 
395 (1960). 
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Fic. 5. Elastic detector spectrum for the scattering of C® by 
N™. The resolution is sufficient to eliminate all excited states 
with the exception of the first excited state of N™. 


No attempt was made to follow the angular distri- 
bution of the inelastic scattering from the first and 
second excited states of O'®. An estimate of the cross 
section at the 17.5° minimum was made; it is approxi- 
mately 50% of the elastic scattering section at this 
angle, in agreement with the results of reference 18. 

The results of a diffraction calculation and of a sharp- 
cutoff calculation are also shown in Fig. 3. The inter- 
action radii obtained from these fits are 5.70 and 5.97 
fermi, respectively. The results of a modified cutoff 
could not be applied to this case since the effect of the 
modification as used here is to decrease the peak-to- 
valley ratio and an increase is required. 
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The results of the scattering of C” by nitrogen 
(99.6% N") are shown in Fig. 4. The values of » and 
the c.m. energy are 2.09 and 62.5 Mev, respectively. 
The results of a diffraction and sharp cutoff calculation 
with interaction radii of 6.45 and 6.99 f, respectively, 
are also shown. It is seen that, although one may 
obtain a fit to the location of the maxima, the pre- 
dicted cross sections do not reproduce the experimental 
data very satisfactorily. The Blair model predicts cross 
sections consistently larger than those observed. In 
addition the peak-to-valley ratios are less than the 
measured ones, thus, as in the O-He case, ruling out 
the application of the modified model. 

The elastic detector spectrum from the 400-channel 


be 
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analyzer is shown in Fig. 5. All excited states of C” 
and all but the first excited state of N™ are clearly 
resolvable. One would expect no contribution from this 
state since scattering from this level requires violation 
of the conservation of isotopic spin. Within the sta- 
tistical accuracy of the points in the elastic scattering 
spectra no asymmetry was noted in the elastic peak. 


ON N' 


In Fig. 6 are presented the results of the elastic 
scattering of O'§ by N™. The diffraction structure for 
this reaction oscillates with considerably smaller ampli- 
tude than the previous cases. Maxima are seen to occur 
at 9° 30’, 14° 35’, and 19° 50’. The cross section rises 
to approximately 1.5 times the Coulomb value in the 
neighborhood of 5 deg. A rerun of the absolute cali- 
bration using a slightly different geometry duplicated 
the original measurement to better than 5%. Once 
again the predictions of the diffraction and sharp-cutoff 
models fail to correspond to the data in anything but 
phase. The interaction radii inferred are 6.80 and 7.21 f, 
respectively. The results of a modified calculation are 
applicable here since the observed peak-to-valley ratio 
is less than that expected from the sharp-cutoff model. 
The solid line in Fig. 6 shows this result for /=33 and 
Al=1.3. The value of Al shown was chosen as best 
representing the amplitude of the diffraction structure. 
It should be noted, however, that to fit the majority 
of the data it was required that the theoretical cross 
section be multiplied by a factor of 0.6. The AR ob- 
tained in this way is 0.51 f or 7.1% of the mean radius. 
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Fic. 6. Elastic scattering of O'* by N™. The results of the 
diffraction and sharp-cutoff calculations are shown; the modified 
cutoff prediction has been normalized to reproduce the data 
beyond 6 deg. 
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Fic. 7. Elastic scattering of O'* by Ne. The diffraction and 
sharp-cutoff predictions are shown. The results of a modified- 
cutoff calculation have been normalized to the observed data. 


As in the C®—N" case the only excited state that is 
not completely resolvable is the 2.31-Mev first excited 
state of N™. As discussed in the previous section, it 
follows from the law of conservation of isotopic spin 
that this state would not be expected to contribute. 
Once again no asymmetry of the elastic peak was noted. 


O'"—Ne 


The ratio of the absolute differential cross section to 
the Coulomb cross section vs the center-of-mass angle 
for the elastic scattering of O'* from neon (90.9% Ne, 
0.26% Ne, and 8.8% Ne”) is shown in Fig. 7. The 
diffraction structure is almost completely washed out. 
The value of 7 is 3.9 and the energy in the center of 
mass is 87.0 Mev for Ne”. 

The radii inferred from the diffraction and Blair 
models are 9.0 and 9.48 f, respectively. The uncertainty 
in locating the peaks and valleys in the diffraction 
structure leads to an ambiguity of approximately 0.1 
f. A modified calculation with /=53, Al=3.3 is shown 
in Fig. 7, normalized so as to best reproduce the data. 
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TABLE III. Parameters and nuclear radii for the 
reactions studied.* 


Reaction AR 
O'*— Het 
cz N' 
Ou NM 
O'%’— Ne 


Raitt 
5.70 
6.45 
6.80 
9.00 


(Toje.c 


1.45 
1.49 
1.46 
1.81 





2.09 
2.70 
3.90 


0.51 
1.08 


*® All radii are in fermi. 


A AR of 1.08 f (11.4% of the mean radius) is found 
from the diffuseness parameter. 

The resolution of the elastic detector (3.3 Mev ful! 
width at half-maximum) is sufficient to resolve all 
levels with the exception of the 1.63-Mev first excited 
state of Ne”. Although no asymmetry of the elastic 
peak was observed, an upper limit of 10% is placed on 
the undetectable contribution of this state to the elastic 
scattering cross section. 


CONCLUSIONS 


Table ITI lists the values of the parameters and the 
nuclear radii obtained from this experiment. Included 
also are the values of rp determined from the diffraction 
and sharp-cutoff models, where 


R=1(A1'+A,'). 


It may be seen that the radii obtained by the sharp 
cutoff are larger in each case than those obtained from 
the diffraction model. One also notes that the ro value 
for the O'*—Ne reaction is abnormally large, but the 
diffuseness of the nuclear edge is also correspondingly 
greater. Although obviously more information is needed 
it seems reasonable that the modified 
model, as used here, is not applic able to reactions when 


to conclude 


n is less than ~2.5. 
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The electron capture decay of Sn"* has been investigated using scintillation detectors and coincidence cir- 
cuitry. Decay was found to occur to the 650- and 393-kev states of In"™* with branching ratios of (1.8+0.1)% 
and (98.2+0.1)%, respectively. The 650-kev state decayed by the emission of a 255-kev gamma ray to the 
393-kev state. No evidence was found for the existence of a 648-kev crossover transition. An upper limit for 
the intensity of this transition was placed as 0.1% of that of the 255-kev transition. The orbital electron 
capture ratio to the 648-kev state was determined to be (Praw.../Px)<0.19. From this value, a minimum 
decay energy to the 648-kev state was assigned as 150 kev. It was determined that transitions to the 393-kev 
state of In"* were first forbidden by considering log ft values; this is consistent with a spin and parity of 
$+ or 3+ for the ground state of Sn"*, The 648-kev state was assigned a spin and parity of }— or }— on 
the basis of possible log ft values and the absence of the 648-kev crossover transition. 





INTRODUCTION 


HE decay of Sn"* has been shown to occur by 

orbital electron capture, with a half-life of 
approximately 119 days. Decay occurs to excited states 
of In' at 393 and 646 kev,'~® the 393-kev state being 
predominantly populated. The references quoted above 
are those of the more recent investigations; a com- 
prehensive listing of earlier references is given by 
Phillips e¢ al.6 The ground-state spin of In" has been 
measured to be 9/2,° which is consistent with a single- 
particle shell model assignment of gg/2 to this level. 
The 393-kev isomeric state decays to the ground state 
with a half-life of 104 min. Its spin has been measured 
as 3,’ which is consistent with a shell-model assignment 
of p,; for this state. Although there is reasonable agree- 
ment on the relative probability of population of the 
648-kev state, disagreement has arisen over the exact 
mode of decay of this state and consequently its spin 
and parity. This state decays predominantly by a 255- 
kev transition to the 393-kev state. The disagreement 
arises over the question of the existence of a 648-kev 
transition. Grigis ef al.? placed an upper limit on the 
intensity of this 648-kev transition of 0.05% that of 
the 393-kev transition, and likewise Burson e¢ al.‘ put 
this upper limit as 0.1%. However, Phillips et al.5 
found a 648-kev gamma ray in both “singles” and 
coincidence spectra having an intensity of 0.24% that 
of the 393-kev gamma-ray intensity. Dependent on 
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the existence of this 648-kev transition is the spin and 
parity assignment to the 648-kev state, although the 
internal conversion coefficients obtained by Burson 
et al.4 would indicate that the 255-kev transition is M1 
or (M1+£2) in nature, i.e., the 648-kev state has a 
$— or $— spin and parity. 

Bhatki et al.! obtained a value for the ratio of the 
probability of electron capture occurring from the 
L, M, N--~ shells to that occurring from the K shell 
in transitions to the 648-kev state of In™ as (Pzyv.../ 
Px)=2.23_0.s3t!-”, which would indicate a decay energy 
to this level of 36,4" kev. As they point out, since 
capture to this state is expected to be first forbidden 
and such a decay energy would indicate a log ft value 
of 5, this presents an anomaly. This study of the Sn" 
decay scheme was undertaken in order to help remove 
these remaining inconsistencies. 


EXPERIMENTAL 
A. Gamma-Ray Scintillation Spectra 


A source of Sn"* was produced by a neutron ir- 
radiation of 2 mg of tin, enriched in Sn™ up to 72%, 
in the NRX reactor at Chalk River for three weeks. 
The source was allowed to sit for three months after 
irradiation to allow most of the Sn” activity to decay 
to Sb” before chemistry was performed. The active 
tin was dissolved in hot 6N HCl, and in that portion 
of the source used to look for the 648-kev transition, 
traces of antimony and tellurium were removed by 
electrodepositing on iron in the acidified solution. 

The gamma-ray spectra were studied with a scintil- 
lation detector consisting of either a 1}X1 in. 
Nal(Tl) crystal mounted on a DuMont 6292 photo- 
multiplier tube or a 5X4 in. NalI(Tl) crystal 
mounted on a DuMont 6364 photomultiplier tube. 
Pulse-height analysis was accomplished with a 20- 
channel pulse-height analyzer. 

A typical spectrum, obtained with the 1}X1 in. 
Nal(T1) crystal is shown in Fig. 1. In this spectrum, 
the 255-kev gamma ray is unresolved from the Compton 
edge of the 393-kev gamma ray at 238 kev. The only 
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Fic. 1. Singles gamma-ray spectrum of Sn" measured 
with a 14 in.X1 in. NaI(TI) crystal. 


high-energy peak in this spectrum can be attributed to 
a random 393-kev coincidence summing peak. From 
this spectrum an upper limit for the intensity of 648-kev 
gamma radiation can be placed at 0.05% that of the 
393-kev gamma-ray intensity. In the unpurified Sn! 
samples, the spectra showed a definite peak in the 
region of 615 kev; this was attributed to the 601-kev 
and 637-kev gamma rays of Sb'®.* 

The continuous part of the spectrum in Fig. 1 above 
the 393-kev photopeak cannot be attributed to the 
internal bremsstrahlung spectrum associated with 
electron capture to the 393-kev state, since it is about 
twenty times as intense as would be expected. For this 
spectrum to be internal bremsstrahlung would require 
approximately 5X 10~* internal bremsstrahlung quanta 
for every K orbital capture to the 393-kev state, with 
a decay energy of approximately 800 kev. The same 
objection would also apply to the continuous spectrum 
interpreted by Phillips e/ a/.° to be the internal brems- 
strahlung spectrum. 

Experiments were performed to obtain an accurate 
value for the ratio of the intensity of the 258-kev 
gamma radiation to the 393-kev gamma radiation. In 
these experiments the indium, and hence the 393-kev 
In" isomer, was chemically separated rapidly from the 
Sn"*, The 255-kev gamma radiation, now no longer 
obscured by the 393-kev gamma radiation in these 


8N. H. Lazar, Phys. Rev. 102, 1058 (1956). 
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spectra, was observed and its absolute intensity meas- 
ured. The 393-kev gamma ray was seen to grown back 
to its equilibrium value within a day, after which time 
its absolute intensity was measured. Chemical sepa- 
ration was very easily performed since indium chloride 
in excess sodium hydroxide forms insoluble indium 
hydroxide, whereas both stannic and stannous chlorides 
form compounds soluble in sodium hydroxide. Using 
this technique the separation could be completed in 
less than 5 min. Spectra were taken using the 5X4 in. 
Nal(T]) crystal. A spectrum taken shortly after such a 
separation is shown in Fig. 2. Part A of this spectrum, 
containing the 255-kev photopeak, was taken within 
the time interval 6.5 to 9.5 min after commencement 
of the separation, whereas part B, containing the 393- 
kev photopeak, was taken from 19.7 to 13.7 min after 
separation. After correcting for the differences in 
detection efficiencies, and the probabilities of producing 
the full energy peaks, the 255-kev gamma ray intensity 
was determined to (2.8+0.1)% of the 393-kev 
gamma-ray intensity. 


be 


B. Coincidence Experiments 


Using a “singles” scintillation detector, the upper 
limit which could be placed upon the possibility of a 
648-kev crossover transition the that 
obtained by Grigis ef a/.2 This upper limit is five times 
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Fic. 2. Singles gamma-ray spectrum of Sn" measured with a 
5 in.X4 in. NaI(TI) crystal after the 104-min 393-kev isomer of 
In"3 had been removed by chemical separation. Curve A was 
taken in a time interval 6.5 min to 9.5 min after the commence- 
ment of the separation and curve B was taken in the time interval 
10.7 to 13.7 min. 





DECAY SCHEME OF 


less than the intensity of the 648 kev seen by Phillips 
et al.» However, the latter authors also found the 
648-kev gamma radiation in coincidence with In K 
x rays. It was therefore decided to obtain such coinci- 
dence spectra in this investigation. The detectors 
consisted of a 13X1 in. and a 1}X}# in. Nal(TI) 
crystals mounted on DuMont 6292 photomultiplier 
tubes. The coincidence circuit used had a resolving 
time of 10-7 sec. A 20-channel pulse-height analyzer 
was used in conjunction with this coincidence circuit. 
Spectra were observed in the energy region 550 to 750 
kev in coincidence with In K x rays. No evidence of a 
648-kev gamma radiation was observed in the spectra 
obtained. An upper limit for the intensity of the 648-kev 
transition was placed as 3X 10~°% that of the 393-kev 
gamma-ray intensity. A series of coincidence experi- 
ments was undertaken to determine the relative 
probabilities of K orbital electron capture to L, M, N, 

orbital electron capture in decay to the 648-kev 
state of In"*, Coincidence spectra, using the previously 
described coincidence circuitry, were taken with the 
“fixed” channel set to accept all the In K x rays. The 
255-kev gamma ray was found to be in “real” coinci- 
dence with the In K x rays. Such a spectrum is shown 
in Fig. 3. The ratio of the intensity of the 255-kev 
gamma rays observed in the “free” channel, denoted 
by C2, to the intensity of the 255-kev gamma rays 
observed in the same crystal, denoted by Ne, with 


exactly the same geometry in both spectra, can be 
related to the probability, Px, of K orbital electron 
capture occurring to the 648-kev state. The relationship 
can be expressed as 


Px=(C:/N:)— : 
wrd,(woT,)P- 


where P, is the probability that a detected In K x ray 
will give a full energy peak; wx is the fluorescence 
yield; d, is the detection efficiency of the In K x ray 
in the crystal of the “fixed” channel, and (wT) is the 
probability that a In K x ray emitted by the source 
will enter the crystal of the ‘‘fixed’” channel. Although 
the intensity of the 255-kev gamma ray cannot be 
obtained directly from the “singles” spectrum, it can 
be calculated from the intensity of 393-kev gamma 
rays in the spectrum. Spectra were taken with several 
different sized crystals in experimental arrangements 
with and without anti-Compton shielding. Account was 
taken of the possibility of a 255-kev gamma ray being 
detected in the crystal in the “free” channel with an 
iodine K x ray escaping and being detected in the crystal 
in the “fixed” channel by interposing a Cu absorber 
between the two crystals in some of the spectra. From 
these experiments, a value of Px=1.01+0.17 was 
obtained; this error assignment is the maximum 
possible error. Consequently, the minimum value Px 
can have is 0.83 and therefore, an upper limit can be 
placed on the ratio of the probability of L, M, N, --- 
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Fic. 3. The gamma-ray spectrum in coincidence with In K x rays. 


orbital electron capture to the probability of K orbital 
capture to the 648-kev state of (Prarw.../Px) <0.19. 


INTERPRETATION 


The value obtained for (Piarw.../Px) can be related 
to the decay energy using the theoretical results of 
Brysk and_Rose® on the relative probabilities of Z and 
K orbital electron capture together with Robinson 
and Fink’s” calculations of the ratios of electron 
densities of M, N, --- shells at the nuclear radius to 
those in the Z; and Ly shells. Since only an upper 
limit, (Piwwy.../Px)<0.19, was obtained in this in- 
vestigation, only an estimate of the minimum decay 
energy can therefore be made. The decay energy to 
the 648-kev state was determined to be greater than 
150 kev. 

From the coincidence experiments, an upper limit 
for the intensity of the 648-kev transition was placed 
as 0.1% that of the 255-kev transition intensity. 
Because of the absence of 648-kev gamma radiation, 
the only possible spin assignments to the 648-kev state 
are 4 and 3. Internal conversion data for the 255-kev 
transition obtained by Burson ef al.‘ suggest that this 
transition is M1 or (M1+ £2) in nature. Thus the spin 
and parity assignment to the 648-kev state would be 
$— or $—. On a shell-model interpretation this is 
possibly the p; state which is found close to the go;2 and 
the p; levels. Further confirmation that this state 
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indeed has a negative parity can be obtained from 
log ft values. 

On a shell model picture, the ground state of Sn'” 
would be a dy state, in which case transitions to the 
393-kev state of In" would be unique first forbidden. 
Such an assignment for this transition would require, 
on the basis of log ft values, a transition energy to the 
393-kev state of greater then approximately 2 Mev. 
Because of the absence of positron emission such a 
large decay energy can be ruled out. Since the decay 
energy to the 393-kev state is greater than 400 kev, 
possible log ft values for this transition are greater 
than 6.6 which suggests a first forbidden assignment for 
this transition. This would require that the ground state 
of Sn" be a $+ or a $+ state. Such an assignment is 
consistent with the ground state assignments of the 
other odd neutron nuclei in this region which have s; 
ground state. This suggests strongly that the ground 
state of Sn" is s; but an assignment of $+ cannot be 
eliminated on the basis of these experiments. This is 
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especially the case since the adjoining level to the s; 
state on the shell model is a d; state. 

Consider transitions to the 648-kev state of In"; 
for a decay energy to this state greater than 150 kev, 
the corresponding log ft values would have values 
greater than 7.3. Therefore, transitions to the 648-kev 
state can only be first forbidden, which in turn requires 
that the 648-kev state have negative parity. This 
confirms the assignment of Burson ef? al.‘ made on the 
basis of the internal conversion coefficients of the 255- 
kev transition. 

Since first forbidden transitions normally have log ft 
values less than 8.0, it might be expected that the decay 
energy to the 648-kev state is less than approximately 
350 kev. This would indicate that the total decay energy 
of Sn" to the In" ground state is in the range 800 to 
1000 kev. 

It has been determined that the 255-kev gamma 
radiation is 2.8% as intense as the 393-kev gamma 
radiation. To obtain the branching ratios to the 648 
and 393-kev states, it is necessary to know the total 
internal conversion coefficients of the 255-kev transi- 
tion and the 393-kev transition. Since the 393-kev 
transition is M4 in nature, the theoretical K conversion 
coefficient of this transition is 0.49" which, when 
combined with the K/(L+M) conversion ratio of 
4.340.1, obtained by Burson ef al.,‘ gives a total 
conversion coefficient of 0.60. Both the theoretical 
conversion coefficients for an M1 transition and the 
experimental conversion coefficients obtained by Burson 
et al.4 would indicate a conversion coefficient of approxi- 
mately 0.04 for the 255-kev transition. Using these 
values, the branching ratio to the 648 kev was deter- 
mined as (1.8+0.1)%. The decay scheme, which is 
shown in Fig. 4, is consistent with that obtained by 
Burson et al.‘ 

uL. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute — Part I, 1956 [translation: Report 57 ICC K1 


issued by Physics Department, University of Illinois, Urbana, 
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Spectra of the n+ He! reactions were obtained for monoenergetic 
neutron fluxes of 0.95, 2.67, 5.00, 8.07, and 17.5 Mev using a 
He'-filled proportional counter. Analysis of these spectra yielded 
the ratios to the total cross section of the total elastic, the 
He'(n,p)H*, and the He®(n,d)D reaction cross sections. Absolute 
cross sections were obtained by normalization to the known total 
cross section. Differential elastic-scattering cross sections for 
neutrons on He’ were obtained through the relationship between 
the scattering angle of the neutron and the observed energy of 
the He’ recoil in the counter filling. These angular distributions 
are compared with the theoretical angular distributions as 
calculated by Bransden, Robertson, and Swan. The present 


experiment was intended to discriminate between their assumed 
two special cases for the potential interaction, the symmetrical 
exchange force and the Serber exchange force. The experimental 
results favor the Serber exchange force. This experiment also was 
intended to make possible the analysis of more complex neutron 
spectra by providing knowledge of n+ He? reaction cross sections 
and the spectra obtained when only monoenergetic neutrons are 
present. A comparison is made of the results of this experiment 
with cross sections calculated from inverse reactions and direct 
measurements of other investigators, where such data are avail- 
able. 





I. INTRODUCTION 


CONSIDERABLE amount of theoretical and 

experimental data is now available concerning 
the elastic scattering of nucleons by deuterons and 
alpha particles.'! The experimental data are shown to be 
inconsistent with the assumption of mainly ordinary 
forces. However, from the data, it is difficult to decide 
what exchange potential best describes the nuclear 
interaction. 

Bransden, Robertson, and Swan have calculated 
angular distributions for the elastic scattering of 
neutrons by He* and H*.? They applied the method of 
“resonating group structure’® to build up a wave 
function for the nuclei, and assumed a purely central 
potential consistent with the binding energies of the 
deuteron and alpha particle. The possible p+H®* and 
D+ D groupings were not included in the wave function. 

The two special cases for the potential interaction 
investigated by Bransden ef al. are the symmetrical 
exchange force and the Serber exchange force. The 
phase shifts and the corresponding angular distributions 
for the elastic scattering of neutrons by He® have been 
calculated for incident neutron energies of 1.0, 2.5, 5.0, 
8.0, and 14.0 Mev. For the two types of exchange forces 
used, quite different angular distributions and total 
elastic-scattering cross sections were obtained. One 
would therefore expect that experimental data for the 
scattering of neutrons by He’ should make a distinction 
between the symmetrical and Serber type exchange 
forces. While experimental data for the elastic scattering 


t This work partially supported by the U. S. Atomic Energy 
Commission. 

* Now at The Ohio State University, Columbus, Ohio. 

1A. H. de Borde and H. S. W. Massey, Proc. Phys. Soc. 
(London) A68, 769 (1955). K. B. Mather and P. Swan, Nuclear 
Scattering (Cambridge University Press, New York, 1958). 

? B. H. Bransden, H. H. Robertson, and P. Swan, Proc. Phys. 
Soc. (London) A69, 877 (1956). 

3J. A. Wheeler, Phys. Rev. 52, 1083 (1937); H. M. Parker, 
M.A. thesis, University of North Carolina, 1937 (unpublished). 
J. A. Wheeler, Phys. Rev. 52, 1107 (1937). 


of neutrons by H* have been available at 14 Mev,‘ the 
measurements were in the angular interval between 67° 
and 180° where the differential cross sections at this 
energy appear insensitive to the type of force. 

The present experiment was undertaken primarily to 
furnish data which would provide a more sensitive test 
of the theoretical cross sections over a wide range of 
neutron energies. Knowledge of these cross sections and 
a series of spectral distributions due to monoenergetic 
neutrons of various energies will facilitate the interpre- 
tation of the results obtained from using the n-He® 
reaction for a neutron spectrometer’ and extend the 
neutron energy region to which this technique may be 
applied. In such a spectrometer, at energies above 1 
Mev and especially above 4.4 Mev, care must be 
exercised to identify the He*(,p)H*® and He*(n,d)D 
reaction peaks and the maximum of the recoil distri- 
bution for each energy group of the incident neutrons. 
With knowledge of the spectra obtained for a single- 
neutron energy, a He’-filled proportional counter may 
then be used above 1 Mev as a neutron spectrometer 
in cases where a few neutron groups are present. 

A He’-filled proportional counter gives a convenient 
method of determining the cross sections for the 
He*(n,p)T, He*(n,d)D, and the He*(m,n)He’ processes. 
In the first two cases, if the charged particle reaction 
products are stopped within the sensitive volume of the 
counter, a single energy peak is produced whose pulse 
height is proportional to the neutron energy plus the Q 
of the reaction. For the elastic scattering, the recoil 
He* nuclei will give a distribution in energy which 
ranges from zero to Z,. From the kinematics of the 
process, one finds that a measurement of the recoil- 
energy distribution is equivalent to a measurement of 
the angular distribution for elastic scattering in the 
center-of-mass system. In general, the use of the 


‘J. H. Coon, C. K. Bockelman, and H. H. Barschall, Phys. 
Rev. 81, 33 (1951). 

5R. Batchelor, R. Aves, and T. H. R. Skyrme, Rev. Sci. 
Instr. 26, 1037 (1955). 
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Fic. 1. Proportional counter and details of construction. 


proportional counter requires a relatively small amount 
of He’ and gives reaction cross sections which could not 
be obtained if a separate scatterer-detector system 
were used. This type of experiment yields only relative 
cross sections. To obtain absolute cross sections, the 
total neutron cross section must be known. The total 
cross section data were available at all neutron energies 
used in this experiment.* 

In the present experiment, differential cross sections 
for the elastic scattering of neutrons by He* were 
obtained at 2.6, 5.0, 8.0, and 17.5 Mev. The He*(n,p)H’® 
cross section was measured at 1.0, 2.6, 5.0, and 8.0 Mev, 
and the He*(m,d)D cross section (threshold at E,=4.36 
Mev) was measured at 5.0 and 8.0 Mev. A comparison 
of the measured cross sections with theory and other 
experimental data is presented. 


Il. EXPERIMENTAL PROCEDURE 


A. Observation of n+He’ Reactions 


A proportional counter (see Fig. 1) with a partial 
filling of He* was bombarded by neutrons produced by 
the T(p,n)He*®, D(d,n)He*®, and T(d,2)He* reactions. 
Spectra of the n+He’* reactions were recorded on a 
256-channel analyzer. The neutron energies, the reac- 
tions used to obtain the neutrons, and the energy losses 
of the Van de Graaff beam in the gas targets and 
entrance foils are listed in Table I. 

The gas fillings used in the proportional counter are 
listed in Table II. The krypton was used to stop the 
n+He’ reaction products. After purification, the gas 
was found to be better than 99.99% pure with less than 
one part in 10" tritium contamination left in the He’. 
Details of the construction and operation of the propor- 


GAS TARGET REGION QF INTERACTIONS 
j ON DEFINED BY COLLIMATOR 
FIELD TUBE / 

ASSEMBLY 
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IRON COLLIMATOR PROPORTIONAL 
COUNTER 

Fic. 2. Schematic diagram of the experimental arrangement of 
the neutron source, neutron collimator, and neutron detector. 


6 L. Cranberg et al., Los Alamos Scientific Laboratory Report 
LA-1853, 1954 (unpublished) 
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TaB.e I. Neutron sources and the beam-energy 
loss in the targets 


Half-thickness Thickness of 
of gas target entrance foils 
for bombarding for bombarding 
particle (kev) particle (kev) 


Neutron energy 
in lab system 
E, (0°); (Mev) 


Reaction 


0.95+0.02 
2.67+0.02 
5.00+0.02 
8.07+0.02 
17.50+0.05 


H*(p,n) He*® 19 193 
H°(p,n) He’ l 126 
H?(p,n) He’ 7 92 
D(D,n)He® 14 80 
H?(D.m)Het* 33 276 


tional counter and the gas filling system and 
purification are described elsewhere.’ 

Collimators were used, as illustrated schematically 
in Fig. 2, to confine the neutron flux to the region along 
the axis of the proportional counter. This reduced the 
counter “‘wall effect,” i.e., reduced the number of 
n+He’® events whose final reaction products hit the 
walls of the proportional counter and consequently 
expended only part of their kinetic energy in the gas 
volume. The materials and dimensions of these colli- 
mators are listed in Table III. 

Backgrounds due to neutrons scattered into the 
detector from the collimator or from the room were 
observed by replacing the collimator with a solid 
cylinder of the same material and outside dimensions. 

The general features of the spectrum obtained from 
the proportional counter are illustrated for incident 
neutrons of energy 2.5 Mev in Fig. 3. A peak due to 
the He*(n,p)H® reaction occurs at a pulse height 
corresponding to an energy £,+(Q. The full width at 
half maximum is 5% of the pulse height, giving 7.3% 
resolution for neutrons of 2.5-Mev energy. The maxi- 
mum of the recoil He’ distribution occurs at Er= S En. 
Backgrounds due to epithermal neutrons which give a 
peak at the energy corresponding to the Q of the 
He*(n,p)H® reaction, and the interactions of neutrons 
and gamma rays with krypton and COQ, are also shown. 


gas 


B. Recording of the Data 


For each energy, spectra were obtained with a lead 
or iron collimator and then with a solid cylinder of the 
same material and over-all dimensions. Identical pairs 
of runs were then taken with all but a small amount of 
He’ removed from the counter filling in order to deter- 
mine the backgrounds due to Kr and COs, recoils and 


TABLE IT 
E, (Mev) 2 (in. Hg) 
2.6, 5.0, 17.5 1 
2.6, 5.0, 17.5 ’ 4,2! 1.3: 
8.0 : 1.25 
a 4.2: 1 


Gas fillings 


8.0 





R. Sayres, thesis, Atomic Energy Commission Report 


A. j 
CU(PNPL)-200, 1960 (unpublished) 
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TABLE III. Collimators. 





Diameter of 
Cylin- Entrance Exit 
Length der aperture aperture 
(in.) (in.) 


0.28 


Colli- 

mator Material 

Iron 7.9 

Lead 7.9 0.31 

Lead 7.9 0.26 0.48 

Boron and 9.0 : 0.5 0.5 
paraffin 


the interactions of gamma rays with the counter gases. 
The small amount of He’ present was enough to give a 
point of energy calibration from the He*(n,p)H?® 
reaction with the epithermal neutrons, which passed 
through a cadmium foil surrounding the proportional 
counter. 

In order to illustrate the recording of the data, a set 
of runs for Z,=8.0 Mev will be discussed, since at this 
energy all details of the experiment are present. Then 
features characteristic of a specific incident-neutron 
energy will be pointed out. 

An iron collimator (see Table III, collimator A) was 
placed between the deuterium gas target neutron source 
and the proportional counter, as illustrated in Fig. 2. 
The gas filling was 1 atm He’, 4 atm Kr, 1.25 in. Hg 
of CO.. The spectrum for an integrated beam charge 
of 2200 ucoul is shown in Fig. 4, curve (a); the spectrum 
obtained when the collimator was replaced by a solid 
cylinder is shown by curve (b). All runs were monitored 
with a “long counter,” placed at 90° with respect to 
the beam direction, so that backgrounds to be sub- 
tracted could be properly normalized. 

Contamination of the neutron flux arising from the 
interaction of the Van de Graaff beam with target 
assembly materials other than the gas filling was 
examined using the He’*-filled proportional counter and 
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Fic. 3. Neutron spectrum observed with the He*-filled propor- 
tional counter using 2.5-Mev neutrons from the H*(p,n)He? 
reaction. Backgrounds in the absence of He? are also shown. The 
curves shown are the differences between runs taken with a 
collimator and a solid cylinder. 
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Fic. 4. The spectrum obtained for £,=8.0 Mev with the 
neutron spectrometer, using the collimator A [curve (a)] and 
using the solid iron cylinder [curve (b) ]. 


found to be negligible, except in the case of the 
D(d,n)He’ reaction used to obtain £,(lab)=8.0-Mev 
neutrons. In this case, the deuterium in the gas target 
was replaced by He‘, and a similar set of data was 
taken. The small background to be subtracted is the 
difference between curves (a), data taken with the iron 
collimator, and (b), data taken with the solid iron 
cylinder, as shown in Fig. 5. The differences between 





— 
E4y= 4.92 MEV 








50 100 
CHANNEL NO. 


Fic. 5. The neutron background, for data at E,=8.0 Mev, 
produced in the gas target materials by 4.92-Mev deuterons as 
observed by the spectrometer, using collimator A [curve (a)] 
and using a solid iron cylinder [curve (b) ]. 
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CHANNEL NO. 


Fic. 6. For E,=8.0 Mev, curve (a) shows the spectrum of 
neutron and gamma-ray interactions with the gas filling of the 
spectrometer, i.e., the following combination of the data: Figs. 
(4a-4b)—(Sa-5b). Curve (b) shows the spectrum of neutron 
and gamma-ray interactions obtained from a similar set of curves 
in the absence of He’ in the spectrometer. 


curves (a) and (b) of Figs. 4 and 5 were then subtracted 
from each other. The result is shown as curve (a) of 
Fig. 6. 

With a gas filling 1.5 in. Hg of He’, 4.25 atm Kr, and 
1.33 in. Hg of CO., the procedure was repeated. This 
provided the spectrum of the interaction of the neutrons 
with the krypton and CO», and also gamma rays with 
the counter gas. The result is shown as curve (b) in 
Fig. 6. The difference between curves (a) and (b) of 
Fig. 6 is plotted in Fig. 9, which shows the final spec- 
trum of events obtained for the interaction of 8.0-Mev 
neutrons with He’. 

The over-all procedure was performed twice to 
provide a check of stability of the apparatus. The data 
were found to be reproducible. The energy region 
corresponding to the thermal-neutron background has 
been omitted, because this large background masks 
the recoil distribution. A smooth curve is drawn through 
the data and extrapolated to zero energy. The effect of 
this extrapolation on the final results is discussed below. 

A spectrum for £,=1.0 Mev was obtained using 
T(p,n)He® neutrons. The He*(n,p)H® cross section at 
this energy was obtained by using the “long counter” 
to normalize the yield at 1 Mev to that obtained for 
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Fic. 7. The spectrum of the interaction of 2.67-Mev neutrons 
with He. The dead-time corrections for the counting rates used 
are shown. The calculated wall-effect spectrum for the He®(m,p) H® 
reaction is shown as a dashed curve. 
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Fic. 8. The spectrum of the interaction of 5.00-Mev neutrons 
with He. The calculated wall-effect distribution for the 
He*(n,p)H* reaction is shown as the dashed curve. 


the He*(m,p)H® reaction at 2.6 and 5.0 Mev. The 
elastic-scattering cross section for E,=1.0 Mev was 
then obtained by subtracting c,, from ctotai. 
Corrections for the effect of the dead time of the 
pulse-height analyzer were found to be negligible for 
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Fic. 9. The spectrum of the interaction of 8.07-Mev neutrons 
with He® [curve (a) minus curve (b) of Fig. 6]. The calculated 
wall-effect distribution for the He*(,p)H® reaction is shown as 
the dashed curve. 


the counting rates used at all neutron energies except 
at E,=2.6 Mev. The magnitude of the correction, in 
this case, is indicated in Fig. 7, in which is plotted the 
spectrum of events obtained for the interaction of 
2.6-Mev neutrons with He’. This spectrum was obtained 
in a manner similar to that used for Z,=8.0 Mev. 

The spectra of m+He’® events at E,=5.0, 8.0, and 
17.5 Mev, similarly obtained, are shown in Figs. 8, 9, 
and 10, respectively. At E,=5.0 Mev, a peak appears 
corresponding to the He*(n,d)D reaction whose thresh- 
old is at E,=4.36 Mev. (See Fig. 8.) At E,=8.0 Mev, 
this reaction peak appears sharply resolved in the 
midst of the He’-recoil distribution. (See Fig. 9.) At 
E,=17.5 Mev, the wall effect for both the He*(,p)H® 
and He*(,d)D reactions was so large that no peaks 
were observed. (See Fig. 10.) 


C. Correction of the Spectra for Distortion 
Due to Wall Effect 


In order to separate those portions of the observed 
spectra that correspond to elastic and inelastic events, 
and to determine the wall-effect corrections to be 
applied to the shape of the He® recoil pulse-height 
distributions, it was necessary to calculate the distri- 
bution expected for monoenergetic incident-neutron 
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Fic. 10. The spectrum of the interaction of 17.50-Mev neutrons 
with He. The calculated wall-effect distribution for the 
He?(n,p)H® and He3(n,d)D reactions is shown as the dashed curve. 





fluxes as modified by particles of the w+ He’ reactions 
hitting the walls of the proportional counter. The 
expected spectrum was calculated for each of the 
following reactions: He'*(n,n)He*, He'*(n,p)H*, and 
He*(,d)D for each bombarding neutron energy. 

For the gas filling used, the ranges* of the reaction 
products were plotted as a function of the laboratory 
angle, using the energy and angle as calculated from 
the kinematics of the process. For a given point in the 
counter where interactions may take place, one can 
determine that portion of the range of the reaction 
products which extends beyond the wall of the counter. 
This portion corresponds to the amount by which the 
detected pulse is reduced as compared with the pulse 
expected when all of the kinetic energy of the charged 
particles is expended in the counter. A spectrum was 
obtained for each point (or group of points with similar 
geometry) in the counter. The contributions from 
points outside the active volume of the counter, but 
within the gas volume, were also determined and found 
to be small. The spectra were weighted for (1) the 
solid angle, (2) the number of interactions within 
volumes of similar geometry, and (3) the probability 
that the particles of the reactions come off in a given 
solid angle. 

The wall-effect spectrum was found to be relatively 

8W. Whaling, The Energy Loss of Charged Particles in Matter 
(Kellogg Radiation Laboratory, California Institute of Tech- 
nology, Pasadena, California). 
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TABLE IV. The ratios of cross sections to the total cross section. 
o[ He®(n,p)H?] o[He3(n,d)D] 


/@ (total) 


E, F (elastic) 
(Mev) 7 (total) 
0.240+0.005 
0.144+0.011 0.0175+0.0063 
0.114+0.012 0.038 +0.003 

(On, ; +on,a)/o (totaly = 0.2+0.1 


/F (total) 


0.760+0.020 
0.835+0.017 
0.848+0.012 
0.8 +0.1 


insensitive to the assumed shape of the angular distri- 
bution for the He*(m,p)H*® reaction. Assuming an 
isotropic distribution as compared with a forward 
peaked distribution leads to only a 15% decrease in 
da/dQ about @..m.=110° for E,=8.0 Mev, which is the 
region most sensitive to this correction. At other 
energies and angles, the difference is negligible. The 
total number of events interrupted by the walls is the 
same to within 1% for either assumed-angular distri- 
bution; thus the absolute cross section found for the 
He*(,p)H® reaction is not dependent upon this cor- 
rection. 

The final wall-effect spectrum obtained was then 
normalized by area to the full energy peak for the 
He*(n,p)H® reaction that was experimentally observed 
in a region where no competing reaction occurs. The 
resulting wall-effect distributions for the He*(n,p)H*® 
reaction are shown in Figs. 7-10 by the dashed lines. 

Corresponding calculations were also done for the 
He*(n,d)D and He*(n,n)He’® reactions. The resulting 
corrections in these cases were much smaller due to 
lower energies and shorter ranges of the reaction 
products. 


D. Determination of Cross Sections vs Energy 


For each energy, the total area under the curve of 
the number of + He’ reactions vs energy was measured 


TABLE V. Cross sections of n+ He? reactions. 


Experimental cross sections (barns) 
Total (Ref. 6) He®(n,p)H® He'(n,d)D 


E,, (lab) 

(Mev) Elastic 
0.61+0.08 
0.73+0.03 
0.34+0.04 
0.21+0.03 


2.24+0.14 
2.3340.10 
1.97+0.09 
1.58+0.06 


2.85+0.06 
3.06+0.06 
2.36+0.06 
1.86+0.06 


0.95+0.02 
2.67+0.02 
5.00+0.02 
8.07+0.02 


0.041+0.016 
0.071+0.008 


0.98+0.06 0.8 +0.1 


Neen poem 
0.2+0.1 


17.50+0.05 

Theoretical cross sections 
for elastic scattering 
(barns) (Ref. 2, 19) 


Cross sections from inverse 
reactions and other direct 
measurements (barns) 
He? (n,p)H® He®(n,d)D 
(Ref. 5, 11) (Ref. 12) 
0.78-+0.08 , 
0.7340.07 


Type exchange 
E,, (lab) 
(Mev) 


1.0 4s 1.04 
2.5 3 1.08 
5.0 1,08 


Sym- 
Serber metrical 


0.018+0.004 


0.066 


0.901 \0.060-£0.007 


0.554 


1.60 


0.995 
0.82 
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after the subtraction of appropriate backgrounds. The 
ratio of the area of the He’ recoil distribution to that 
of the total area then yields 


Recoil area/Total area = etastic/@total- 


It is important to note that the uncertainty in the 
extrapolation to zero recoil energy introduces only a 
small uncertainty in the above ratio. Since the error 
made in this extrapolation is introduced in the same 
sense to both the recoil area and the total area, the 
ratio of these two quantities is therefore not greatly 
changed. 

The ratios of the He*(n,p)H® and He*(n,d)D cross 
sections to the total were similarly 
obtained. These ratios and their uncertainties are listed 
in Table IV. The contribution of the He*(n,y)He' 
reaction as estimated from data on the inverse reaction 
is negligible.?: 

Absolute cross sections for each reaction were then 
obtained by normalizing to the known total cross 
section. The total measurements were 
done by the transmission method, the quoted uncer- 
tainties being 2% at E,=2.6 Mev increasing to 6% 
at 17.5 Mev. These uncertainties were included in the 
uncertainties listed for the various m+He* reaction 
cross sections determined in this experiment. All cross 
sections are listed in Table V and are plotted in Fig. 11. 

Several collimators of the same length, but different 
materials and apertures were used in this experiment. 
(See Table III.) The final data were obtained using 
collimator A. The small aperture used sacrifices count- 
ing rate (a single spectrum was obtained in approxi- 
mately 30 min with a 0.5-ua beam current) in order to 
keep the distortion of the spectra due to counter-wall 
effect to a minimum. 

Data obtained when using larger apertures were 
corrected in the same manner as the final data, and the 
results were in excellent agreement. This gives justifi- 
cation for believing that the conclusions drawn from 
this experiment are not dependent upon the corrections 
made for the counter-wall effect. 


cross section 


cross-section 


E. Differential Elastic-Scattering Cross Sections 
The energy spectrum of the He’ recoils is given by 


2mM 
Er - 


Ln (1—cosé@), 
(m+M)? 


where the energies are in the laboratory system, @ is the 
center-of-mass scattering angle for neutrons, m and M 
the masses of the neutron and He’ nuclei, respectively. 
The experimentally observed recoil distribution NV (Ep) 
in the laboratory system is proportional to do/dQ in 


*D. L. Livesley and I. G. Main, Bull. Am. Phys. Soc. 
(1958); and Nuovo cimento 10, 590 (1958) 

1B. H. Flowers and F. Mandl, Proc. 
A206, 131 (1951). 


3, 407 


Roy. Soc. (London) 
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Fic. 11. The n+He’ total, 
elastic, and reaction cross sections 
are plotted as a function of neutron 
energy. Also shown are the theo- 
retical total elastic-scattering cross 
sections for both the Serber and 
symmetrical-type exchange forces 
as calculated by Bransden ef al. 
(See references 2, 19.) 
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the center-of-mass system. Normalizing the shape of 
the recoil distribution to the previously obtained value 
for the elastic-scattering cross section thus gives do/dQ 
as a function of cos@ in the center-of-mass system. The 
experimentally obtained distributions were corrected 
for the distortion introduced by the finite resolution of 
the spectrometer. This correction was important only 
in the region of the maximum recoil energy. Corrections 
were also made for the distortion of the recoil distri- 
bution due to He’ recoils striking the wall of the 
counter before expending all of their energy. Both of 
these corrections have very little effect upon the 
over-all shape of the angular distributions, being 
important only for > 150°. 

The wall-effect calculation for the n+He’ reactions 
gives results which are in excellent agreement with the 
experimentally observed spectra, as can be seen in those 
regions where there is no ambiguity as to the origin of 
intensity; i.e., the He*(m,p)H® wall-effect tail where no 
other reaction is present. For this reason, one can 
estimate that the calculated wall-effect distribution 
has an absolute uncertainty of about 10%; the uncer- 
tainty introduced into do/dQ (elastic) being smaller 
than this. Table VI gives the percent error in the 
experimentally determined elastic differential ‘cross 
sections brought about by the uncertainty in the 
pulse-height spectrum for the He*(,p)H® reaction when 
corrected for the counter-wall effect. 


III. RESULTS 


A. Reaction Cross Sections 


Table V gives the results for the reaction cross 
sections and the corresponding values as calculated 


6 


8 10 l2 14 
NEUTRON ENERGY (Mev) 


from the inverse reactions where such data are available. 
The cross-section data are also summarized in Fig. 11. 
The He*(#,p)H® cross sections determined in this 
experiment are in good agreement with data from the 
inverse reaction" where such data are available. The 
value for the He®(n,d)D cross section at E,=5.0 Mev 
is large compared with that calculated from the inverse 
reaction.” This disagreement is most probably due to 
the uncertainty in the subtraction of the recoil-distri- 
bution background, as may be seen in Fig. 8. Excellent 
agreement was obtained for the He*(,d)D cross section 
at 8.0 Mev, where the recoil background subtraction 
is less uncertain. (See Fig. 9.) 


B. Differential Cross Sections 
The differential cross sections for the elastic scat- 


tering of neutrons by He’® at laboratory energies EZ, 


Tas_e VI. Uncertainties in do/dQ, for elastic scattering, due to 
the wall-effect corrections for the He*®(n,p)H® reaction. 





\ En (Mev) : 5! 8.0 17.5 


6. m. 


60° % <3Y, <6% 
90° ( vee 5% 10% 
100° Yi 2% vie 

110° 7% 3% 
120° Ye 3% 


150° <1% <3% 


or 
5% 








11 J. H. Gibbons and R. L. Macklin (private communication), 
and Bull. Am. Phys. Soc. 3, 365 (1958). 

12 J. N. Bradbury and L. Stewart, Bull. Am. Phys. Soc. 3, 417 
(1958); L. Stewart (private communication), and Los Alamos 
Scientific Laboratory LA-2014 (unpublished). 
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Taste VII. Differential cross sections for the elastic scattering of neutrons by He’ in the center-of-mass system (barns/steradian). 
Bo.m En=2.6 Mev E,=5.0 Mev E,=8.0 Mev 6e.m E,=17.5 Mev 
(deg) da /dQ da /dQ da/dQ (deg) da/dQ 





0.418+0.025 0.455+0.060 0.407+0.060 12.9 0.201+0.030 


0* 
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60 
65 
70 
75 
80 
85 
90 
95 
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105 
110 
115 
120 
125 
130 
135 
140 
145 
150 
155 
160 
165 


0.318+0.020 


0.246+0.015 
0.209+0.010 
0.190+0.010 
0.168+0.010 


0.100+0.008 
0.085+0.004 
0.085+0.004 
0.098+0.004 
0.101+0.004 
0.117+0.004 
0.128+0.004 
0.139+0.004 
0.159+0.005 
0.176+0.005 
0.195+0.005 
0.209+0.005 
0.230+0.010 


0.257+0.010 


0.360+-0.080 
0.257+0.070 
0.209+0.030 
0.183+0.025 
0.145+0.025 
0.115+0.015 
0.080+0.010 


0.045+0.005 
0.040+0.004 
0.042+0.004 
0.038+0.004 
0.042+0.004 
0.051+0.004 
0.055+0.004 
0.060+0.004 
0.080+0.004 
0.091+0.004 
0.105+0.005 
0.120+0.008 
0.138+0.008 
0.148+0.010 
0.162+0.010 


0.377+0.062 


0.254+0.010 
0.241+0.009 
0.191+0.007 
0.155+-0.006 
0.110+0.005 
0.087 +0.007 
0.069+0.004 
0.064+0.005 
0.050+0.003 
0.041+0.003 
0.035+0.003 
0.025+0.003 
0.026+0.003 


0.056+0.003 
0.064+0.003 
0.072+0.003 
0.0830.005 
0.093+0.005 
0.103+0.006 
0.111+0.006 


0.134+0.018 


0.118+0.018 
0.054+0.020 


0.040+0.020 


0.041+0.020 
0.031+0.010 


0.012+0.004 
0.009+0.003 
0.009+-0.002 
0.007 +0.002 
0.008+0.002 


0.009+0.002 


0.010+0.002 


0.018+0.002 


170 0.170+0.010 
175 
180 0.286+0.020 0.185+0.015 


* Extrapolated from data 


= 2.6, 5.0, 8.0, and 17.5 Mev are given in Table VII 
and plotted in Figs. 12, 13, 14, and 15, respectively, as 
a function of the center-of-mass angle in order to make 
possible a direct comparison of these results with the 
theoretical distributions as calculated by Bransden, 
Robertson, and Swan for Z,=2.5, 5.0, 8.0, and 14.0 
Mev. The theoretical results are shown by the solid 
and dashed curves. 


C. Linearity of the Pulse-Height Spectrum 


The pulse heights of the peaks corresponding to the 
He'(n,p)H’ reaction and the He*(n,d)D reaction were 
proportional to the energy as calculated for each 
incident-neutron energy to within 0.5%. This was the 
accuracy to which a given pulse-height spectrum was 
reproduced on the 256-channel analyzer. 

From the data, one finds that the pulse height for a 
He’ recoil is also linear with energy on the same scale 
as for the other reactions. It is thus concluded that the 
mean energy to produce an ion pair in the counter gas 
for a He’ nucleus is the same as that for a proton and 
triton. These results are in agreement with those of 


0.117+0.007 


0.024+0.003 


Jesse and Sadauskis,"* who found that for noble gases 
the mean energy to form an ion pair for alpha particles 
and electrons is the same. These results are in disagree- 
ment with the conclusion suggested by Batchelor e¢ al.® 
based on the data from their He*-neutron spectrometer 
and the results of Tunnicliffe and Ward" for alpha 
particles and protons. Batchelor e/ al. chose, as the 
point corresponding to the maximum pulse height of 
the He’ recoil distribution, the half-intensity point of 
the steeply descending slope of the end of the uncor- 
rected recoil spectrum. It is this criterion of the 
maximum pulse height of the recoil distribution which 
brings about the disagreement. 

In our case, by using various collimators of the same 
length, but different apertures, it was observed how 
the shape of the descending slope of the end of the 
recoil distribution is distorted by the counter-wall 
effect. Figure 16 shows the uncorrected recoil distribu- 
tions obtained using the various collimators, as listed 
in Table III, for incident neutrons of energy 2.6 Mev. 


13W. P. Jesse and J. Sadauskis, Phys. Rev. 97, 1668 (1955). 
4 P.R. Tunnicliffe and A. G. Ward, Proc. Phys. Soc. (London) 
A65, 233 (1952). 
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From these spectra, it is seen that the bias at which 
the counting rate is halved shifts upward in pulse 
height as the aperture of the collimator is made smaller, 
i.e., as the distortion due to wall effect is reduced. The 
end point for the recoil distribution, when corrected 
for both the counter-wall effect and resolution, appears 
in the spectrum at the pulse height corresponding to 
the maximum energy of He’ recoils (Er=2£,), where 
the pulse-height scale was determined from the pulse 
height of the fast-neutron peak for the He*(n,p)H* 
reaction. These results show that the mean energy to 
form an ion pair in the gas filling is the same for protons, 
deuterons, tritons, and He’ nuclei. 


IV. DISCUSSION 


The differential elastic-scattering cross sections fit 
the calculated distributions based on the Serber ex- 
change force better than distributions calculated for 
the symmetrical exchange force, the agreement im- 
proving as the energy of the bombarding neutron is 
increased. However, the scattering at back angles falls 
somewhat below the theoretical distribution at all 
energies. Figure 11 shows the total elastic-scattering 
cross section as a function of energy. Here, the quali- 
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Fic. 12. The differential cross section for the elastic scattering 
of 2.67-Mev neutrons by He? is plotted as a function of the 
center-of-mass scattering angle. The point at @=0° is extrapolated 
from the data. Also shown are the theoretical distributions of 
Bransden et al. 
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Fic. 13. The differential cross section for the elastic scattering 
of 5.0-Mev neutrons by He? is plotted as a function of the center- 
of-mass scattering angle. The point at @=0° is extrapolated from 
the data. Also shown are the theoretical distributions. 


tative agreement with the total elastic-scattering cross 
section predicted from the Serber exchange force is 
best illustrated. The experimental results are in definite 
disagreement with the calculated total elastic-scattering 
cross sections expected for the symmetrical exchange 
force. 

Experimental results at E,=1.0, 2.0, 3.5, and 6.0 
Mev for elastic scattering of neutrons by He® and H® 
have been obtained at Los Alamos using the Los Alamos 
time-of-flight apparatus.'® At 1 and 2 Mev, their results 
for the elastic scattering of neutrons are not in good 
agreement with the calculated distributions for either 
type exchange force. Their results at 3.5 and 6.0 Mev 
show the same qualitative shape of the distributions 
based on the Serber type exchange force as found here."® 
Closer agreement with the calculated distributions was 
obtained by the Los Alamos group for the scattering 
of neutrons by tritons, but again the scattering was 
smaller than predicted at back angles. 

Bransden and Robertson" have made similar theo- 


18 J. E. Simmons, L. Cranberg, and J. D. Seagrave, Bull. Am. 
Phys. Soc. 3, 338 (1958). J. D. Seagrave, J. E. Simmons, and 
L. Cranberg, Bull. Am. Phys. Soc. 3, 338 (1958); Phys. Rev. 119, 
1981 (1960). 

16 A. Sayres, K. W. Jones, and C. S. Wu, Bull. Am. Phys. Soc. 
3, 365 (1958), (Report of Results). 

‘7B. H. Bransden and H. H. Robertson, Proc. Phys. Soc. 
(London) A72, 770 (1958). 
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Fic. 14. The differential cross section for the elastic scattering 
of 8.07-Mev neutrons by He’ is plotted as a function of the 
center-of-mass scattering angle. The point at @=0° is extrapolated 
from the data. Also shown are the theoretical distributions. 


retical calculations for elastic scattering of protons by 
tritons and He*. A comparison with experimental data 
is made in their paper. More recent experimental 
results of Rosen ef al.'* for p—T and p— He’ scattering 
at E,=6.5 and 8.3 Mev concur with the general 
conclusions drawn from the above theoretical calcu- 
lations and previous experimental data. 

In a more recent paper, Bransden, Hamilton, and 
Robertson” have presented similarly calculated angular 
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Fic. 15. The differential cross section for the elastic scattering 
of 17.50-Mev neutrons by He? is plotted as a function of the 
center-of-mass scattering angle. The point at @2=0° is extrapolated 
from the data. Also shown are the theoretical distributions of 
Bransden, Hamilton, and Robertson. (See reference 19.) 


18L. Rosen (private communication), and L. Stewart, J. E. 
Brolley, and L. Rosen, Bull. Am. Phys. Soc. 4, 104 (1959). 

1” B. H. Bransden, R. A. H. Hamilton, and H. H. Robertson, 
Proc. Phys. Soc. (London) A75, 144 (1960). 
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distributions for the scattering of nucleons by He® and 
H* at energies higher than previously reported.?:!” 
Distributions based on the Serber exchange force were 
calculated for the scattering of neutrons by He’ in 
order to compare with the 17.5-Mev data of this 
investigation,'® and were calculated for p—He® and 
p—H' data at 19.4 Mev.” In addition, distributions 
based on a 70% Serber and 30% symmetrical exchange- 
force mixture were also calculated. This mixture was 
found by Biel to give the correct binding energies of 
Be’ and C®. 

The distributions based on the Serber exchange force 
at 17.5 Mev and the Biel exchange force at 8.0 and 17.5 
Mev are shown in Figs. 14 and 15 along with the 
previously discussed experimental data. The calculated 
n—He’ total elastic-scattering cross section of 0.82 b 
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Fic. 16. Uncorrected He?-recoil distributions obtained using 
various collimators as listed in Table III. The curves were normal- 
ized to unit intensity at channel 55 and plotted on an expanded 
scale. The end point of each spectrum as determined by the 
point of half-intensity is shown for each collimator used, as is 


the point (?£,) determined by the position of the peak for the 


He*(n,p)H? reaction for E,=2.67 Mev 


at E,=17.5 Mev for the Serber exchange force is in 
excellent agreement with the experimental value of 
0.8+0.1 b found here. The comparison of the calculated 
distributions at these higher energies with the experi- 
mental data shows better agreement with the distri- 
butions based on the Serber exchange force than with 
the Biel exchange mixture. 

In conclusion, the »— He’ and p—T scattering is not 
as well described by the calculations at lower energies 
as is the p—He’ and n—T scattering. From the results 
of this experiment on the interaction of neutrons with 
He’*, one can see that as the cross section for the 
He*(n,p)H® reaction becomes a smaller fraction of the 
total cross section, with increasing neutron energy, the 
experimental data for the elastic scattering of neutrons 


*R. A. Vanetsian and E. D. Fedchenko, Soviet J. Atomic 
Energy (English Translation) 2, 141 (1957). 
21S. J. Biel, Proc. Phys. Soc. (London) A70, 866 (1957). 
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by He*® more closely follow the theoretical curves 
obtained, based on the Serber interaction. 

These experimental results suggest that the influence 
of the charge exchange reaction, n+He’< p+T, is 
indeed important. Inclusion of this and the n+He*®< 
D+D reaction in the theory may bring the n»—He’ 
and p—T results to as close agreement with the 
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He? 1863 
theoretical distributions based on the Serber exchange 
force as is found for the p—He*® and n—T results. A 
study of the effect of the charge exchange reaction and 
the He*(n,d)D reaction on the theoretical distributions 
expected for elastic scattering is reported to be in 
progress.” 


2B. H. Bransden (private communication). 
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Decay of I’ 
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The decay of I'* has been investigated by means of scintillation spectrometers. Energies (and relative 
intensities) of the gamma rays which were observed are 0.240(1.3), 0.518 (15), 0.667 (100), 0.72 (5), 0.775 (63), 
0.953(15), 1.14(1.2), 1.142(2.7), 1.30(2.4), 1.392 (6.4), 1.45(1.1), 1.75(0.3), 1.91(0.7), 1.99(0.8), 2.08(0.18), 
2.18 (0.13), and 2.39(0.11) Mev. Our data indicate that the gamma-ray peak at 0.667 Mev actually consists of 
four gamma rays with energies between 0.62 and 0.68 Mev. An energy level diagram of Xe based on the 
present spectral studies and gamma-gamma angular correlation measurements has been proposed. Energies 
(and spins) of the levels are 0.673(2+), 1.32, 1.448(4+-), 1.81, 1.966(3), 2.10(3 or 4), 2.401 (4), 2.59(3), and 


2.84(3, 4, or 5) Mev. 


I. INTRODUCTION 


URING the past few years several nuclear models 
have been developed to explain the experimentally 
observed properties of low-lying levels in even-even, 
medium-weight nuclei. To determine the range of appli- 
cability of these different models and to provide in- 
formation which can be used to guide future develop- 
ment of nuclear models, additional experimental studies 
of these nuclei are needed. In the present work, levels of 
the even-even nucleus Xe™ which are populated by the 
decay of 2.3-hr I’ have been studied by means of 
scintillation spectrometers. An energy-level diagram 
which incorporates the results of this study has been 
proposed.! 

The most extensive previous investigation of the 
decay of I'* was made by Finston and Bernstein.? Their 
decay scheme is illustrated in Fig. 1. The first excited 
state of Xe" has also been observed in Coulomb excita- 
tion studies.* A value of four has been measured for the 
ground-state spin of I'*? by Sherwood, Ovenshine, and 
Parker, and by Lipworth, Garvin, and Nierenberg.® 

1 A brief account of some of these measurements was presented 
at the 1960 Conference of the Southeastern Section of the Ameri- 
can Physical Society [R. L. Robinson, E. Eichler, and N. R. 
Johnson, Bull. Am. Phys. Soc. 5, 448 (1960) J. 

2H. L. Finston and W. Bernstein, Phys. Rev. 96, 71 (1954). 

3G. F. Pieper, C. E. Anderson, and N. P. Heydenburg, Bull. 
Am. Phys. Soc. 3, 38 (1958). 

‘ J. E. Sherwood, S. J. Ovenshine, and G. W. Parker, Bull. Am. 
Phys. Soc. 4, 386 (1959). 

®° E. Lipworth, H. L. Garvin, and W. A. Nierenberg, Bull. Am. 
Phys. Soc. 4, 353 (1959). 


Il. EXPERIMENTAL PROCEDURE AND RESULTS 
A. Source Preparation 


Fission-product Te was obtained from Brookhaven 
National Laboratory. Tellurium and iodine carrier was 
added to an aliquot and the solution made strongly 
basic. Sodium hypochlorite was added to oxidize the 
tellurium and iodine to insure good exchange of activity 
and carrier. The solution was then acidified and Te 
metal precipitated by treatment with SO, gas. After the 
precipitate was washed, it was dissolved in a small 
amount of concentrated HNO;. Iodine carrier was added 
and extracted into CCly. This CCl, solution contained 
the long-lived iodine isotopes—I" and I'*—that had 
grown in during processing and shipment of the source 
material. : 

After an adequate growth period, more iodine carrier 
was added and a CCl, extraction performed. Next the 
CCl, phase was removed and washed with water, and 
the I’? activity was back-extracted into the aqueous 
phase by addition of sodium metabisulfite. Finally, 
AgNO; solution was added to precipitate AgI. Sources 
of AgI mounted on 6.5 mg/cm? Mylar tape were used 
for singles spectra and most gamma-gamma coincidence 
spectra. Sources of tellurium metal containing Te-I! 
equilibrium mixture mounted on Mylar tape were used 
for beta-gamma and gamma-gamma-gamma coincidence 
spectra. 


B. Gamma-Ray Spectra 


The gamma rays were detected with 3 in.X3 in. NaI 
crystals which were mounted on 6363 DuMont photo- 
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Fic. 1. Decay scheme of I'* proposed by Finston and Bernstein 
(see reference 2). The pair of numbers associated with each 
transition gives its energy in Mev and relative intensity. 


multiplier tubes. The resolution of each detector was 
~8% for the 662-kev gamma-ray peak in Cs"*’. Data 
were taken with either a 200- or 256-channel analyzer. 

The singles spectra of I are given in Figs. 2 and 3. 
A 0.7-g/cm* polystyrene absorber was placed between 
source and detector to absorb beta rays. The low-energy 
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105 


Fic. 2. I low-energy gamma-ray spectrum 


and high-energy spectra were observed for source-to- 
detector distances of 9.3 and 20 cm, respectively. Since 
the corrections for gamma-ray summing in the crystal 
applied to several of the high-energy gamma rays were 
large, a measurement was also made of the high-energy 
spectrum with a source-to-detector distance of 40 cm. 
In order to determine gamma-ray intensities, the spectra 
were decomposed as illustrated in the figures. The 
spectral distributions were deduced from the spectra of 
Na™, Y%, Na”, Zn®, Mn, Cs7, and Cr®!. Relative 
gamma-ray intensities, which are normalized to a value 
of 100 for the intensity of the composite gamma-ray 
peak at 0.667 Mev, are given in Table I. 

Energies of the more intense gamma-ray peaks were 
determined by simultaneous measurement of standards 


TABLE I. ) gamma-ray energies and relative intensities 





Spectra in coincidence with gamma rays of energies 


E, Singles 
(Mev) spectrum 0.518 0.667 
+0.5 0.4+0.2 1.8 
+1.8 20 


+7> 21 +6> 38 


0.240+0.007 1.0 
0.518+0.007 16.8 
0.667 +0.007 100 
0.72 +0.02 
0.775+0.007 63 
0.953+0.009 14.6 
1.142+0.015 3.7 
1.30 +0.02 2.4 +0.6 
1.392+0.014 5.4 +0.7 
1.45 +0.03 1 +0.4 
1.75 +0.03 0.3 +0.1 
1.91 +0.03 0.7 +0.2 
1.99 +0.03 0.8 +0.3 


+6 13 +3 7 
+1.0 13.4 
+0.5 


“1.24 0.4 
13 +2 + : 16 
80 +10» 


14 + 13 


Relative intensity 
Mev): 
0.667 and 
0.667" 


0.667 and 


0.775" 


0.775 0.953 1.142 1.392 
0.4+0.3 

+5 
+9 


14+2 4.0+1.6 6.2+1 32 
5 +4 


2+1 I+ ¢ 5 
1442 3.6410 7.1413 35 +1: 

+4 

2.5+ 0.4 2.8+1.4 


2+ 0.7 $$ 20 33411 


2.08 +0.04 0.18+0.06 
2.18 +0.04 
2.39 +0.04 
2.54 —2.7 
2.7 —2.9 


0.13+0.06 

0.11+0.04 
<0.03 
<0.01 





* Gamma-gamma-gamma coincidence spectra. 
b Full-energy peak is wider than that expected for a single gamma ray. 


> 0.11+0.06 
<0.09 
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Fic. 3. I'® high-energy gamma-ray spectrum. The dashed line 
represents a continuum which is believed to result from gamma- 
ray summing in the crystal and from bremsstrahlung produced by 
electrons from the high-energy beta-ray groups. 


and I'®, The standards were Au"®(0.412 Mev), Be?(0.477 
Mev), Bi7(0.570 and 1.064 Mev), Mn*(0.838 Mev), 
Y**(0.899 and 1.832 Mev), Zn®(1.114 Mev), Na”(1.276 
Mev), and Tl**(2.614 Mev). The intense gamma-ray 
peaks of I'*? were then used as internal energy standards. 
Table I lists the energies that were obtained. 
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Fic. 4. T' low-energy gamma-ray spectrum in coincidence 
with the 0.667-Mev gamma-ray peak. The single-channel window 
width was 40 kev. 
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Fic. 5. ' high-energy gamma-ray spectrum in coincidence with 
the 0.667-Mev gamma-ray peak. The source was a Te!®-]}# 
equilibrium mixture. The single-channel window width was 40 kev. 


C. Gamma-Gamma Coincidence Spectra 


The spectra in coincidence with the 0.518-, 0.667-, 
0.775-, 0.953-, 1.142-, and 1.392-Mev gamma-ray peaks 
were investigated. The fast-slow coincidence circuit that 
was used had a resolving time 27 of 0.17 ysec. The 
spectra are shown in Figs. 4-7. Chance counts have been 
subtracted. For these runs the angle between the two 
detectors was 180°, and the distance between the source 
and each detector was 9.3 cm. Intensities which were de- 
termined are included in Table I. Corrections have been 
applied for the angular correlation between the coin- 
cident gamma rays and for coincidences with Compton 
scattered, higher-energy gamma rays. 

The peak at 0.512 Mev in the spectrum in coincidence 
with the 0.518-Mev gamma ray is partially due to 
annihilation radiation (presumably produced by high- 
energy gamma rays). This was indicated by a reduction 
of the intensity of this peak when the spectrum was re- 
examined with an angle of 125° between the two de- 
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Fic. 6. I'* gamma-ray spectrum in coincidence with the 0.775-Mev 


gamma ray. The single-channel window width was 50 kev. 
tectors. The remainder of this peak and also the 
unlabeled peaks in Fig. 7 can be attributed to coinci- 
dences with events in the single-channel window which 
do not result from the gamma ray of interest. 

The peaks at ~ 0.67 Mev in the singles spectrum and 
in the spectra in coincidence with the 0.518- and 0.775- 
Mev gamma rays appear to be 10-15% wider than that 
expected for the full-energy peak of a single gamma ray. 


COUNTING RATE (orbitrary units) 


MBER 


Fic. 7. ' gamma-ray spectra in coincidence with the (A) 
0.518-, (B) 0.953-, (C) 1.142-, and (D) 1.392-Mev gamma rays. 
The single-channel window widths of the four spectra were 30, 75, 
60, and 100 kev, respectively. The source used for the spectrum in 
coincidence with the 1.142-Mev gamma ray was a Te!®-[}® 
equilibrium mixture. 
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This suggests that there is more than one gamma ray 
with approximately this energy. Such a suggestion is 
borne out by the spectrum in coincidence with the 
0.667-Mev gamma-ray peak in which gamma rays were 
resolved with energies of 0.64 and 0.67 Mev. Because of 
the uncertainty in the individual intensities of these two 
gamma rays, only the sum of their intensities is given in 


Table I. 


D. Gamma-Gamma-Gamma Coincidence Spectra 


Two gamma-gamma-gamma coincidence spectra 
which were measured are illustrated in Fig. 8. Chance 
counts have been subtracted. For both spectra the dis- 
tance between the source and each of the three 3 in.x3 
in. Nal crystals was 8-10 cm. As in the gamma-gamma 
coincidence spectra, the resolving time 27 was 0.17 sec. 
The gamma-ray intensities are listed in Table I. No 
correction has been applied to them for angular correla- 
tion between the coincident gamma rays. The intensities 
of the gamma rays in Table I obtained when the two 
the 0.667-Mev 
peak need to be divided by two for comparison with the 


single-channel windows were both set on 


other intensities. Doubling of the intensities is a conse- 
quence of both windows accepting the same region of the 
spectrum. 


E. Beta-Gamma Coincidence Spectra 


For beta-gamma coincidence studies the beta rays 
were detected with a 1} in.-diam X #4 in.-thick anthracene 
crystal which was coupled to a 6292 DuMont photo- 


multiplier tube. The resolution of the detector for the 


Fis. 8. '® gamma-gamma-gamma coincidence spectra obtained 
with the two 50-kev wide single-channel windows set to accept the 
peaks at (A) 0.667 and 0.667 Mev and (B) 0.667 and 0.775 Mev. 
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Fic. 9. Proposed energy-level 
diagram for Xe, The pair of num- 
bers associated with each transi- 
tion gives its energy in Mev and 
relative intensity. 
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624-kev internal-conversion electron line in Cs'*? was 
~11%. The end-point energies of the beta-ray spectra 
which were observed in coincidence with the 0.667- and 
0775-Mev gamma-ray peaks are 2.13+0.05 and 2.16 
+0.06 Mev, respectively. These values are in agreement 
with the maximum beta-ray energy reported for I'®,? 
and thus suggest that the highest energy beta-ray group 
terminates at the third excited level in Xe! (see Fig. 9). 
Finston and Bernstein® reported a similar position for 
the maximum-energy beta-ray group on the basis of 
their beta-gamma coincidence studies. From the spec- 
trum in coincidence with the 0.667-Mev gamma-ray 
peak, an upper limit for the intensity of a beta-ray 
group which populates the first excited level of Xe! is 
established as less than 0.2% of the total beta-ray 
intensity. 


F. Gamma-Gamma Angular Correiations 
‘ 

For the investigation of gamma-gamma angular 
correlations, the source was ~50 microliters of a solu- 
tion of Te?-[' mixture in dilute HNO; contained in a 
-in. diam fluorothene cylinder. It was placed 15 cm 
from each detector and was surrounded by a 0.7-g/cm? 
polystyrene absorber. Data were taken every 10° be- 
tween 90° and 180°. The distance between the source 
and the movable detector was constant to within 0.2%. 
A least-squares fit of the data was made on an IBM 
704 computer to the function W(@)=1+A2P2(cosé) 
+A,P,(cos@), where P, and P, are Legendre polyno- 
mials. The results were corrected for the finite angular 
resolution of the detectors. This correction was ap- 
proximately 8% for Az and 30% for A,4. The corrected 
experimental v sow for Aj and A, are given in Table II. 
Errors include not only statistical errors but also those 
which are introduced in the process of analyzing the 
data. 


III. ENERGY-LEVEL DIAGRAM 


An energy-level diagram based on the results of our 
studies is given in Fig. 9. This scheme includes all levels 


~ 6M. E. Rose, Phys. Rev. 91, 610 (1953). 
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proposed by Finston and Bernstein? (see Fig. 1) and new 
levels at 1.32, 1.81, and 2.10 Mev. Coincidences found 
between the 0.667-Mev gamma-ray peak and the 1.75- 
and 1.30-Mev gamma rays give additional evidence for 
the 2.401- and 1.966-Mev levels, respectively. The 1.99- 
Mev gamma ray, which was observed only in the singles 
spectrum, is placed as a ground-state transition from the 
1.966-Mev level. Because of their weak intensities, the 
assignments of the 2.08- and 2.18-Mev gamma rays 
should be considered as only tentative. The position 
given to the 0.240-Mev gamma ray in the level scheme 
is consistent with the energy difference of the 2.84- and 
2.59-Mev levels and with the coincidence data. 


TABLE II. wn annem angular correlation coefficients. 








Angular correlation 
between gamma 
rays of energies 
(Me ev)* Ay As 


0.518— ~0.65\ 1000 . . 
0.518—0.673 f +0.152+0.029 —0.023+0.018 


0.64—0.673 \ 
~0.65—0.673} —0.168+0.021 +0.106+-0.028 


0.953 —0.673 +-0.206+0.014 +0.010+0.015 


1.14—0.673 ) 
1.142—0.673 +0.008+0.033 —0.009-+0.045 


1.30—~0.65 9 
1'30—0.673 | +0.081=+0.043 —0.070+0.061 


1.392 —0.673 —0.030+0.021 —0.026+0.030 
0.518—0.775 +0.173+0.026 +-0.022+0.030 
0.64—0. 


77; 
~0.65—0.775 } +0.047+0.012 +0.018+0.017 
0.673—0. 


0.953—0.775 +-0.223+0.017 +-0.008+0.023 
1.142—0.775 —0.194+0.036 +0.0120.050 
1.392 —0.775 —0.023+0.015 +-0.031+0.020 





® The presence of several gamma rays between 0.62 and 0.68 Mev and of 
two gamma rays with energies 1.14 and 1.142 Mev is discussed in Sec. III 
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Four transitions with energies between 0.62 and 0.68 
Mev are shown in the energy-level diagram. The most 
intense is the 0.673-Mev ground-state transition. Its 
energy is obtained from the spectra in coincidence with 
the 0.953- and 1.392-Mev gamma rays. The second 
transition in this energy region is given in Fig. 9 between 
the 2.59- and 1.966-Mev levels. It is inferred from the 
presence of the 0.520- and 1.35-Mev gamma rays in the 
triple coincidence spectrum for which both single- 
channel windows were set to accept the 0.667-Mev peak 
[see Fig. 8(A) ]. This inference is based on the assump- 
tion that the 1.35-Mev peak is due to the 1.30-Mev 
gamma ray which is found in the singles spectrum and 
the spectrum in coincidence with the 0.667-Mev gamma- 
ray peak. The fact that no 1.35-Mev gamma ray was 
observed in these latter two spectra provides evidence 
for this assumption. The difference between the intensi- 
ties obtained for the 0.518-Mev gamma ray in coinci- 
dence with the 0.667- and 0.775-Mev gamma-ray peaks 
also favors placement of a transition between the 2.59- 
and 1.966-Mev levels. The third transition with an 
energy between 0.62 and 0.68 Mev is shown in the level 
scheme as populating the 1.448-Mev level. It is needed 
to explain part of the intensity obtained for the 0.666- 
Mev gamma-ray peak in coincidence with the 0.775- 
Mev gamma ray. Inclusion of this transition requires a 
new level with energy of 2.10 Mev. Additional evidence 
for this level is given by the presence of a 1.45-Mev 
gamma ray in the spectrum in coincidence with the 
0.667-Mev gamma-ray peak and an ~0.72-Mev gamma 
ray in both of the gamma-gamma-gamma coincidence 
spectra. 

It is inconsistent with our results to give the re- 
maining intensity of the composite 0.667-Mev gamma- 
ray peak to the transition which de-excites the 0.673-Mev 
level. If this is done, the total intensities of transitions 
which populate the 0.673-Mev level are less than the 
intensity of the transition which de-excites it. To remedy 
the situation it appears necessary to include a fourth 
gamma ray with an energy between 0.62 and 0.68 Mev 
which is not in coincidence with the 0.775-Mev gamma 
ray. The only reasonable position for such a transition 
is between a level at 1.32 Mev and that at 0.673 Mev. 


TaBLe III. Intensities and comparative half-lives of the ['® 


beta-ray groups. 
Terminating 
level Relative 
(Mev) intensity 


Log ft 


0.673 > 10.0 
1.32 8.0 
1.448 7.6 
1.81 8.3 
1.966 

2.10 

2.401 

2.59 

2.84 
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This gamma ray is probably the 0.62-Mev gamma ray 
which has been observed by Whyte, Sharma, and 
Taylor’ in the decay of Cs". Since no direct observation 
was made of this gamma ray or of the gamma ray be- 
tween the 2.59- and 1.966-Mev levels in the present 
study, we can only put limits on their energies. The 
energy of 0.64+-0.02 Mev for the transition between the 
2.10- and 1.448-Mev levels in Fig. 9 is taken from the 
spectrum in coincidence with the 0.667-Mev gamma-ray 
peak. 

The difference in the observed intensity of the 1.14- 
Mev gamma ray in coincidence with the 0.667- and 
0.775-Mev gamma-ray peaks suggests there are two 
gamma rays of approximately this energy. The intensity 
of the transition between the 2.59- and 1.448-Mev levels 
is a weighted average of two intensity values obtained 
from (a) the 0.775-Mev gamma ray seen in the spectrum 
in coincidence with the 1.142-Mev gamma ray and (b) 
the 1.142-Mev gamma ray seen in the spectrum in 
coincidence with the 0.775-Mev gamma ray. The re- 
maining 1.14-Mev gamma-ray intensity is attributed to 
a transition between the 1.81- and 0.673-Mev levels. 

Values of the relative intensities and comparative 
half-lives for the beta-ray groups of I’ are given in 
Table III. The intensity of the transition which termi- 
nates at the 0.673-Mev level was determined from the 
beta-ray spectrum in coincidence with the 0.667-Mev 
gamma-ray peak. For the other beta-ray transitions, 
these values were deduced from the energy-level dia- 
gram shown in Fig. 9. The comparative half-lives for the 
beta-ray groups which terminate at the 1.81- and 1.32- 
Mev levels should not be considered significant because 
of the large errors in the intensities of the gamma rays 
de-exciting these levels and the possibility of undetected 
gamma rays feeding these levels. For example, our data 
are not inconsistent with a 0.5-Mev gamma ray between 
the 1.81- and 1.32-Mev levels if its intensity is less than 
4. Except for the group which populates the 0.673-Mev 
level, the remaining groups have comparative half-lives 
which are characteristic of once-forbidden, nonunique 
transitions or of allowed transitions. Since the ground- 
state spin of I'* is 4,‘° the levels populated by these 
groups are each expected to have a spin of 3, 4, or 5. The 
large value obtained for the comparative half-life of the 
transition which terminates at the 2+, 0.673-Mev level 


TABLE IV. Angular correlations of the 1.392-0.775 Mev and the 
§ ~ 
1-3, 1.392-0.673 Mev cascades. 


Sequence A» A, 
Experimental 
2(Q)4(Q)2(Q)0 
3(D+Q)4(Q)2(Q)0 
4(D+0)4(0)2(0)0 
5(D+Q)4(Q)2(Q)0 
6(Q)4(Q)2(Q)0 


+-0.013+0.017 
+0.093 
—0,003 
+0.042 
0.000 
+.0.009 


~0.025+0.012 
+-0).200 
0.025 
0.025 
~0.025 
+0.102 


+-0.14 
—(0).62 
—0.069 





7G. N. Whyte, B. Sharma, and H. W. Taylor, Can. J. Phys. 38, 
877 (1960). 
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favors even parity for the ground state of I. Ground- 
state spins of nuclei in this region also indicate that the 
parity is even; i.e., for the ground states of neighboring 
odd-A nuclei, the odd proton is in the d5,2 or gz2 orbital 
and the odd neutron is in the d3/z orbital. 

From the systematics of even-even nuclei, the Xe" 
level at 1.448 Mev is expected to have spin and parity 
2+, 4+, or possibly 0+. Only 4+ is compatible with 
the comparative half-life of the beta-ray group which 
populates this level. Another argument against a 2+ 
assignment is the failure to observe a ground-state 
transition from the 1.448-Mev level. For example, from 
the spectrum in coincidence with the 0.953-Mev gamma 
ray, the ratio of the cascade to crossover gamma rays 
from the 1.448-Mev level is > 160. This is considerably 
larger than values of 2-10 which have been found for 
ratios of the cascade to crossover gamma rays from the 
second 2+ levels of neighboring even-even nuclei. 

Since the correlation functions for the sequence 
I(D+(Q)4(Q)2 and the 1-3 sequence J(D+(Q)4(Q)2(Q)0 
are identical, the experimental coefficients obtained 
from the angular correlations of the 1.392-0.775-Mev 
and the 1-3, 1.392-0.673-Mev cascades were combined. 
These values are compared in Table IV with the theo- 
retical correlation coefficients which occur for different 
spins of the 2.84-Mev level. Only dipole and quadrupole 
radiations are considered. The value of the mixing ratio 
5, where 6= (Q/D)! in the notation of Biedenharn and 
Rose,* was chosen to give best agreement between the 
theoretical and experimental coefficients. A spin assign- 
ment of 3, 4, or 5 for the 2.84-Mev level is consistent 
with the measured correlations. These correlations do 
indicate that the 1.392-Mev transition consists of 
greater than 72% dipole radiation. 

The coefficients obtained for the angular correlations 
of the 0.953-0.775-Mev and the 1-3, 0.953-0.673-Mev 
cascades, which were also combined, are given in 
Table V along with the theoretical coefficients for se- 
quences with different spins for the 2.401-Mev level. The 
theoretical coefficients for the sequence 4(99.7% D 
+0.3% Q)4(Q)2(Q)0 are in best agreement with the ex- 
perimental coefficients. However, the sequence 5(73% D 
+27% Q)4(Q)2(Q)0 does give an acceptable although 
poorer fit. A transition which fits energetically between 


TasLe V. Angular correlations of the 0.953-0.775 Mev and the 
1-3, 0.953-0.673 Mev cascades. 





Sequence 6 Ay A, 
Experimental 
2(Q)4(Q)2(Q)0 
3(D+Q)4(Q)2(Q)0  +0.47 
4(D+0)4(0)2(0)0 + +0.059 
5(D+-Q)4(Q)2(Q)0  —0.61 
6(Q)4(Q)2(Q)0 





+0.009+0.013 
+0.093 
—0.034 
+0.001 
—0.015 
+0.009 


+0.21340.011 
+0.200 
+0.213 
+0.213 
+0.213 
+0.102 





8 L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 729 
(1953). 
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TaBie VI. Angular correlation of the 1.142-0.775 Mev cascade. 








Sequence 5 Az A, 





—0.194+0.036 
+0.200 
—0.194 
—0.179 
—0.194 
—0.194 
+0.102 


Experimental 
2(Q)4(Q)2 
3(D+Q)4(Q)2 
4(D+0Q)4(Q)2 
5(D+-0)4(Q)2 
5(D+0)4(Q)2 
6(Q)4(0)2 


+0.01+0.05 
+0.09 





this 2.401-Mev level and the ground state was observed 
in the singles spectrum, but it is unlikely that a transi- 
tion between levels with spins 4 (or 5) and 0 would have 
sufficient intensity to be seen. Thus, this position for the 
gamma ray or the spin assignment of the 2.401-Mev 
level is questionable. 

The angular correlation of the 1.142-0.775-Mev cas- 
cade suggests the spin of the 2.59-Mev level is 3 or 5 (see 
Table VI). The presence of two 1.14-Mev gamma rays, 
as indicated in the coincidence spectra, is corroborated 
by the difference in the 1.142-0.775-Mev and 1.14- 
0.673-Mev correlation functions. From these two corre- 
lations and the intensities of the two 1.14-Mev gamma 
rays given in Fig. 9, the correlation coefficients of the 
1.14-0.673-Mev cascade, which originates at the 1.81- 
Mev level, have been deduced. These coefficients are 
compatible with the theoretical coefficients obtained for 
any reasonable spin assignment of the 1.81-Mev level 
except 0 (see Table VII). 

Spin assignments of 5 for the 2.59-, 2.401-, 2.10-, and 
1.81-Mev levels, which are consistent with the angular 
correlation measurements and the comparative half- 
lives of the beta-ray groups, are not probable in view of 
the relative gamma-ray intensities. If the spin for any 
of these levels were 5, the ratio of the single-particle 
transition probabilities for transitions from that level to 
the 4+, 1.448-Mev level and to the 2+, 0.673-Mev 
level would be 10° to 10°. The observed branching ratios, 
which are all <50, would require that relative to the 
single-particle estimates the transitions to the 4+ levels 
be hindered, or the transitions to the 2+ levels be 
enhanced, by factors which are larger than usually 
found. 

The angular correlation of the 0.518-0.775-Mev cas- 
cade is consistent with a spin assignment of 3, 4, or 5 for 


Tasie VII. Angular correlation of the 1.14-0.673 Mev cascade. 








Sequence 5 A, A, 


Experimental 
0(Q)2(Q)0 
1(D+-Q)2(Q)0 
2(D+Q)2(Q)0 
2(D+Q)2(Q)0 
3(D+Q)2(Q)0 
4(Q)2(Q)0 
5(0O)2(Q)0 


+0.46+0.31 
+0.36 
+0.46 
+0.46 
+0.46 
+0.26 
+0.10 
+0.18 





—0,06+0.19 
+1.14 
—0.29 
+0.05 
+0.16 
—0.03 
+0.01 

0.00 
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Fic. 10. Systematics of low-lying levels of even xenon nuclides. 
R. and R, are ratios of the energies of the second 2+ levels and of 
the first 4+ levels, respectively, to the energies of the first 2+ 
levels. Levels for Xe™ are from data obtained by N. R. Johnson, 
E. Eichler, G. D. O’Kelley, J. W. Chase, and J. T. Wasson, Phys. 
Rev. 122, 1546 (1961). The others are taken from the Nuclear 
Data Sheets (National Academy of Sciences, National Research 
Council, Washington, D. C.). 


the 1.966-Mev level (see Table VIII). However, spin 3 
is favored by the presence of the 1.99-Mev ground-state 
transition. For spin 3, the 0.518-Mev gamma ray would 
consist of 86% dipole radiation and 14% quadrupole 
radiation. 

Other angular correlations were measured (the coeffi- 
cients are included in Table II) but they were each 
composed of two or more correlations. Because of this, 
it was not possible to obtain any useful information 
from them about the spins of levels and multipolarities 
of transitions. 


IV. DISCUSSION 


Our results give no definite information about the 
spin of the 1.32-Mev level shown in Fig. 9. However, 
systematics of even-even medium-weight nuclei indi- 
cate that its spin and parity is 2+. More specifically, 
systematics of even xenon nuclides indicate that the 
second 2+ level is below the first 4+ level. A plot of the 
ratios of the energies of the second 2+ levels and first 
4+- levels to the energies of the first 2+ levels of xenon 
nuclides are given in Fig. 10. This plot suggests the 
energy of the second 2+ level of Xe should be about 
twice the energy of the first 2+ level. Such a value is in 
good agreement with the energy of the 1.32-Mev level. 

In Fig. 11 the levels of Xe' are compared with levels 
predicted by nuclear models which have been developed 
to account for the properties of low-lying levels in even- 


TABLE VIII. Angular correlation of the 0.518-0.775 Mev cascade. 


__Seque nce Ag A, 
+0.022+0.030 
+0.093 
—0.026 
+0.001 
+0.083 
—0.010 
+0.009 


+-0.173+0.026 
+-().200 
+-0.173 
+0.173 
+0.173 
+0.173 
+-().102 


Experimental 
2(Q)4(Q)2 
3(D+Q)4(Q)2 
4(D+Q)4(Q)2 
4(D+Q)4(Q)2 
5(D+0)4(Q)2 
6(Q)4(Q)2 
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Fic. 11. Comparison of the Xe'* levels with levels predicted by 
the following nuclear models: Vib—Pure vibrational model. 
S and W—Model of Scharff-Goldhaber and Weneser. Levels taken 
from Fig. 3 of reference 9 with K=1.2. W and J—Model of Wilets 
and Jean. Levels taken from Fig. 2 of reference 10 with xo=1.8. 
D and F—Model of Davydov and Filippov (see reference 11). 
Levels taken from Fig. 1 (y=30°) of the reference: G. R. DeMille, 
T. M. Kavanagh, R. B. Moore, R. S. Weaver, and W. White, 
Can. J. of Phys. 37, 1036 (1959). R—Model of Raz. Levels taken 
from Fig. 3 of reference 12 with D=1.00 and x=0.3. D and C— 
Model of Davydov and Chaban. Levels taken from Figs. 1-3 of 
reference 13 with y=24° and 4=0.7. M—Model of Mallmann. 
Levels determined from reference 14 with k=1.0, b=5.66X 10-3, 
A/C=5.703, and hC = 47.8 kev. 


even medium-weight nuclei.“ Values of parameters 
which were used to obtain the levels for each model are 
given in the figure caption. Failure to observe levels in 
Xe'® with spins and parities 0+ and 6+, as proposed in 
several models, probably has no significance. In view of 
the I” ground-state spin of 4,‘ levels of spins 0 and 6 
would not be expected to be populated sufficiently to be 
observed. The 2+ and 4+ levels with energies ap- 
proximately twice the energy of the first 2+ level are 
predicted by all models given in Fig. 11 except the 
axially asymmetric model of Davydov and Filippov." 


*G. Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 
(1955). 
10 L.. Wilets and M. Jean, Phys. Rev. 102, 788 (1956). 
1A. S. Davydov and G. F. 
(1958). 
2B. J. Raz, Phys. Rev. 114, 1116 (1959). 


212 


24 
‘ 


Filippov, Nuclear Phys. 8, 23 


3A. S. Davydov and A 499 
(1960). 


4 C. A. Mallmann (preprint) 


\. Chaban, Nuclear Phys. 20, 
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The first 4+ level of the axially asymmetric model is, 
instead, very near the 1.81-Mev Xe level, which could 
have spin 4. This model, as well as the extension of this 
model presented by Davydov and Chaban," does pre- 
dict a 3+ level which has an energy similar to that of 
the proposed spin 3, 1.966-Mev level. It might be noted 
that this 1.966-Mev level and the 1.81- and the 2.10- 
Mev levels appear to group around an energy which is 
three times that of the first 2+ level. This is the energy 
that the pure vibrational model predicts for five de- 
generate levels. The three levels of Xe! could have 
spins of three of these levels; i.e., 2, 3, and 4. 

In many even-even nuclei a 3- level, which can be 
explained as due to octupole surface vibrations,!® has 
been observed with an energy between 2 and 3 Mev. 
There are three possible levels with spin 3 in this energy 
region in Xe", Unfortunately, it is not possible to say 

18 A. M. Lane and E. D. Pendlebury, Nuclear Phys. 15, 39 
(1960). 
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which one if any of these levels arises from octupole 
surface vibrations, since our results do not establish 
their parities. 

The gamma-gamma angular correlation measure- 
ments indicate the 1.392-, 0.953-, and 0.518-Mev transi- 
tions consist of a large amount of dipole radiation. Since 
a transition between levels of even-even nuclei which 
arise from collective types of nuclear motion is expected 
to have a predominantly electric quadrupole character, 
this suggests that the 2.84-, 2.401-, and 1.966-Mev levels 
may be excitations of the intrinsic structure or at least 
strongly influenced by it. 
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Half-Life of B’’®, Na”, and As’*";* 


Atots W. ScHarptt 
Los Alamos Scientific Laboratory, University of California, Los Alamos, New Mexico 
(Received February 7, 1961) 


The following half-lives were measured : B™, (20.31+0.20) X 10 sec; the 472-kev level of Na*, (19.9+-0.3) 
X 10-* sec; and the 305-kev level of As’®, (16.8+0.4) X 10~* sec. The activities were made with a pulsed beam 
from a Van de Graaff generator. The data were taken with gated radiation-detection circuits in conjunction 
with a 9-channel time-delay analyzer, and the half-lives were determined by least-squares analysis 


INTRODUCTION 


HE need for accurate half-life measurements in 

the millisecond range has been apparent for some 
time. The theory of weak interactions is sufficiently 
advanced to be able to interpret very accurate values 
for the half-life of some of the light nuclei such as B™. 
The demand on accuracy for gamma-transition half- 
lives are not yet as severe ; however, in several restricted 
classes, where empirical systematics have been observed, 
accuracy of the order of a few percent is significant. 
The state of experimental half-life determinations just 
a few years ago may be illustrated with B”, where 
published values ranged from 18.541 msec! to 2742 
msec,? or with As7*", where values ranged from 12+3 
msec* to 21+2 msec.‘ 


+ Work performed under the auspices of the U. S. Atomic 
Energy Commission. ‘ 

* A preliminary report covering a part of this work appeared in 
Bull. Am. Phys. Soc. 4, 56 (1959). 

t Present address: Advanced Research Project Agency, Wash- 
ington 25, D. C. 

' E, Norbeck, Jr., Bull. Am. Phys. Soc. 1, 329 (1956). 

2J. V. Jelley and E. B. Paul, Proc. Cambridge Phil. Soc. 44, 
133 (1946). . 

3S. H. Vegors, Jr., and P. Axel, Phys. Rev. 101, 1067 (1956). 

4E. C. Campbell and P. H. Stelson, Oak Ridge National 
Laboratory Report ORNL-2076, 1956 (unpublished), p. 32. 


Nuclei or nuclear states with half-lives in this time 
range are generally produced by activating a sample 
with the pulsed beam of an accelerator. The activity 
is then studied between beam pulses. It would appear 
that many of the earlier measurements were less 
accurate than had been claimed because of difficulties 
encountered in measuring the background on which 
the activity of interest was superimposed. In the work 
to be described, special precautions were taken to 
minimize the background due to the accelerator as 
well as the buildup of activities with intermediate 
half-lives. By analyzing the same data with different 
values for the background, an attempt was made to 
arrive at a realistic estimate of the accuracy of the 
reported half-lives. 


EXPERIMENTAL PROCEDURE 


The activities were produced either with the proton 
or with the deuteron beam of the large Los Alamos 
electrostatic accelerator. The type of information that 
could be obtained about these activities depended on 
the timing of the irradiation-counting cycle. Where the 
amount of activity was limited or where for background 
reasons the beam current had to be limited, an efficient 
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Fic. 1. Block diagram of electronics for gating the electrostatic 

accelerator and the radiation detector. The timing sequence is 
illustrated in the lower part of the figure. 


way to take data was to irradiate 50% of the time and 
then to count during the other 50%. If the pulse length 
was several half-jives, then the short-lived activity was 
built up to near saturation at the end of each beam 
pulse. During a run, longer-lived activities in the second- 
to-minute range would also build up and reach half of 
their saturation value. Unfortunately, activities in 
this half-life range were invariably produced in addition 
to the desired one. A particularly bothersome impurity 
was 66-sec F!’, which could be produced by the (d,n) 
or even by the (,7) reaction on the oxygen contami- 
nation of the target. The 50% duty cycle was used in 
survey work for the purpose of observing all activities 
that could be activated in a given target. 

Actual half-life measurements were made with about 
a 2.5% duty cycle, the beam-on time being roughly 
equal to the half-life of interest. The short-lived 
activity was then built up to about half saturation, 
while the longer-lived activities (~1 min) were present 
to 2.5% of saturation. Under these conditions, the 
ratio of initial counting rates was more favorable by 
a factor of 10 than the one found with a 50% duty 
cycle. It was also possible to count the background 
during each cycle, after the short-lived activity had 
died out and before the next beam pulse reactivated 
the target. A sampling of the background during each 
cycle was necessary, because the ratio of short-lived 
activity to background depended on machine operating 
conditions as well as on the amount of longer-lived 
activity that was built up on the target. 

Figure 1 shows a block diagram of the circuitry® 
and an illustration of the timing cycle employed in 
most of the work. The beam could be deflected com- 
pletely off target by applying +1000 v to one of the 
beam-deflector plates. The beam-deflector pulser de- 
termined the basic timing cycle. In addition to pro- 
viding the deflection voltage, it generated the timing 
5 The schematic circuit diagram of most of the circuits used 
has been described by J. P. Glore, Los Alamos Scientific Labo- 
ratory Report, LA-2152 (unpublished). For discussion of the 
delay and gating unit and of the time-delay analyzer, see also 
A. W. Schardt, Phys. Rev. 108, 398 (1957). ¥ 
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pulse /’ when the beam was turned on and the pulse to 
when the beam was again deflected. These pulses 
operated a flip-flop circuit which gated the first dynode 
of the photomultiplier off during the beam on time. 
Due to the slow time constant of light decay in NaI (Tl) 
it was found advantageous to introduce a 1.5-ysec 
delay after the beam pulse and before turning the 
photomultiplier on. 

The beam-off, or /o, pulse was utilized in the control 
room to initiate the counting cycle. A delay Af of 10 
usec or longer was introduced before counting was 
actually started; during this time the amplifier re- 
covered from the feed-through pulse of the photo- 
multiplier gate. The decay of the activity was followed 
with a nine-channel time-delay analyzer which recorded 
the time distribution of pulses selected by a single- 
channel pulse-height analyzer. The background counts 
from this single-channel analyzer were recorded with a 
gated scaler which began a count cycle after the 
activity of interest had decayed. If the decay of the 
background was to be investigated, the start of the 
time-delay-analyzer cycle was delayed with respect to 
fo so that the analyzer covered the latter part of the 
beam-off cycle. Pulse-height spectra were recorded with 
a 100-channel pulse-height analyzer which was normally 
gated on for the duration of one half-life. The pulse- 
height distributions were always monitored with the 


100-channel analyzer for changes in the photopeak 


position and for the appearance of new peaks due to 


the buildup of longer-lived activities. 

The timing was derived in all cases from phantastron 
circuits and was stable to better than 1% for periods 
of weeks. Only the length of the time-delay-analyzer 
channels and of the scaler gate had to be known ac- 
curately. These were calibrated by counting a 1.0000- 
kc/sec signal from a crystal-controlled oscillator for 
the order of 10° cycles of the beam pulser. A practically 
random sampling of the standard frequency signal was 
obtained provided there was no small-number integral 
ratio between the standard signal and the beam-pulser 
frequency. Overlap or lack of overlap between the 
different time channels was checked by comparing the 
sum of the individual channel counts with the counts 
recorded by the “total” scaler.® For gate length in the 
millisecond range, the rms deviation of the time- 
delay-analyzer channels was about 0.2% and slow 
drifts of the average channel length were less than 
0.5% over several hours. Since the rise time of the gates 
was about 0.5 usec, the timing was less accurate in the 
microsecond range. Thus for a 10-ysec channel length 
the rms deviations were about 2% of the channel length. 

Standard high-voltage supplies, amplifiers, and pulse- 
height analyzers were used. The half-life determination 
depends critically on the stability of the-channel width 
and of the channel position of the single-channel pulse- 
height analyzer. If either of these should depend on 
counting rate, then a systematic error is introduced 
into the data. For this reason data were taken with 
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both wide and narrow channels over a range of counting 
rates; no statistically significant effect could be found 
on the values of the half-life thus determined. 

On most targets it was possible under continued 
irradiation to build up activities with half-lives in the 
minute-to-hour range. This effect was minimized by 
confining the irradiation to the time that data were 
actually being taken. A remotely operated tantalum 
shutter just ahead of the target was closed to permit 
lining up the accelerator beam and checking the circuits 
without activating the target. The materials to be 
irradiated were placed inside a stainless steel target 
tube with 0.010-in. wall thickness. A piece of 0.010-in. 
thick gold closed off the end of this tube. Compressed, 
amorphous boron enriched® to 98.1% in B" was used 
for the B’ work. Na™*™ was produced by the (d,p) 
reaction on a piece of pure sodium metal (100% Na”). 
A coating of natural, 99.99% pure Ge metal (36.5% 
Ge™), evaporated into the gold end of the target tube, 
served as target for the As’®°" measurements. 


RESULTS 


B"’, This activity was produced with 2.3-Mev 
deuterons by the B"(d,p) reaction. The beam was 
pulsed on for 25 usec once every 0.6 sec. The 8 activity 
was detected with a plastic scintillator on an RCA 6655 
photomultiplier. Typical counting data are shown in 
Fig. 2. A least-squares fit to the data was made on an 
IBM 704 computer.’ The values for the half-life as 
determined from different runs are given in Table I. 
The errors givgn were determined from the deviations 
of ten points from the curve fitted with three adjustable 
parameters® (B” activity, B™ half-life, and back- 
ground). The individual runs, which differed from each 
other in counting rate and bias level of the detector, 
were given equal weights in computing the final value 


TABLE I. Experimental half-life determinations. (Half-lives 
are given in units of 10~% sec; errors on individual runs were 
derived from closeness of fit of data points to calculated curve.) 


BY Na™" 
(msec) (msec) 
20.52+0.10 
20.19-+0.10 
20.30+0.05 
20.26+0.16 
20.28+-0.10 


As75™ 


Run No. (msec) 





16.93+0.26 
16.93+0.21 
16.3340.22 
16.58-++0.19 
16.97+0.37 
16.77+0.34 


20.16++0.12 
19.65+0.20 
19.90+0.18 
19.64+0.15 
19.85+0.15 
20.01+0.16 
20.10+0.15 
19.90 
0.08 
+0.30 


SAU Nr 


Mean 
Rms deviation of mean 
Over-all accuracy 


20.31 
0.06 
+0.26 


16.75 
0.13 
+0.40 





* The sample was obtained from The Hooker Electrochemical 
Company, Niagara Falls, New York. 

7 The code for least-squares analysis of the data was prepared 
by Roger Moore. 

’This way of determining errors involves small-number 
statistics and is subject to large fluctuations; thus B” run 3, 
Table I is not significantly more accurate than the other runs. 
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Fic. 2. Beta-decay curve of B” without background corrections. 
@ These data were taken in three runs with different delays in- 
serted before the start of the time-delay analyzer cycle. A typical 
run for the half-life determination is illustrated with the symbol 
A; the channel counts were accumulated over 1000 cycles. 
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of the half-life. The +0.06 msec represents the rms 
deviation from the average and is a measure of the 
consistency of the data. The errors introduced by the 
absolute calibration of the time-delay analyzer are 
also small and amount to at most +0.05 msec. 

The major error in this half-life determination is due 
to the possibility of slight pulse-height shifts with 
counting rate and to possible time-dependence of the 
background. Since the different runs were taken with 
widely differing counting rates, it is safe to say that 
any error due to pulse-height shifts is less than 0.15 
msec. The effect of background on the final half-life 
was computed for B® run No. 4. In this run the gate 
length was 14.98 msec; data were taken over 1000 
cycles. A total of 13051 counts were accumulated in 
channel No. 1, and a background of 10.2+0.9 counts 
per 14.98 msec was measured during the time interval 
from 300 to 500 msec after the irradiation. If this 
background is ignored, then the computed half-life is 
0.10 msec longer; on the other hand, if this background 
was due to an activity with a 0.2-sec half-life, the B™ 
half-life would be 0.16 msec smaller. In view of these 
effects an uncertainty of +0.20 msec has been assigned 
to the final B™ half-life. 

The 20.31+0.20 msec found for the half-life of B” 
in this work may be compared with two recent meas- 
urements of comparable accuracy, namely, 20.6+0.2 
msec? and 20.4+0.4 msec.” It should be noted that 
the error assigned in reference 9 does not cover any 
systematic error that might have been introduced by 
neglecting background corrections to the raw data. 

% James F. Vedder, University of California Radiation Labo- 
ratory Report, UCRL-8324, 1958 (unpublished). 

1B, J. Farmer and C. M. Class, Bull. Am. Phys. Soc. 4, 278 
(1959), 
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Fic. 3. Gated scintillation spectra of gamma rays in the Na*™ 
and As’ decays. The cycle employed in taking the Na*™ data 
was as follows: beam on, 50 ysec; beam off, 500 msec; delay 
before gating on the 100-channel analyzer, 1 msec; and counting 
period, 20 msec. The corresponding numbers for the As™” data 

were 20 msec, 400 msec, 1 msec, and 20 msec, respectively. 
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Na*™. The sodium isomer was formed by the 
Na*(d,p) reaction with 4.0-Mev deuterons. The 472- 
kev gamma ray by which the isomer decayed was de- 
tected with a 1} in. diam by 1 in. long NaI(T]) crystal. 


The values of half-life given in Table I were obtained 
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by following the decay of the photopeak with the single- 
channel pulse-height analyzer covering the interval 
shown in Fig. 3. The background was counted from 
250 to 350 msec after the beam pulse. Depending on 
operating conditions, the background per channel fell 
between 0.5 and 1.5% of the counts in the first time 
channel. The half-life found is 19.9+0.3 msec, con- 
sistent with the value of 20+2 reported 
elsewhere." 

As™™, Protons with an energy of 2.6 Mev were used 
to activate As”®" by the Ge™(p,y) reaction. The target 
was placed at the center of a NaI (Tl) well-type crystal, 
24 in. diam by 2% in. long. A 280-kev gamma ray 
follows promptly after the 25-kev isomeric transition 
(Fig. 3). The values of the half-life, as determined from 
the decay of this gamma ray, are given in Table I. The 
background fell in the range from 3.5 to 7% of the 
counts in the first time channel, and again the half- 
lives obtained from runs with different backgrounds do 
not differ significantly from each other. The average, 
16.8+0.4 msec, is consistent with other more recent 
measurements.” 


msec 
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Excitation Functions of the (~,26n) and (»,3p5n) Reactions for 60-, 100-, 150-, 
and 240-Mev Protons on Enriched Zirconium-90} 
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The cross sections of the Zr™(p,3p6n)Sr® and Zr®(p,2p6n) Y® reactions have been determined for proton 
energies of 60-240 Mev. The cross section for even-odd Sr® production in the energy range 100-240 Mev is 
1330-2140 times as large as that of odd-even Y®, as contrasted with much smaller values for the production 


of odd-odd and even-even isobars in similar reactions. 





INTRODUCTION 


HE ratio of the yield of Mn® to that of Fe® from 
(p,3p5n) and (p,2p6n) reactions on Co™® for! 
100-240- and® 370-Mev protons is of the order of 50 to 
1 and 18 to 1, respectively. These same isobars are also 
produced in a ratio of 19 to 1 by reaction of 340-Mev 
protons on natural iron* and in a ratio of ~150 to 1 
by reaction of As*® with 180-240 Mev protons.‘ A 
number of suggestions have been made to account for 
the much higher yields of Mn®™. Production of the isobar 
of lower atomic number would be favored by emission of 
alpha-particles from excited target nuclei and it is well 
known that alpha-particles are produced in spallation. 
That Fe® is further removed from the valley of stability 
than is Mn® has been emphasized.’ This implies that 
consideration must be given to the influence of the 
“governor” factor®:®! which reduces departure from 
the region of stable nuclei in the evaporation process. 
Goshal’ has observed that the yield of Cu® is ap- 
proximately four times that of Zn® in the (a,pm) and 
(a,2n) reactions on Ni® and in the (p,pm) and (p,2n) 
reactions on Cu®. He suggested that the greater level 
density of the odd-odd Cu® as compared to that of the 
even-even Zn™ might be a factor. Belmont and Miller’ 
have used this suggestion in their study of the spallation 
of cobalt. Similarly Miller, Friedlander, and Markowitz* 
state that their observed greater yield of Mn® as com- 
pared to Fe® produced by 33-Mev alpha-particles on 
Cr® “indicates a level density of Mn® substantially 
greater than that of Fe® at a given excitation energy 


t This investigation was supported in part by the U. S. Atomic 
Energy Commission. 

* Postdoctoral Fellow under the International Cooperation 
Administration, Washington, D. C. Present Address: Converse 
Chemistry Laboratory, Harvard University, Cambridge, 
Massachusetts. 
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above the ground state.” Pinijian and Halbert® also 
point out a qualitative relation between level densities 
and the yields of Fe*, Mn®, and Cr produced by the 
reaction on K*® of N" ions of 23.5-27.5 Mev energy. 

The yields of Y* and Sr® from (p,2p6n) and (p,3p5m) 
reactions, respectively, on Zr® might be expected to be 
similar to the yields of Fe and Mn*® from these same 
reactions on Co, except for the difference in the odd 
and even character of the product nuclides. A determina- 
tion of the cross sections for these reactions is therefore 
of some interest. 


EXPERIMENTAL 
Target 


Zirconium oxide, enriched in Zr, was bombarded in 
the internal proton beam of the Rochester 130-in. 
synchrocyclotron at radii corresponding to energies of 
60, 100, 150, and 240 Mev. The isotopic analysis of the 
zirconium was reported as Zr® 98.66, Zr® 0.768, Zr® 
0.344, Zr™ 0.183, and Zr** 0.041%. The oxide powder, 
10-25 mg, was bombarded in an aluminum envelope 
arranged as described earlier." The proton beam was 
monitored by the Al?’(~,3pn)Na™ reaction with use of 
the known cross sections for Na™ production." 

The 33-hr Sr was counted as such while 3.5-hr Y®* 
was allowed to decay to Sr®, which was then counted. 
The decay scheme of Y* is unknown but it was assumed 
that it decays completely to Sr®. 


Chemical Separations 
1. Strontium 


The ZrO, target was heated with HF in a Pt crucible. 
Holdback carriers of Nb, Rb, Br, Se, As (~ 10 mg each) 
and known quantities of Y and Sr were added. After 
allowing for exchange, the fluoride precipitate was 
centrifuged and washed twice with HF and once with 
water. The precipitate was dissolved with aqueous 
saturated boric acid and conc. HNO. Sr was pre- 
cipitated as Sr(NOs)2 by addition of fuming HNOs, the 
precipitate was separated, dissolved in water, reprecipi- 


® J. J. Pinajian and M. L. Halbert, Phys. Rev. 113, 589 (1959). 
1 R, W. Fink and E. O. Wiig, Phys. Rev. 94, 1357 (1954). 
11 H. G. Hicks, P. C. Stevenson, and W. E. Nervik, Phys. Rev. 
102, 1390 (1956). 
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tated with fuming HNO; and separated by centrifuging. 
The two supernatants, containing Y, were combined 
and processed as indicated under yttrium. 

The Sr(NO;) precipitate was dissolved in water and 
scavenged twice by precipitation of Fe(OH);. For the 
determination of the chemical yield Sr was precipitated 
as the oxalate by addition of (NH4)2C2O,. The precipi- 
tate was filtered, washed with water, alcohol and ether, 
and dried and weighed as SrC.0,-H,0. 


2. Vilrium 


To the fuming HNO; solution containing Y after 
separation of Sr as Sr(NOs3)2, Sr scavenger was added to 
precipitate and separate Sr(NOs)2. The purified super- 
natant Y solution was evaporated, made up to known 
volume and allowed to stand for 15-18 hr. Sr formed by 
the decay of Y was separated from an aliquot as de- 
scribed above. The remainder of the solution was used 
to determine the chemical yield by precipitation of 
Y2(C20,4)3-10H,0, ignition to YO; and weighing. 


Counting 


Final Sr(NOs3)2 precipitates were filtered through a 
glass chimney onto a weighed filter paper disk which, 
after drying, was weighed and cemented to a stainless 
steel disk in the usual manner. Counting was done with 
a methane-flow §-proportional counter of the Los 
Alamos type. Corrections were made as follows for: 
(1) background, (2) air and window absorption, de- 
termined experimentally by back extrapolation of the 
observed aluminum absorption curve” and also calcu- 
lated," (3) backscattering from the sample support, 
determined experimentally by the method of Burtt,” 
(4) scattering and self-absorption in the sample itself 
by interpolation in the data of Nervik and Stevenson," 
(5) geometry, calculated by the method of Burtt” and 
also determined experimentally with calibrated sources, 
(6) chemical yield. Air and housing scattering were 
negligible. 

To obtain absolute cross sections the absolute disinte- 
gration rates were calculated to infinite bombardment 
time and compared with the corresponding disintegra- 
tion rates of Na* produced from the Al monitor, taking 
into account the weights of the target and monitor. 


RESULTS 


The cross sections for the production of Y* and Sr™ 
from Zr™ by reaction of protons of 60-240 Mev energy 
are summarized in Table I. The ratio of the yield of 
Sr® to that of Y* at each energy is also given. 


2B. P. Burtt, Nucleonics 5, No. 2, 28 (1949). 

13 G. I. Gleason, J. D. Taylor, and D. L. Tabern, Nucleonics 8, 
No. 5, 12 (1951). 

4 W. E. Nervik and P. C. Stevenson, Nucleonics 10, No. 3, 18 
(1952). 
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TABLE I. Cross sections for production of Y*® and Sr® from Zr™. 








Proton energy Cross section in millibarns 


(Mev) ys Sr83 os,/oy 
240 0.0085 18.2 ae 
0.0070 15.6 2180 
150 0.0056 99 - 
0.0076 12.6 1700 
100 0.0085 11.8 
0.0096 12.2 1330 
60 0.0021 0.032 15 





The absolute cross sections for Sr® production from 
Zr™ at 100-240 Mev are approximately the same as 
observed for the corresponding reactions on V™ (10-20 
mb),'® Co® (~34 mb),! As?> (~25 mb),*!6 Y®* (7-40 
mb),!7 [27 (4-10 mb),!§ Cs"™* (2.4-5.0 mb)" and at 340 
Mev on Fe (2.5 mb)*. Since this type of reaction, 
(p,3p5n), exhibits low yields at low energies, few such 
measurements have been made. However, the cross 
section of 0.032 mb for Sr® production at 60 Mev is of 
the same order of magnitude as the corresponding 
(p,3p5n) reaction on V™ (0.08 mb)'® and Cs'** (0.05 
mb),'® with reaction on Co” and As” larger at 1.4 and 
3.4 mb, respectively.'4 

The cross sections of ~0.008 mb at 100-240 Mev 
for the Zr™(p,2p6n) Y* reaction are considerably smaller 
than those for the corresponding Co™(p,2p6n)Fe® and 
As"®(p,2p6n)Ge®®_ reactions (~0.6 mb),!4 
Y®(p,2p6n)Sr® reaction (2-11 mb).!” 

At 100-240 Mev the value of the ratio og,8*/oy** from 
Zr™ is 40 to 1000 times as large as the ratio found for the 
other reactions of this type. Thus, the value of the ratio 
for Mn® to Fe® from Co® varies from ~50 to 18, for 
Ga*® to Ge® from As" the value is ~ 2, and for Rb™ to 
Sr® from Y*® ~4; in each case the odd-odd product 
isobar has a larger cross section than the even-even one. 
As pointed out previously, the Y*—Sr®™ isobars how- 
ever are odd-even and even-odd, respectively. Another 
obvious difference between the Y*—Sr®™ pair and the 
other pairs is the much more highly neutron-deficient 
character of Y* as compared to the other nuclides 
involved. 


and 
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The absolute cross sections for the competing reactions Na*(n,p) Ne* and Na*°(n,a)F* have been meas- 
ured over the energy range 4 to 19 Mev by the activation method using neutrons from the H?(d,n)He’, 
N"(d,n)O", C(d,n)N™, and H3(d,n)Het reactions. The excitation curves thus obtained are compared with 
theoretical results based upon the statistical theory. A fair fit is obtained for the (”,p) reaction, but serious 
discrepancies exist between the measured and calculated (m,«) cross sections. 





INTRODUCTION 


HE existence of two different short-lived activities 

arising from fast neutron bombardment of sodium 
has been known for many years.'~* These were recog- 
nized to be from (n,p) and (n,a) reactions in Na”, 
However, until about three years ago only isolated 
measurements of the absolute cross sections had been 
made. The first detailed measurement of the 
Na*™(n,p)Ne™ excitation curve was reported by Bos- 
trom et al. in 1957.7 This was followed in 1958 by a 
measurement over a more extended energy range by 
Williamson et al.6 Unfortunately, the latter contained 
a numerical error. Also, the N'(d,n)O" cross sections 
of Weil and Jones’ which were used in computing the 
(n,p) cross sections have subsequently been shown to 
be in error by as much as a factor of 2 at some energies.” 
These errors have been corrected in the present paper, 
and the energy range covered has been greatly extended 
by the use of the C(d,n)N'® and H*(d,n)Het reactions 
as neutron sources. In addition, measurements of the 
absolute cross sections of the Na*(n,a)F* reaction 
have been made. 


TARGETS 


Neutrons for exciting the observed reactions were 
produced by bombarding the appropriate targets with 
a deuteron beam from the University of Texas electro- 
static generator. The range of deuteron beam energies 
used was 0.6 to 3.2 Mev, with a spread of +7 kev. The 
energy was measured by a magnetic resonance gauss- 
meter whose sensing element was placed in the field 
of the analyzing magnet. This apparatus was calibrated 
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10 T, Retz-Schmidt and J. M. Weil, Phys. Rev. 119, 1079 (1960). 


with the Li’(p,)Be’ threshold at 1.8814 Mev, and the 
energy scale is believed to be known to +4 kev over 
the energy range used. 

Gas targets 2 and 4 cm deep were used for deuterium 
and nitrogen bombardment, the gas being separated 
from the vacuum system by thin nickel foils. The C“ 
target consisted of a solid carbon target of 0.178 mg/cm? 
thickness enriched 10% in C™. The tritium target was 
a Zr-T target whose thickness was 0.486 mg/cm’. 

The pressure of the gas targets was measured either 
by a U-tube open-end mercury manometer or by a 
+2, accurate Bourdon gauge. Nickel windows of known 
area were weighed on a precision microbalance before 
being installed in the target system. Thicknesses of the 
windows ranged from 0.6 to 2.1 mg/cm?. 

The C* solid target was prepared by polymerization 
of 10% C*™ enriched acetylene on a 10 mil tantalum 
backing. Its thickness was measured by two methods.” 
The first consisted of observing the width at half- 
maximum of the C(p,y)N™ resonance at 1.76-Mev 
proton energy. The second consisted of observing the 
C®(d,n)N™ delayed activity yield from the target in 
question and comparing this yield to ‘the N™ yield from 
a normal carbon target whose thickness had been 
accurately determined by weighing. The two methods 
yielded thicknesses that differed by only 7%. This 
was within the experimental error of + 10%. 

The Zr-T target was supplied by the isotopes division 
of the Oak Ridge National Laboratory. The thickness 
of this target was checked by observing the H*(p,m)He® 
yield with a calibrated “long counter.” By assuming a 
one-to-one ratio of tritium to zirconium, a value of the 
thickness was obtained that differed from the value 
supplied by Oak Ridge by less than the estimated ex- 
perimental error of +15% for the measurement. 


MEASUREMENT OF THE NEUTRON YIELD 


It was felt that it would be desirable not to have to 
depend entirely on the calculation of neutron flux. 
Absolute measurements of the yield were therefore 
made for each of the neutron sources used. The flux 
of neutrons from the H?(d,z)He’ reaction was measured 
by a standard “long counter” which had been calibrated 


1C, E. Brient, Master’s thesis, The University of Texas, 
Austin, Texas, 1960 (unpublished). 
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Fic. 1. Cross sections for the neutron-producing reactions 
used in this experiment (references 10, 11, 14, and 15). The 
symbol designations for the absolute yield measurements are 
as follows: @—H?(d,n)He*® neutrons, A—H*(d,n)He* neutrons, 
V—C"(d,n)N" neutrons, X—N*(d,n)O" neutrons. 


with a Ra-Be source of known strength. The yields 
from the N'“(d,n)O" and C(djn)N™ sources were 
measured by observing the proton recoil spectrum in 
a 3 mmX3 mm cylinder of plastic scintillator. The 
H*(d,n)He' yield was measured by observing the recoil 
proton spectra produced in a 1 in.X 1 in. stilbene crystal 
with a pulse shape discrimination spectrometer.” All 
proton recoil spectra were displayed on a 100-channel 
analyzer and analyzed according to the methods of 
Swartz and Owen." The results of the absolute flux 
measurements are shown in Fig. 1, along with the 
published excitation curves for the various neutron- 
producing reactions.!°:!! 14.15 

Other workers have reported observing a reduction 
in neutron yield per unit charge with increasing beam 
current,'®7 and have attributed this to a local reduc- 
tion in gas density due to heating of the gas and foil 
by the beam. In an attempt to measure the magnitude 
of this effect the (m,p) activity per unit charge was 
observed after bombardments with various beam cur- 
rents. The beam was also artificially decreased by de- 
focusing. No significant effect on the (n,p) yield was 


2 R. B. Owen, L’ Electronique Nucléaire (Kartner Ring, Vienna, 
1959), p. 27. 

4% C, D. Swartz and G. E. Owen, Fast Neutron Physics (Inter- 
science Publishers, Ltd., London, 1960), Part I, p. 211. 

4Los Alamos Publication LA-2014, 27, 1957 (unpublished). 

16S. J. Bame, Jr., and J. E. Perry, Jr., Phys. Rev. 107, 1616 
(1957). 

16. L. Morgan, The Texas Nuclear Corporation, Austin, Texas 
(private communication). 

17J. H. Coon, Fast Neutron Physics 
Ltd., London, 1960), Part I, p. 708. 


(Interscience Publishers, 
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observed in the range of beam currents (0.2 to 1 ua) 
employed in this experiment. It is therefore concluded 
that the error from this source is probably less than 
coy 
5%. ; 

The contribution from room background neutrons 
was measured by the inverse square method. This 


contribution was also found to be less than 5%. 


EXPERIMENTAL ARRANGEMENT 


Figure 2 shows schematically the experimental ar- 
rangement used in this work. The sodium sample which 
was activated was in the form of a 1} in.X1} in. 
Nal(T!) scintillation crystal which was mounted on 
a DuMont 6292 photomultiplier. The crystal thus 
served as both target and 4m counter. The photo- 
multiplier base was mounted on an arm which could be 
swung away from the Van de Graaff target to a distance 
of about 6 ft after irradiation to avoid the strong back- 
ground following the deuteron bombardment. 

The face of the crystal was 2 to 4 in. from the face 
of the target. This distance was measured and fre- 
quently checked with a pair of machinist’s calipers. 
The thickness of the target mounting and the thickness 
of the reflective material around the crystal were also 
taken into account in calculating the solid angle. 

The target itself was insulated and electron emission 
was suppressed. It connected to a “leaky integrator” 
of the type reported by Snowdon.'* The value of the 
capacitors (polystyrene type) was known to 1% ac- 
curacy, and the time constant of the resistance-capaci- 
tance network was adjusted to be equal to the mean 
life of the activity under observation. The half-lives 
used were: F?°—10.7 sec,'* Ne’ ® The voltage 
across the integrator was measured by a calibrated 
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Fic. 2. Schematic diagram of equipment used in this experiment. 





18S. C. Snowdon, Phys. Rev. 78, 299 (1950). 
19 J. R. Pennig and F. H. Schmidt, Phys. Rev. 105, 647 (1957). 











REACTIONS Na*#*(#,p)Ne#3 


Keithley model 210 electrometer with an input impe- 
dance of at least 10 ohms and a rated accuracy of 
2% full scale. 

The electronic equipment consisted of a standard 
scintillation spectrometer with the exception of the 
Sanborn model 107 recorder. The register drive pulse 
of the scaler was of sufficient amplitude and duration 
to actuate the recorder pen, so that the activity can 
be recorded on the recorder tape scaled down by a 
factor of 8 or 64. These tapes were then analyzed at 
leisure. 


METHOD OF TAKING DATA 


In order to avoid the high background associated 
with a low bias setting, the integral bias of the pulse 
height analyzer was set so that about one-half of the 
8 spectrum of the activity being counted was accepted. 
This resulted in a factor of 100 decrease in background 
over a low bias setting. 

The energy calibration of the spectrometer was de- 
termined by observing the differential bias settings 
corresponding to the y-ray peaks from Cs'*’, Na”, and 
Co. Routine checks and adjustments of the calibra- 
tion were made at least every hour during the course 
of the experiment using the peaks from Na” as stand- 
ards. A ratemeter greatly facilitated finding the exact 
positions of these peaks. 

It is possible to calculate from the Fermi theory the 
fraction of the 8 spectrum accepted at a given integral 
bias setting. This has been done in Fig. 3 for Ne 
8 rays (67% of which have 4.4-Mev end-point energy 
and 32% of which have 4.0-Mev end-point energy and 
are accompanied by a 0.43-Mev y ray) and is compared 
with experiment. The fact that the experimental curve 
falls below the theoretical curve at higher bias energies 
can probably be attributed to crystal edge effects. In 
the calculations, the experimental curve was used. 

The yield from F* (5.42-Mev end-point energy ac- 
companied by a 1.62-Mev y ray) was never great 
enough to allow an accurate experimental determina- 
tion of the integral bias curve. The higher average 
energy of the 8 rays from this isotope would tend to 
enhance the edge effects; however, the coincidences 
between the y rays and 6 rays would tend to cancel the 
edge effects. Thus, the calculated fraction accepted 
was used in the (n,a) cross section calculations. This, 
however, introduces a slight added uncertainty of about 
6% in the (n,a) calculations. 


EXPERIMENTAL RESULTS 


Figure 4 shows the cross sections measured with 
neutrons from the H?(d,n)He*® and N“*(d,n)O" sources. 
The neutron energy resolution for the (”,p) reaction in 
this energy range was 20 to 40 kev. There is reasonably 
good agreement for the (n,p) reaction in the region 
where the neutrons from the deuterium and nitrogen 
reactions have corresponding energies. This furnishes 
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Fic. 3. Integral bias counting curve for Ne*. The theoretical curve 
from the Fermi theory is shown for comparison. 


an independent verification over a short energy range 
of the N'(d,n)O™ cross sections measured by Retz- 
Schmidt and Weil.’ 

The (n,a) reaction was unobservable below a neutron 
energy of 6 Mev. Below 8 Mev the energy resolution of 
the (,a) cross sections had to be sacrificed in favor of 
a thick nitrogen target in order to obtain a usable 
activity. The neutron energy spread varied from 130 
kev at the lower energies to 70 kev at the higher 
energies. 

Figure 5 shows the cross sections in the region from 
8 to 20 Mev. The energy resolution for the points taken 
with C'(d,2)N' neutrons varied from about 40 kev at 
the lower energies to about 30 kev at the higher energies. 
However, data points were taken every 50 kev because 
the detailed structure of the C™(d,n)N™ excitation 
curve is not yet known with enough precision to 
justify observations in smaller energy increments. 

Above 16 Mev the cross sections of both the (n,p) 
and (n,a) reactions are decreasing with increasing 
energy. Since detailed structure would not be expected 
at this high excitation, only enough points were taken 
to establish the trend of the curve. 

In all cases it was necessary to correct for the energy 
loss in the various targets. This was done by calculating 
the stopping powers for the various substances using 
the Bethe” formula. The parameters in this equation 
were adjusted to give the best possible fit to the small 
amount of experimental stopping power data which is 
available. 

The neutron energies at the mean angle subtended by 
the counter were taken from published tables* which are 
corrected for relativistic effects. However, no published 
energy tables are available for the N™(d,n)O™ and 
C(d,n)N"™ reactions. These were calculated from the 
nonrelativistic energy-angle formula using Q values of 
5.073 Mev for the nitrogen neutrons and 7.987 Mev 
for the carbon neutrons.” 


” M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
245 (1937); see p. 263. 

21. Blumberg and S. I. Schlesinger, Los Alamos Scientific 
Laboratory Publication AECU-3118 (unpublished). 

2. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 5 
(1959). 





CLAUDE F. 


WILLIAMSON 





TOTAL CROSS SECTION (MB) 
2 





Fic. 4. Cross sections for 
the reactions Na™(n,p)Ne™ and 
Na™(n,a)F™® for laboratory ener 
gies less than 8 Mev. Symbol 
designations are as follows: @ 
points taken with H®(d,n)He? neu- 
trons; X—points taken with 
N¥(d,n)O'™ neutrons; @—points 
taken by Jelley and Paul (refer- 
ence 5). Statistical errors only are 
shown for the present work, total 
errors for previous work. 
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It is estimated that the uncertainty in neutron 
energy was +15 kev over the entire range used. 


THEORY 


The statistical approach to the explanation of nuclear 
reactions was first put on a consistent theoretical basis 
by Weisskopf and Ewing.” The theory has essentially 
remained in its original form, the main work being 
concentrated on obtaining better formulas for level 
densities and compound nucleus cross sections. 

According to the Weisskopf-Ewing theory the cross 
section (a,b) for a reaction in which particle a is ab- 
sorbed to form a compound nucleus and particle b is 
emitted and can be written 


a(a,b)=e.(a)(T,/>. Ty), (1) 


where the I’s are the relative reaction widths and the 
sum in the denominator extends over all available 
emission channels. 

The I[’s can be written as 


¢p™max 


r= KMon f €,04(€,)w(U)dey, (2) 


where K is a constant; M, is the mass of the emitted 
particle; v is one for emitted particles with nonzero 
spin and is one-half for emitted particles with zero 


%V. Weisskopf and D. Ewing, Phys. Rev. 57, 472 (1940). 


spin; €, is the energy of the emitted particle; w(U) is 
the density of states of the residual nucleus at a level 
of excitation U remaining after emission of particle ); 
and o,(e,) is the cross section for compound nucleus 
formation by the inverse reaction. 

There have been many attempts to evaluate the 
density-of-states function.**** of the most recent 
and most successful attempts was performed by New- 
ton.” He obtains a level density formula for states of 


One 


zero spin of 

exp[ 2(aU)? | 
w(U)=const ree ; 
A53(27,+1)'(2jn+1)'[2U+3(l 


where a=0.062(j,+jn+1)A!, and j, and j, are the 
spins of the last neutron and last proton, respectively. 
A is the nuclear mass number and all symbols are as 
above. 

These equations as they stand do not take into 
account the symmetry effect. It is well known that 
odd-odd nuclei have a higher density of states than 
odd-A nuclei, which in turn have a higher density of 
states than even-even nuclei. This is often taken into 


*4H. A. Bethe, Revs. Modern Phys. 9, 79 (1937). 

*5 C, Van Lier and G. Uhlenbeck, Physica 4,.531 (1937). 

26 J. Lang and R. LeCouteur, Proc. Phys. Soc. (London) A67, 
586 (1954). 

27H. Hurwitz and H. A. 

28 G. Brown and H. Muirhead, Phil. Mag. 2, 473 (1957). 

*® T. D. Newton, Can. J. Phys. 34, 804 (1956). 


Bethe, Phys. Rev. 81, 898 (1951). 
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Fic. 5. Cross sections for 
the reactions Na™(n,p)Ne* and 
Na™(n,a)F™ in the laboratory neu- 
tron energy range 8 to 20 Mev. 
Symbol designations are as fol- 
lows: @—measurements of the 
(n,p) cross sections; *—measure- 
ments of the (m,a) cross section; 
@—measurement of the (n,p) 
cross section by Paul and Clarke 
(reference 6). 
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account by multiplying the density of states by con- 
stant factors which have been determined empirically. 

A more satisfactory method from a theoretical stand- 
point is to assume that neighboring nuclei have similar 
level density structures, but that the density of states 
for odd-A and odd-odd nuclei begins to rise from a 
reference line below the ground-state energy. In the 
computations herein it was assumed that this reference 
line was the ground state of the nearest even-even 
nucleus. 

To get the effective energy of excitation for calcu- 
lating the density of states of odd-A nuclei, the pairing 
energy 6 was added to the excitation energy of the 
residual nucleus. For odd-odd residual nuclei, 26 was 
added to the final excitation energy. The value of 6 
used was that of Green® which is given in Mev by 


6=10A-4, 


where A is again the mass number. The density-of- 
states function then becomes 


w(U)=w(e,™*— €, +8), 


where # is 0, 1, or 2 depending on whethe- the residual 
nucleus is even-even, odd-A, or odd-odd, respectively. 

Values of o,(€,) for charged particles were taken from 
the tables of Shapiro,* and values of ¢,(a) for neutrons 
were taken from Blatt and Weisskopf.” In ail cases a 
radius constant of 1.5 fermis was assumed. 

In order to obtain the (a,b) cross section from Eq. 
(1), one must integrate as indicated in Eq. (2). This 
was done in practice by plotting the spectra of all 
emitted particles at a given bombarding energy and 
integrating these spectra numerically. This yielded the 
I’, which could then be used in Eq. (1) to calculate the 
competing cross sections. 

#® A. E. S. Green, Nuclear Physics (McGraw-Hill Book Com- 
pany, Inc., New York, 1955), p. 250. 

31M. M. Shapiro, Phys. Rev. 90, 171 (1953). 

2 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, New York, 1956), p. 348. 
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This experiment covered such a large span of bom- 
barding energies that over much of this range second 
particle emission was energetically possible. Correc- 
tions for second particle emission were made in these 
calculations. 

The cross sections for the various reactions arising 
from neutron bombardment of Na* have been calcu- 
lated. Table I gives the Q values used in these calcula- 


Total Cross Section (mb) 


Laboratory Neutron Energy ( Mev) 


Fic. 6. Cross sections for neutron-induced reactions on Na®, 
calculated on the basis of the statistical theory as described in the 
text. Symbol designations are as follows: O—typical (m,p) data 
points; A—typical (m,a) data points; \7—(#,2m) measurement 
by Paul and Clarke (reference 6). 
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TABLE I. Q values* for neutron-induced reactions in Na™ 
in the energy range 0 to 20 Mev. 


Q value (Mev) 


—3.603+0.015 
—3.887+0.014 
—6.569+0.015 
—8.795+0.015 
— 10.379+0.014 
— 10.493+0.016 
— 12.419+0.016 
— 14.498+0.016 
— 16.387+0.035 
— 16,935+0.015 
— 19.161+0.035 





Reaction 
Na*(n,p)Ne* 
Na*™ (n,a)F™ 
Na™(n,d)Ne* 
Na*(n,np) Ne” 
Na™(n,t)Ne*! 
Na™(n,na)F™ 
Na™(n,2n)Na™ 
Na*(n,pa)O” 
Na*™(n,He®) fF 
Na*™(n,nd)Ne*! 
Na*™(n,2np)Ne* 


Delayed activity 


stable 
stable 
stable 
unknown 
2.60 yr 
29.4 sec 
unknown 
stable 
stable 


® See reference 22. 


tions, and Fig. 6 shows theoretical cross sections with 
typical data points to illustrate the fit. 


DISCUSSION 


With one exception the present data agree within 
experimental limits with previous work. Table IT sum- 
marizes both previous measurements and the present 
work. There is agreement except for the (m,a) point 
taken by Jelley and Paul® with Be*(d,z)B" neutrons. 
In the present experiment no (n,a) activity was ob- 
served below a neutron energy of 6 Mev. The point 
taken by Paul and Clarke® with H*(d,n)He‘ neutrons 
appears to agree fairly well with the extrapolated 
trend of the present curve. 

In the present work the H®(d,x)He*® and H*(d,n)Het 
reactions are monoergic; however, this is not true for 
the neutrons from the other two reactions used. Fortu- 
nately, in the energy range covered, the neutron group 
producing the first excited state in O" is never energetic 
enough to excite either of the reactions studied. Thus 
no correction is necessary to the cross sections measured 
with N"“(d,n)O" neutrons. 

The situation is somewhat different in the case of 
the C'4(d,n)N'* neutrons. At the highest bombarding 
energy the first excited state group from this reaction 
can excite the (m,p) reaction in an energy region where 


TABLE II. Summary of previous work and comparison with 
the present work on neutron activation of Na®. 


Neutron 
energy Neutron 


source 


o(nN,a) 
(mb) 


a(n,p) o(n,2n) 
(mb) (mb) 


Workers 


Be? (d,n) B 
H?(d,n) He* 
B”(dn)CU 
N"(d,n)O' 
Li’? (d,n) Be® 
H3(d,n)He4 


1.08 

0.52 
36.4 
34.0 


Jelley and Paul* 
Present work 

Jelley and Paul* 
Present work 

Jelley and Paul* 

Paul and Clarke’ 14.3 


* Reference 5. 
b Reference 6. 
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the cross section of the latter is about 3 to 6 mb. Thus, 
it is not unlikely that there is some contribution from 
the first excited state group. This may cause the ap- 
parent (,p) cross section to be larger than the true 
cross section. It will be necessary to have more infor- 
mation concerning the energy spectrum of the neutrons 
emitted in this reaction before any correction can be 
made. 

The absolute errors assigned to the data were com- 
pounded from estimates of individual experimental 
errors. These absolute errors are listed according to the 
neutron source used for the excitation. They are as fol- 
lows : H?(d,n)He®—16% ; N"(d,n)OU—24% ; C4 (d,n)N!5 
—33%; H®(d,n)He*—19%. 

It appears from Fig. 6 that the statistical theory 
gives a fair account of the (,p) reaction except in the 
energy region below the top of the Coulomb barrier. 
The fit for the (,a) reaction is poor and the shape of 
the theoretical curve appears to be significantly in 
error. 

These discrepancies could be qualitatively explained 
by assuming that 
particles are emitted than the present theory predicts. 
A possible mechanism for this is suggested in a paper 
by Németh.®* According to calculations by the latter, 
the penetrability of the Coulomb barrier of an excited 
nucleus may be significantly greater than expected 
owing to an effective lowering of the barrier by excita- 
tion. It is impossible to say at the present time if this is 
responsible for the observed discrepancies because no 
numerical calculations that take this effect into account 
have been made. 

The rather prominent resonance structure observed 
in the (m,p) reaction for neutron energies below 10.5 
Mev is probably caused by the energy level structure 
in the compound nucleus Na™. Since the density of 
resonances on the present excitation curve is less than 
the observed density of levels at the neutron binding 
energy, it appears likely that the observed resonance 
structure is due to groupings of unresolved levels in 


Na”, 


many more low-energy charged 
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Polarization of Cosmic-Ray Muons at Sea Level*} 
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Cosmic-ray muons at sea level are known to be partially lorigitudinally polarized. The object of this 
experiment was to measure the positive muon polarization by stopping the muons in a copper absorber and 
observing the up:down asymmetry in the decay electrons. Measurements were also made with iron and 
sulfur as control absorbers to test the symmetry of the apparatus. Since this experiment is performed in 
zero magnetic field, it has been possible to verify that unmagnetized iron depolarizes positive muons by 
precessing their magnetic moments in the strong, randomly oriented magnetic fields of the domains. The 
up: down ratio of decay electrons was 1.14-++0.02 for copper, 0.98+-0.02 for iron, and 1.02+-0.03 for sulfur. 
On the basis of the two-component neutrino theory, the muon polarization is found to be > (21+3)%, 
where the inequality is due to depolarization effects. On the basis of cosmic-ray data on the muon energy 
spectrum as a function of altitude, the polarization is expected to be about 30%. The data of the present 
experiment suggest that in the absence of external magnetic fields copper depolarizes positive muons, as 
there appears to be a decrease in the up: down ratio with time lived before decay. 





I. INTRODUCTION 


T has been determined experimentally that cosmic- 

ray muons are partially longitudinally polarized.'* 
This partial polarization may be understood qualita- 
tively in the following way. In the pion rest frame 
muons are emitted isotropically,* and these muons are 
100% longitudinally polarized.‘ Positive and negative 
muons are polarized, respectively, antiparallel and 
parallel to their momenta.®:* In this experiment, we 
are only concerned with positive muons because 
negative muons get depolarized before they decay or 
interact. 

The present experiment is designed so as to select 
only muons within a narrow range of velocities. To a 
sufficient approximation, they may be all considered to 
have the same velocity. A muon of given energy in the 
laboratory may have resulted from the decay of 
relativistic pions into angles with the pion momentum 
from 0° to 180° in the pion rest frame, since muons 
emitted backward in the pion rest frame will be trans- 


* Research supported by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission, and the Air 
Office of Scientific Research. 

+t A condensation of a Ph.D. thesis submitted to Washington 
University in August, 1959. The results were presented at the 
1959 Moscow Cosmic Ray Conference [Proceedings of the Moscow 
Cosmic-Ray Conference (International Union of Pure and Applied 
Physics, Moscow, 1960), Vol. I, p. 320] and at the Cleveland 
meeting of the American Physical Society, November, 1959 [Bull. 
Am. Phys. Soc. 4, 402 (1959) ]]. 

t Now at the University of Chicago, Chicago, Illinois. 
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formed forward in the laboratory frame. Consider the 
extreme cases. A muon of given energy may be the 
product of a pion of energy E, decaying directly forward, 
or of a pion of energy E’=1.75E decaying directly 
backward. Of course, all intermediate energies and 
directions of emission are also possible. A muon emitted 
backward (spin forward) will transform into the 
laboratory with spin forward, while a muon emitted 
forward will transform wit’) spin still backward. Since 
the pion energy spectrum falls off rapidly with increas- 
ing energy, one expects to find more muons with spin 
directed backward (up), resulting from a more frequent 
forward decaying pion, than forward, from a less 
frequent higher energy pion decaying backward. It is 
apparent that the partial polarization of cosmic-ray 
muons depends upon the shape of the parent pion 
energy spectrum, and that by measuring the polariza- 
tion at sea level, one has a method of obtaining this 
spectrum. 

The present experiment is essentially a continuation 
of the preliminary investigation reported in reference 2, 
the main difference being that the apparatus has been 
enlarged to approximately six times the area of the 
original. 


Il. THEORY 


The theory of the polarization of cosmic-ray muons 
has been developed by Hayakawa’ and Primakoff.? 
The partial longitudinal polarization (&-%,’) of muons 
from pions decaying in flight is given by’: 


1 
@a)=-le(—)(-2), 


where the prime indicates the laboratory frame and 
the subscript one a unit vector. Here, — is the muon 
polarization vector in the muon rest frame, v and ¢ are, 
respectively, the muon velocity and total energy (in 


7S. Hayakawa, Phys. Rev. 108, 1533 (1957). 
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units of its rest energy) in the pion rest frame, and 
7 is the total pion energy (in units of its rest energy) in 
the laboratory frame. 

To find the average polarization of the muon “beam,” 
which is what we measure, it is necessary to average 
(€-0,’) for a given v’ over the pion energy spectrum of 
decaying pions. We assume the pion differential energy 
spectrum to be of the form: 


N(n)dn= (const.)N—dn, (2) 


with y>0. The polarization is now averaged over this 
energy spectrum: 


d 
(esnwd=—181f~ (2)(1-2)104/ 


"max dn 
f N(n)—. (3) 
min 7” 


Here, the limits of integration correspond to forward 
and backward decay : 

Qmin= é'€( 1 +v'v), 
and 


Pmax e’e(1—v’v). (5) 


The added factors of 4 in Eq. (3) are necessary to 
account for the fact that the probability that a muon 
will have just the right energy to stop in our absorber 
decreases with increasing pion energy.® 

By eae Eq. (3) between these limits and 
denoting { (&-0;')ay} by 6, we obtain (for y> 2) 


(YG ere 


(i+ vv) 7 


ath tel | 
—}, (6) 
(1+-00’)"—(1—w’)7 | 


Expanding Eq. (6) in powers of (v’v) yields 


{3 (y+1) (ov’)+---}, 
as an approximate relation between 6 and y. 

It should be noted that Eq. (6) does not contain ¢’ 
explicitly and depends on the muon laboratory energy 
only through v’, which is essentially equal to 1.0 in the 
relativistic region. Hence, the expression Eq. (6) for 
the polarization in the laboratory frame applies to 
any spectrum of muon energies provided only that the 
energies are large compared to 105.7 Mev. 

The partial longitudinal polarization of the muon 
“‘beam”’ was found by stopping the muons in a suitable 
absorber (in this case, copper) and observing the 
asymmetry of the muon decay electrons. Such a “beam” 
of partially polarized muons is expected to give an 

§ The factor noted here was omitted in references 2 and 7 but 
has been correctly included in the calculation by I. I. Gol’dman, 


Soviet Phys.—JETP 34(7), 702 (1958); J. Exptl. Theoret. Phys. 
(U.S.S.R.) 34, 1017 (1958). 
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angular distribution of electrons of the form: 
1+-a6 cosy, (8) 


where a is an asymmetry coefficient? depending upon 

the decay electron energy and the experimental 

configuration, and y is the angle between the muon 

momentum upon entering the absorber and the decay 

electron momentum. The up:down asymmetry (R) 
of decay electrons has the form: 
1+|5\4 

R= : (9) 


1—|d\a 
where d is an effective asymmetry coefficient. 


Ill. EXPERIMENT 


Figure 1 is a schematic illustration of the apparatus. 
A filter consisting of 345.9 g cm~ of lead (approximately 
200 g cm™ air equivalent) is provided and requires 
that the muon have a minimum momentum of 540 
Mev/c to enter the absorber. The three absorbers used 
are copper (33.9 g cm™’), iron (30.0 g cm™), and 
sulfur (12.7 g cm~?). Iron and copper stop particles 
with momenta up to 593 Mev/c and sulfur up to 572 
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Fic. 1. Schematic diagram of the apparatus showing arrangement 
of counters, filter, and absorber. 


* T. Kinoshita and A. Sirlin, Phys. Rev. 107, 593 (1957). 
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Mev/c. Copper” was used to determine the up:down 
asymmetry. Iron (soft unmagnetized iron") was used 
as a control to find out if there are inherent asymmetries 
in the geometry or electronics. Iron is expected to 
completely destroy the polarization by making the 
muon spin precess rapidly in the large magnetic 
fields of the domains.” Sulfur," which is known to 
depolarize* almost completely, was also used as a 
control. 

The detectors labeled A, upper (U) and lower (L) 
in Fig. 1 are scintillation counters consisting of plastic 
scintillators,'® each of which is viewed by a single 
5-in. photomultiplier tube (DuMont type 6364). 
Counter A consists of four 1X 10X 10 in. pieces arranged 
together to form a single 1X20X20 in. scintillator. 
The U and L counters are identical and the scintillators 
are 33X20 20 in., each consisting of four pieces of 
scintillator 33X10 10 in. 

The B and C Geiger trays consist of twenty-six 
1X20 in. and thirty-one 1X36 in. Geiger tubes, 
respectively, staggered to minimize the possibility of 
particles passing between the counters undetected. 
The walls of the tubes are 0.015-in. brass. 

The surfaces of the scintillators used in A, U, and L 
were machined smooth, but not polished, to reduce 
light loss by internal reflection. To enhance the reflec- 
tivity, the inside surfaces of the counter boxes were 
painted with several coats of a flat white paint.’ 

It is important for the counters to have a pulse- 
height response which is as uniform as possible, i.e., 
particles of the same energy should give the same 
pulse height regardless of where they strike the 
scintillator. Counters of this geometry, in general, 
give larger pulses for particles incident near the center 
than near the edges. In this case, for minimum-ionizing 
particles, the difference in pulse height is about 15% 
between the edges and the center. This is because 
most of the light coming from particles near the edges 
of the counter is scattered at least once, losing intensity 
with each scattering, before striking the photocathode, 
while somewhat more of the light particles near the 
center is incident directly on the photocathode. In 
order to minimize this effect, circular disks of aluminum 
foil were attached to the surface of the scintillators, 
between the scintillator and phototube, to reduce 


© The copper absorber consisted of six 
99.998% pure copper. 

4! The iron absorber consisted of six }X20X20 in. plates of 
“Armco Magnetic Ingot Iron,” available from the American 
Rolling Mill Company, Middletown, Ohio. 

2H. Primakoff (private communication, 1957) 

8 The sulfur absorber consisted of three "A XCIX20 | in. blocks, 
molded from sublimed, N.F. grade, powdered flowers of sulfur, 
available from Mallinckrodt Chemical Works, St. Louis, Missouri. 
The absorber had an average density of 1.96 g cm™ and was in 
the rhombic crystalline form. 

144R. A. Swanson, Phys. Rev. 112, 580 (1958). 

18 Materiai manufactured by Allied Research Associates, Inc., 
Boston, Massachusetts. 

16 Plasticoat available from Coating Laboratories, Inc., Tulsa, 
Oklahoma. 
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Fic. 2. Block diagram of electronic apparatus. 


the amount of direct light from particles near the center. 
To determine the optimum disk diameter, pulse-height 
spectra were taken for minimum-ionizing particles 
incident near the edge and near the center of the 
counter, for disks of various sizes. A diameter of 9 in. 
gave practically the same spectrum for the two posi- 
tions, indicating that uniformity was_ essentially 
complete. The resolution for minimum-ionizing particles 
incident uniformly over the counter was improved from 
23% (full width of the differential pulse-height peak 
at half- maximum) to 16% with less than 10% decrease 
in gain, by using the disks. 

Figure 2 shows a block diagram of the electronics. 
We require for a muon entering the counter telescope 
a triple coincidence between A, U, and B, and C and L 
in anticoincidence. Muons stopping in the lower half of 
a B-tray Geiger tube or the upper half of a C-tray 
Geiger tube will also satisfy these conditions, but this is 
of no consequence since the tubes have brass walls. 

In Table I the counting rates, measured and com- 
puted, are listed for the counters and various combina- 
tions in which they were used. The observed rates are 
from, a typical run using iron as an absorber, and the 
calculated rates are based on sea level data.!’ The A 
counter was mounted on top of the lead filter with only 
about 4.0 g cm of light material above it. However, 
the counter was biased so that very little of the soft 


TABLE I. Typical counting rates. 





Calculated 
rate (sec!) 


Observed 
rate (sec?) 


Counter 
designation 





4.05 X10! 
3.69X 10! 
1.30X 10? 
4.49X 10? 
3.76X 10! 
7.07 

4.96 
1,90X107 


3.45X 10! 
3.84 10! 
3.84X 10! 
9.26 10! 
3.84 10! 
8.75 

6.16 
1.29107 


AUB 
AUBCL 
Muon decay 
rate in U or L 


1.47X10°5 1.84 10-% 





17 B. Rossi, Revs. Modern Phys. 20, 537 (1948). 
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component was counted. All of the scintillation counters 
were made insensitive to local radioactivity by dis- 
criminating against small pulses. U and L were under 
the filter and their rates were consequently somewhat 
lower than A. The U rate was smaller than the L rate 
because U was better shielded by the filter. The B and 
C rates were higher than expected due to local radio- 
activity. The AU, AUB, and AUBCL rates have been 
computed following the method given in reference 18, 
and the expected muon decay rate into U and L was 
calculated from the results of the machine calculation 
of the asymmetry coefficient (Sec. IV). 

Data were taken by photographing the face of a 
Tektronix 531 cathode-ray oscilloscope. The outputs 
from U and L are delayed approximately 4.4 usec and 
fed into the balanced inputs of a type 53G Tektronix 
preamplifier; one input deflecting the electron beam up 
and the other down. AUBCL pulses from the coin- 
cidence-anticoincidence circuit triggered the 1-usec/cm 
horizontal sweep (~10 usec long). Since the U and L 
pulses are delayed, they reach the scope preamplifier 
after the sweep has started and the pulse due to the 
the muon traversing U appears on the sweep first 
followed by a decay electron pulse, if there is one, in 
the same direction as U for an upward decay and in 
the opposite direction for a downward decay. 

The film was analyzed by measuring the differential 
pulse height and time distributions of the delayed 
pulses. Only pulses occurring 0.625+0.015 usec after 
the start of the muon pulse and with amplitude corre- 
sponding to an energy greater than 6 Mev were 
analyzed. The raw data in 0.625-ysec channels are 
listed in Table II. 

The U and L counters were connected rigidly together 
and mounted on tracks so that they could be rolled 
away from the absorber and their relative positions 
interchanged by rotating them through 180° on pivots. 
This arrangement makes it possible to average out 
inherent asymmetry due to differences in the two 
counters and their associated electronics, i.e., differences 
in gain, resolution, etc. 

Data were taken in runs approximately 24 hr long, 


TABLE II. Differential time distribution of electron pulses. 


Channel Tron 
number Lower Upper 





Sulfur Copper 


Lower 


813 
505 
346 
279 
198 
164 


Upper Upper 
1801 
1227 
1035 

747 
554 
446 
300 
255 


1380 
993 
704 
593 
412 
326 
266 137 
206 104 
129 55 


~ 
Oo 


Onur WN 


5138 5009 2601 


Totals 


18 A. M. Conforto and R. D. Sard, Phys. Rev. 86, 465 (1952). 
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TABLE ITI. Background 


Number of Background 


sweeps 


Running 


Lower Upper time (hr) 
1.05 «10° 148 153 
0.330 10° 47 48 


1.09 «108 154 160 


1007.0 
817.6 
1394.8 


Iron 
Sulfur 
Copper 


the counters being interchanged three times during the 
run giving two separate, and equal, periods with each 
counter in the two positions. Before and after every 
run the gains of the two counters, and their associated 
electronics (up to the scope preamplifiers) were checked 
by taking an integral spectrum of minimum ionizing 
cosmic rays in were 
interchanged between runs as a further precaution 
against systematic errors, copper being alternated with 
either iron or sulfur. 

Background was measured by increasing the sweep 
speed to 10 uwsec/cm and running the experiment as 
before. Only U and L pulses more than 23.4 usec after 
the start of the sweep were analyzed to insure that only 
background pulses were counted. This gave an effective 
sweep length of 74.8 usec compared to 5.625 usec for 
the data sweeps. In a run of 147.3 hr giving 1.40105 
slow sweeps, there were 262 L pulses and 272 U pulses. 


each counter. The absorbers 


] 


By using this background rate, we calculate the numbers 
listed in Table ITI. 


IV. EVALUATION OF THE ASYMMETRY 
COEFFICIENT 


We wish to compute the flux of decay electrons 
expected in U and L from muons decaying within the 
absorber. The problem involved here is to find, for 
muons of given polarization, the number of decay 
electrons per second one would expect in U and L for all 
possible muon angles of incidence, absorber depths, 
decay electron energies, emission. 
The number of muons decaying into U and L may be 
written: 


=f. 


Here, the first term to the right of the integral signs is 
the decay electron energy-angle distribution from muons 
at rest with polarization 6, the second term gives the 
number of muons per second entering the apparatus 
and coming to rest in an element of thickness dz of the 
absorber, and the last term gives the differential range 
distribution for an electron of energy U. 

The electron energy-angle distribution in which we 
are interested is that which gives the fraction of muons, 
with polarization 6, decaying into electrons, with energy 
between U and U+dU at an angle ¥ with the muon 
momentum into solid angle dQ,. Such a distribution is 


and directions of 


+ f (Lana) [ P(0,)dAdQ,dz 


x<[R(r,U) ‘dr. 


(10) 
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given in the two-component neutrino theory'® by 
dN (UW,6) = {2U°[(3—2U) 

—6 cosy(1—2U) |KdQ,} (1/47), 
where U is in units of 53 Mev and (see Fig. 3) dQ, 


sin6.d0.d¢,. It is necessary to find the connection 
between 6,, 6., du, de, and y. This is 


(11) 


—cosy=sin@, cos@, sind, cos@,+-sin#, sing, 


Xsind, sind,+cosé, cosb,. (12) 


On assuming the current of incident muons varies 
as the square of the cosine of the zenith angle,'’ the 
number of positive muons per second stopping in an 
element of thickness dz of absorber is P(0,)dAdQ,dz 
=i, cos*@dAdQ,dz. Here, dA is the projection of the 
element of area dxdy normal to the direction of muon 
incidence (dA =dxdy cos6,). 

Upon emission an electron must traverse a thickness 
of absorber, determined by the depth at which the 
meson stopped and the direction of emission, before 
entering the counter. We represent the differential 
range distribution by R(r,U), ie., R(r,U) gives the 
probability that an electron will stop in each element 
dr of path length. R(r,U) is a very complicated function 
because of electron range straggling and must be 
evaluated numerically. Fortunately, electron range- 
straggling tables” are available and these were used in 
evaluating Eq. (10). On collecting results, we have 


T=(1 tn) f --- f 2UTx20)—a¢sina, cos. 


sin, cosdy+sin#@, sing, sind, sin¢d,+cosé, cos,) | 
x (dU siné.d0.d¢-.)}{i, cos*6, sin0,d0,do, 


Xdxdydz}{R(r,U)jdr, (13) 


which we write for convenience 


T= 5| Is, (14) 


where J; and J, are independent of 6. The plus and 
minus signs refer to the flux of decay electrons in U 
and L, respectively. 

Equation (14) yields the up:down asymmetry of 
decay electrons as 


I, 1+]8| (72/) 


I. 1—|8|(I2/I;) 


(15) 


On comparing Eqs. (9) and (15), we obtain: d= J2/J;. 
The necessity of using range-straggling tables and 
the finite geometry of our apparatus make direct 
evaluations of Eq. (13) impossible, and the integration 
” T, D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957). 
2” J. E. Leiss, S. Penner, and C. S. Robinson, “Tables of Electron 
Range Straggling in Carbon,” University of Illinois, Urbana, 
Illinois (unpublished). 
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Fic. 3. Schematic diagram illustrating the decay of a muon. 
must be carried out, for the most part, numerically. 
This has been done using the Washington University 
IBM-650 data processing machine. This evaluation 
gives @=0.31+0.01. Errors enter into 7, and_J; in the 
same way and cancel in first order. 


V. REDUCING OF DATA 


The differential time distributions (Table II) are 
not in general expected to be simple exponentials 
because of the presence of negative muon decays and 
background pulses. Most of the negative muons stopping 
in the absorbers annihilate with nuclei. Those decaying, 
however, give an isotropic”! background that must be 
taken into account. 

On dividing the time scale into equal channels of 
width A, starting /9 after time zero, and labeling the 
channels by integers ({=0, 1, 2, ---) we have for the 
average number of decay electrons in the ith channel: 

Y = Aa;+C, (16) 
with 


A=N,*G(+) exp[—Aolo ](1—exp[—AA ]), (17) 


N, he 
a;=exp[—AiA ] ac - exp[ — (A-—Ao)lo }— 
N,* r 
u 


1—exp[—A_A]G(—) . 
—————_———— exp[— (A_—Ap)iA] }, 
1—exp[— AoA ]G(+) 


and C is the background per channel. Here, G(+) is 
the average detection efficiency for electrons from 
positive and negative decays, respectively, NV,~ is the 
number of positive and negative muons stopped by 


cero 


the absorber, and the ratio V,-N,*=45/55”; Xo is the 


(18) 


21V. L. Telegdi, Washington University Colloquium, May, 1959 
(unpublished). A. E. Ignatenko, L. B. Egorov, B. Khalupa, and 
D. Chultem, Soviet Phys.—JETP 35(8), 792 (1959); J. Exptl. 
Theoret. Phys. (U.S.S.R.) 35, 1131 (1958). 

*% G. Puppi, Progress in Cosmic-Ray Physics, edited by J. G. 
Wilson (North-Holland Publishing Company, Amsterdam, 
1956), Vol. 3, p. 341. 
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Fic. 4. Time distribution of positrons from iron and copper 
absorbers combined. Shown with a 2.20-usec mean life curve. 


decay constant for positive muons (2.20+0.015 
usec), \_ is the disappearance rate of negative 
muons and is the sum of the decay rate from Bohr 
orbits (Ag) and the nuclear interaction rate (\,). It 
should be noted that A» and Ay are not the same. In 
general, Ag varies from material to material approaching 
Ao for small Z. Values of the disappearance and inter- 
action rates have been measured at the University of 
Chicago synchrocyclotron.* Since the first channel 
starts 0.625 usec after time zero, i.e., 49=0.625 usec, 
the last term in the curly brackets [Eq. (18) ] is 
negligible for copper and iron. In sulfur, however, 
about 14% of the observed decays are due to negative 
muons and this term cannot be neglected. The function 


TABLE IV. Summary of results. 


R=A (upper) / 
A (lower) 

A+tca Theor. 
Upper 1300+19 
Lower 1330+19 
637+12 

625+12 

1700+22 
1490+ 20 


C+5C 
17.0+1.1 
16.4+1.0 

5.3+0.5 

5.2+0.5 


17.8+1.1 
17.1+1.1 


Exper. 


0.98-+0.02 


Iron 1.00 


Sulfur Upper 
Lower 1.02+0.03 1.01 


Copper Upper 


? 
Lower 1.14+0.02 








% J. Fischer, B. 
Stroot, Phys. Rev. Letters 3, 349 (1959). 
“J. C. Sens, Phys. Rev. 113, 679 (1959). 
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a; for sulfur involves the ratio G(—)/G(+-), but this 
is 1.00 since sulfur depolarizes the muons completely. 

We need the up:down ratio (R) of decays. This is 
equal to the fraction of positive muons counted by U, 
G(+, upper) divided by the fraction counted by JL, 
G(+, lower), Eq. (17) yields for this ratio: 

G(+, upper) A (upper) 

(19) 
G(+, lower) A (lower) 
Thus we need to extract A (upper) and A (lower) from 
the data. The data was analyzed following the least- 
squares procedure of reference 2. In the present case, 
only a one parameter fit is required since the back- 
ground was measured experimentally. On using this 
procedure, we obtain 


dD ia;—C Dia; Y; 


>: a? Y; 
and 
r>- 


4 Liu 


a?/Y; 


for the statistical error in A. Here, Y; is the number of 
pulses in the ith channel. The data in Table II were 
analyzed using this method and the results are sum- 
marized in Table IV. The total number of positive 
decay electron pulses recorded is (1—expl—AoA ]})"1A, 
and the time distribution of the iron and copper data 
combined is shown plotted in Fig. 4, 
pared with a 2.20 ywsec mean life curve. Using the 
maximum-likelihood procedure of Peierls,”® these data 
yield 2.20+0.04 usec for the most probable muon mean 
life. 


where it is com- 


VI. RESULTS 


On taking into account possibl. ce polarization effects, 
Eq. (9) becomes: 


1+4| 6| KatmK moaK abs 
R ; (22) 
1—4G| 5| KatmK moaK abs 


Here, Katm, Kmoa, and K,4, are correction factors for 
depolarization in the atmosphere, moderator, and 
absorber, respectively. Hayakawa’ has made theoretical 
estimates of the depolarization due to Coulomb scatter- 
ing in the slowing down and stopping of muons. For an 
experiment very similar to this one, he estimates that 
muons are depolarized by about 5% in traversing the 
atmosphere and lead moderator, i.e., KatmK moa=0.95. 
Depolarization due to Coulomb scattering in the 
absorber is also estimated and found to be negligible. 
However, it is possible that muons are depolarized to 
some degree by the absorber after they are brought to 
rest. Depolarization of this kind could be caused by 
weak magnetic fields, of the order of a few gauss, 


25 R. Peierls, Proc. Roy. Soc. (London) A149, 467 (1935). 
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within the absorber. In Fig. 5, the time distributions 
(Table II) have been divided into three 1.875-usec 
channels and the experimental up:down ratio per 
channel with the estimated background subtracted off 
is plotted against time. (The errors shown are standard 
statistical deviations.) The apparent decrease in the 
up:down ratio for copper, which is much smaller for 
sulfur or iron, would seem to indicate that there may 
very well be an internal depolarizing mechanism in 
copper. Cyclotron experiments*®.?’ using copper as a 
muon absorber have not indicated any effects of this 
kind noted here. However, these experiments all use 
magnetic fields of the order of 50 to 100 gauss to turn 
the muon magnetic moments, and such fields could 
overcome small depolarization effects. 

It should be noted that the present experiment is 
the only zero-field experiment reported to date, using 
copper, in which the time distributions of the decay 
electrons have been measured. 

From the value of R for copper (Table IV) and the 
calculated asymmetry coefficient @ we have from Eq. 
(22): 


15] =0.21+0.03/(KatmK moaKabs), (23) 


|5| >0.21+0.03. (24) 

It is apparent from Eq. (23) that |6| depends 
strongly on the magnitude of the depolarization effects. 
Unfortunately, our measurement of the depolarization 
in copper lacks sufficient accuracy to give a meaningful 
correction factor. On assuming that |6| decreases 
exponentially with time, one obtains from Fig. 5 the 
value K,p,=0.7_9.2+°* within the limits of error. A 
factor of 0.70 would raise |6| to 0.30. However, in view 
of the uncertainties involved, we are compelled to 
state |6| as the inequality Eq. (24) until an accurate 
measurement of Kp, has been made in some future 
experiment. 

Since the muons are produced at various altitudes,” 
the polarization measured is an average over a spectrum 
of muon energies between 2.64 and 0.403 Bev; corre- 
sponding to muon ranges of 1.2X10® g cm™ and 
2.010? g cm~*, respectively. By using Eqs. (4) and 
(5), we find that these muons are produced by pions 
with energies between 4.62 and 0.407 Bev. 

Strictly speaking, Eq. (2) is only valid over a limited 
range of energies.” However, Eq. (2) is a good approxi- 
mation to the pion spectrum between 1 and 5 Bev with 

=2.4. Over 90% of the observed muons are from 
pions in this region; relatively few muons are irom 
pions below 0.6 Bev, where the slope of the spectrum 
decreases rapidly with increasing energy. 

For such high energies v’ is a very slowly varying 


26 J. M. Cassels, T. W. O’Keefe, M. Rigby, A. M. Wetherell, and 
J. R. Wormald, Proc. Phys. Soc. (London) A70, 543 (1957). 

27M. Weinrich, Columbia University Nevis Cyclotron Labor- 
atory Report No. 56, 1958 (unpublished). 

28 M. Sands, Phys. Rev. 77, 180 (1950). 
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Fic. 5. Experimental up:down ratio per channel plotted 
time, showing possible depolarization in copper. 


against 


function of energy, and it is a good approximation to 
assume v'=1.0. In this energy region, 2v’=0.27 and 
|\6| >0.21+0.03. Equation (6) gives y>1.3+0.3, and 
with KatmK moa=0.95, the inequality becomes y>1.4 
+0.3. This result is consistent with the value (1.00+0.6) 
obtained for y by Clark and Hersil' who found 
|| =0.19+-0.06. Alikhanian and associates” have re- 
ported |6|=0.21+0.08 for muons of momentum 0.35 
Bev/c on entry into the apparatus. 


VII. CONCLUSIONS 


The results of this experiment indicate that as 
expected the positive muon “beam,” stopping in a thin 
absorber at sea level, is partially longitudinally polar- 
ized. On the basis of the two-component theory, the 
magnitude of this partial polarization is found to be 
> (21+3)%. By assuming a power law for the parent 
pion differential energy spectrum, the slope of this 
curve is found to be > 1.4+0.3 which is consistent with 
other results in this energy region. 

There is evidence that, in the absence of external 
magnetic fields, copper depolarizes stopped muons at a 
rate corresponding to a relaxation time of several 
usec. The experimental result is consistent with the 
value y=2.4 obtained from other experiments of a 
different type” only if there is indeed a relaxaticn of 
the polarization in copper of an amount suggested by 
the data in Fig. 5. In effect, the polarization at sea 
level with y=2.4 is 0.30, while with Ka,=0.7 the 


2A. I. Alikbanian, Proceedings of the Moscow Cosmic-Ray 
Conference (International Union of Pure and Applied Physics, 
Moscow, 1960), Vol. I, p. 317. 
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experimental result becomes 0.30. At present, however, 
the magnitude of this effect is not known accurately 
enough to correct |6| and y. 


ACKNOWLEDGMENTS 


The author would like to express his sincere thanks 
to Professor R. D. Sard under whose guidance this 
experiment was performed and to Dr. J. M. Fowler 


PHYSICAL REVIEW VOLUME 


1 


JOHNSON 


who collaborated with Professor Sard and the author. 
In addition, I would like to thank Professor H. Prima- 
koff for several stimulating discussions throughout the 
experiment. Special thanks are due to Dr. E. D. Lambe 
for his advice and assistance in preparing the computer 
program. I would also like to express my gratitude to 
Mr. J. D. Miller for his help in the construction and 
maintenance of the experimental apparatus. 


22, NUMBER 6 1961 


Angular Distribution of Shower Particles from 1000-Bev Nucleon 
Alpha Particles on Emulsion Nuclei 


P. L. JAIn 
Department of Physics, University of Buffalo, Buffalo, New York 


(Received January 10, 1961; revised manuscript received March 1, 1961 


Twenty-eight interactions of a particles were located in a 22-liter stack of nuclear emulsion by tracing back 
showers of minimum ionization particles to their origins. The angular distributions of 17 a particles with 
a dip angle < 20° are presented. The inelasticity for these 17 interactions shows large fluctuations for indi 
vidual events and its mean value is 30%. The angular distributions of these a particles have been transferred 
into a system in which they are roughly symmetric. The degree of anisotropy of the angular ibutions 
is in disagreement with a hydrodynamical model of nucleon-nucleus collisions. The detailed analysis of the 
angular distribution of composite stars for events with a high degree of anisotropy of secondaries in the 


istr 


center-of-mass system shows that the shape of the angular distribution is in agreement 
of the “two-fireball” model of multiple meson production, both for nucleon-nucleon and nucleon 


collisions. 


1. INTRODUCTION 


T present there are not enough experimental data 

available to show which one, among the several 
existing theories of Fermi,' Heisenberg,? Landau,’ and 
the ‘“‘two-center model,”*~® can best explain very high 
energy nucleon-nucleon interactions. The main diffi- 
culty is that the energy available in accelerators is not 
yet high enough (~30 Bev) to make any systematic 
studies. So, for the study of high-energy nuclear inter- 
actions, cosmic rays are the only source of high-energy 
particles. Since the flux of the high-energy particles 
is much less than of the low-energy particles in cosmic 
radiation, our present experimental knowledge is based 
on a small number of events. 

In order to observe high-energy interactions, nuclear 
emulsion is generally used. It has the advantage of 
being light in weight and can thus be easily flown to 
very high altitudes. The only disadvantage in using 
nuclear emulsion is that it consists mainly of heavy 
elements, and consequently very few (<5%) of the 
collisions of the primary particles with the emulsion 

1 E. Fermi, Progr. Theoret. Phys. (Kyoto) 5, 570 (1950); Phys. 
Rev. 81, 683 (1951). 

2W. Heisenberg, Z. Physik 126, 569, (1949); 133, 65, (1952). 

*S. S. Belenki and L. D. Landau, Nuovo cimento Suppl. 3, 15 
(1956) 

4P. Ciok, T. Coghen et al., Nuovo cimento 8, 166 (1958). 

5G. Cocconi, Phys. Rev. 111, 1699 (1958). 

® K. Niu, Nuovo cimento 10, 994, (1958). 
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nucleus 


nuclei are with free protons. Thus in nuclear interactions 
in emulsion, we are concerned primarily with nucleon- 
nucleus collisions, in which several target nucleons may 
take part. The generally accepted practice for selecting 
“Jets” which are due to nucleon-nucleon interaction 
is to select those events which have no heavy prongs 
at all or only those events which have not more than 
three or four heavy prongs. This is believed to be the 
best approximation to a collision between a nucleon and 
a free proton or between a nucleon and only one bound 
nucleon at the periphery of a heavy nucleus without 
any visible excitation of the rest of the nucleus. We may 
point out here that these criteria used for the nucleon- 
nucleon interaction are not quite safe, because the 
emission of neutrons alone as a result of some excitation 
of a nucleus cannot be excluded entirely. As yet there 
exists no procedure by which it could be ascertained 
without any doubt whether the collision is a nucleon- 
nucleon interaction or not. 

About one-third of the primary jets produced by 
cosmic ray particles are initiated by a@ particles rather 
than protons. In such collisions it is reasonable to regard 
the incident a@ particle as four separate nucleons, each 
of which, when it mesons from its 
individual center-of-mass system. On the average, these 
separate center-of-mass systems will have the same 


interacts, emits 


velocity in the laboratory system, and the assumption 
is made of symmetrical emission of mesons from a com- 





ANGULAR DISTRIBUTION 
mon center-of-mass system. According to the above 
suggestion we can regard the interactions of the incident 
a particles as a superposition of the interactions of the 
individual nucleons. The observed ratio of multiplicities 
for proton and a particle primaries suggests that on the 
average, two nucleons’’* of the a particle undergo inter- 
action. The multiplicity of proton-induced jets of 
median energy 3 Tev (3 Tev=3000 Bev) is about 20 
and the multiplicity for primary a-induced jets is 
about 40. In the present paper we shall consider the 
angular distribution of shower particles generated in 
nuclear interactions of high-energy (~10" ev per 
nucleon) @ particles with the nuclei of photographic 
emulsion. We shall separate these events in different 
categories according to their V, (grey and black prongs) 
and n, (light prongs) values and shall try to fit the 
angular distribution with a certain nuclear model. Our 
object is to see how far we are justified in using the jets 
produced by a particles for studying the properties of 
nucleon-nucleon or nucleon-nucleus collisions. 


2. EXPERIMENTAL METHOD 


A stack of 22 liters of Ilford G-5 emulsion, consisting 
of 200 pellicles, 60X30 cm, 600 » thick was exposed to 
cosmic radiation on a Skyhook balloon flight over 
Texas with the 60-cm side pointing to the vertical 
direction. The flight remained at an altitude of 116 000 
ft for 13 hr. After development, each emulsion :was 
cut into eight pieces of dimensions 15X15 cm. 

Every high-energy nuclear event is accompanied by 
a narrow electromagnetic cascade, arising from the 
decay of w® mesons, which can be found relatively 
easily. The scanning procedure was therefore designed 
to detect these cascades and to trace them back to their 
origin. Each emulsion was scanned along a line about 
0.5 cm from the edge, on all sides except the top side 
of the first section, using a magnification of about 
300X. More than 120 jets, produced by singly charged 
particles, neutral primaries, a particles, or heavy nuclei 
of energy 10" ev per nucleon, were thus located. The 
angular distribution of 78 nuclear interactions produced 
by singly charged particles and 6 interactions produced 
by neutral particles has been discussed separately.® Out 
of 28 a-particle interactions, we have analyzed 17 events 
having a dip angle <20°. In one event, the incident a 
particle emerged undeflected, presumably as a He’ 
nucleus, where only one neutron interacted. 


3. ENERGY DETERMINATION 


In the study of high-energy nuclear interactions, one 
of the most serious problems is that of a reliable determi- 
nation of the energies of the primary particles. A direct 


7M. V. K. Appa Rao, R. R. Daniel, and K. A. Neelakantan, 
Proc. Indian Acad. Sci. 43A, 181 (1956). 

8 P. L. Jain, E. Lohrmann, and M. W. Teucher, Phys. Rev. 115, 
643, (1959). 

* A. Barkow, B. Chanany, D. Haskin, P. Jain, E. Lohrmann, 
M. Teucher, and M. Schein, Phys. Rev. 122, 617 (1961). 


OF SHOWER PARTICLES 


TABLE I. Details of primary a@ events. 





Anisotropy (¢) 
From From 


Eq. (10) Eq. (11) 
1.06 


Energy per 
nucleon in 
10” ev 


Event 
number Type 


Group 
number 


(a) Wa<5 2 5+10 
2+78 
4+11 
3+37 
34-27 
0+4 
0+23 
3+34 
4+74 
3+40 
8+39 
6+26 
11+60 
15+61 
25+163 
38+76 
29+150 


0.61 
0.58 
0.47 
0.88 
0.72 
0.20 
0.49 
0.76 
0.59 
0.53 
0.67 
0.88 
0.66 
0.73 
0.75 
0.64 
0.66 


(b) N,>5 





measurement of the energy (~ 10" ev) of the primary 
particle from Coulomb scattering of the primary track 
is practically impossible, and therefore indirect methods 
based on an assumption regarding the process of emis- 
sion of the secondary particles have to be employed. 
The most common method used for finding the energy 
of the primary particle from the angular distribution 
of the shower particles under certain assumptions is 
given by Castagnoli,"® as 


(1) 
(2) 


where 6; is the angle which the ith shower particle makes 
with the direction of the primary particle in the labora- 
tory system, and ¥, is the energy of the primary particle 
in the center-of-mass system in units of its rest energy; 
E, is the energy of the primary particle per nucleon, 
Mc the rest energy of a nucleon. The energy values as 
calculated from Eqs. (1) and (2) do not always give 
the correct value of the primary energy. A better 
estimate is obtained if instead of Eq. (2) one uses the 
following relation" : 


logy.= — (log tané,), 


E,=(2y2—1)Me, 


E,=N(2y2—1)Me, (3) 
where 

N =1.8 for events with N,>5, 
or 

N=0.75 for events with N,<5. 


The primary energy of 17 a primary particles was esti- 
mated from Eq. (3) and is given in Table I. In order to 
make use of Eq. (3) for events with N,>5, we have 
assumed that the symmetry system for which yy, was 
calculated by means of Eq. (1) is the center-of-mass 
system of the primary nucleon and the tunnel through 

1 C, Castagnoli et al., Nuovo cimento 10, 1539, (1953). 

11 —, Lohrmann, M. Teucher, and M. Schein, Phys. Rev. 122, 
672 (1961). 
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Fic. 1. The angular distribution of shower particles from the primary interactions plotted over logio tan@, 
The center is denoted by an arrowhead. 


the struck nucleus. In Sec. 5, we shall examine the sym- 
metry in the angular distribution of the system moving 
with this y. value. 


4. INELASTICITY OF THE COLLISION 


In the study of high-energy nuclear interactions, one 
of the important quantities of great interest is the 
inelasticity parameter 7 of the collisions. 9 is defined 
as the fraction of the total available kinetic energy of 
the colliding particles, before the collision, which is 
subsequently used for the production of mesons and 
other particles. In the laboratory system it is defined by 

=>. E,/Eo, (4) 
where Ep is the kinetic energy of the primary particles 
in the laboratory system and >> £, is the sum of the 
energies, also in the laboratory system, of all the parti- 
cles created in the collision. A simple and approximate 
method of determining the energies of the secondary 
particles is to make use of the principle that their 
transverse momentum (/,) is invariant with respect 
to the angle of emission. The value of the average trans- 
verse momentum taken from the several published 
measurements!" is equal to 0.32 Bev/c. Thus from 
the known value of P; and from the measurements of 
the angular distribution, one can get the total energy. 
In a good approximation, it is given by 


Dd £,=1.5(P)>d cscOz. (S) 
2 ],. F. Hansen and W. B. Fretter, Phys. Rev. 118, 812 (1960). 


In the above equation it has been assumed that all 
the shower particles are + mesons. The influence of 
nucleons and strange particles, which amount to about 
20% among the shower particles, has been neglected. 
An estimate for the primary energy Eo per nucleon was 
obtained from the angular distribution of the shower 
particles using Eqs. (1) and (3). For these equations 
one should only include the mesons among the shower 
particles. It was mentioned in Sec. 1 that on the average 
two tracks in a@ interactions continue to move with very 
small angle 6, and they most probably correspond to 
incident nucleons contained in the primary a particle. 
These two tracks, which generally carry away a large 
fraction of the primary energy, have been excluded in 
the determination of the value of ». 

As the primary energy /y) determined from Eqs. (1) 
and (3) is not very reliable, the inelasticity averaged 
over all the events, rather than for an individual event, 
will give a meaningful result. The value of (») for all 
a-particle interactions as calculated from Eqs. (4) and 
(5), is about 0.30, which is smaller roughly by a 
factor of 2 than the value of (n) for proton and neutron 
interactions’ with approximately the same energy per 
nucleon. Our data show small increase of (n) with Ny. 
Apart from the statistical fluctuations, one could ex- 
plain this if the transverse momentum for events with 
N,>5 and N,<S5 are slightly different. The only cor- 
relation that we have observed between the number of 
shower particles m, and the inelasticity parameter 7 is 
that with very small m,, the value of 9 is also very small. 
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Fic. 2. Combined angular dis- 
tribution of shower particles nor- 
malized to the same primary en- 
ergy according to Eqs. (1) and 
(3). Event numbers 5, 6, 14, 17, 
and 18 in group (a;); normalizing 
energy ~1.2 Tev per nucleon 
(continuous line). Event numbers 
2, 4, 8, and 13 in group (a2); 
normalizing energy ~5.9 Tev per 
nucleon (dotted line). 


5. ANGULAR DISTRIBUTION OF 
SHOWER PARTICLES 


In order to investigate the dependence of the angular 
distribution on the target nucleus, we have divided 
our events into two groups, group (a) NV, <5 and group 
(b) V,>5. In Fig. 1 is shown the angular distribution, 
in the laboratory system, of the secoridary particles 
produced in events belonging to both groups. These 
angular distributions are plotted in terms of an « vari- 
able, where 

x=logiy tandr. (6) 


The center of gravity of each event is denoted by an 
arrowhead which corresponds to a center-of-momentum 
angle of emission 6,=90°. 

In order to investigate the dependence of the angular 
distribution on the primary energy, we have divided 
the events in groups (a) and (b) further into subgroups 
(ai), (az), and (b;), (be), respectively, according to their 
primary energy. Event number 9, because of its low 
multiplicity as compared to the rest of the events, has 
not been used in any discussion throughout the paper. 
In each subgroup, all the events have been normalized 
to the same primary energy and the combined angular 
distributions of events belonging to these subgroups 
(a), (ae), and (b;), (be) are plotted over a y variable, 
where 

y=log.o(y- tanOz) =logo(tan@,/tané,). (7) 


These distributions are shown in Figs. 2 and 3, respec- 
tively. The shapes of these distributions are roughly 
symmetric except at the extremities, the reasons for 
these asymmetries being given in Sec. 8. We may com- 
pare the distributions given in Figs. 2 and 3 by contin- 
uous lines which correspond to the same normalized 
primary energy. It seems that in these high-energy 
interactions there is a reference system in which the 
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Fic. 3. Combined angular dis 25 
tribution of shower particles nor- 
malized to the same primary 20 
energy according to Eqs. (1) and 
(3). Event numbers 1, 11, 12, and 
15 in group (},); normalizing en- 
ergy ~1.4 Tev per nucleon (con- 
tinuous line). Event numbers 3, 
7, and 10 in group (2); normaliz- 
ing energy ~12.5 Tev per nucleon 
(dotted line). 





DISTRIBUTION 


OF SHOWER PARTICLES 


fon 


-_ 


log (tan@ /tan@,) 2 


angular distribution of shower particles produced in 
nucleon-nucleus and nucleus-nucleus collisions is also 
symmetric as in the case of nucleon-nucleon interactions. 
In order to transform the angular distribution of shower 
particles into this symmetric system, we used the 
formula" 

tan(@,/2)=v7, tan6_;, (8) 
where 


14= 1.37 (9) 


This is valid if the velocity of the symmetric (s) system 
is equal to the velocity of the particles emitted in this 
system. In Fig. 4 is shown the angular distribution in 
the s system for all the events with N,<5 and N,>5 
and also for events with V, <5 and having an anisotropy 
parameter (as explained in Sec. 6) ¢>0.6. The distribu- 
tion for events with N,<5 and ¢>0.6 is more sym- 
metric than the other two distributions; reasons for 
this symmetry are given in some detail in Sec. 8. Small 
deviations from symmetry in angular distributions may 
be due to the fact that the velocities of a few shower 
particles are not the same as the velocity of the s system. 
The near symmetry shown for a group of events with 
N,,>5, where shower particles are presumably produced 
either in a nucleon-nucleus collision or in a nucleus- 
nucleus collision, is quite remarkable. 


6. SHAPE OF THE ANGULAR DISTRIBUTION 


The shape of the angular distribution determines the 
dispersion which is given by the relation 


o=((x—(x))*)!. 


The dispersion of this distribution is a measure of 
the degree of anisotropy, and for an isotropic angular 
distribution ¢ is equal to 0.39. The differential angular 
distribution dn/dy vs y, where y is defined in Eq. (7), 
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Fic. 4. Angular distribution in the symmetry system. All events 
with Ni<5 and o>0.6 (dotted line); all events with Na<5 
(broken line); all events with V,>5 (continuous line). 


i.e., the angular distribution in the c.m. system for 
both nucleon-nucleon and nucleon-nucleus collisions 
predicted by hydrodynamical theory, is given by Gaus- 
sian distribution curves. 

According to these theories the anisotropy @ increases 
with increase in the energy, but the shape of -the dis- 
tribution remains a Gaussian one irrespectiv® of the 
primary energy. o increases with increasing collimation 
of the shower particles in the direction of the shower 
axis and for o>0.6 the distribution is a strongly 
anisotropic one. Values oi o for all the events are shown 
in the fifth column of Table I, and they are in good 
agreement with the other published’: results at about 
the same primary energy. We may also point out that 
in the same energy interval the dispersion for a par- 
ticular event may differ greatly from that for the group, 
and in such cases of high anisotropy the angular dis- 
tribution is not normal but may show two separated 
maxima. 

We may compare our experimental values of the 
anisotropy parameter o with the theoretical value pre- 
dicted from the hydrodynamical theory given by 
Milehin" as 


(2.30)?=0.56 In(E/M)+1.6 In[2/(N+1)]+1.6, (11) 


where JN is the number of nucleons contained in the 
column of the target nucleus, E the primary energy, 
and M the nucleon mass. We have used N=3.4 for 
events with V,>5 and N=2 for the events with V;,<5. 
The theoretical values of anisotropy calculated from 
Eq. (11) are also shown in the last column of Table I 
and they are all higher than the experimental values. 

18 Q, Minakawa ef al., Nuovo cimento 11, 125 (1959). 

4G. A. Milehin, Zhur. Eksper. i Teoret. Fiz. 35, 1185 (1958). 
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7. ANALYSIS OF COMPOSITE ANGULAR 
DISTRIBUTION 


It was mentioned earlier that according to hydro- 
dynamical theories the shape of the total differential 
angular distribution of all the individual normal dis- 
tributions, due to nucleon-nucleon and nucleon-nucleus 
collisions, is also a normal one. Therefore one could 
normalize all distributions in a single composite jet, to 
one Gaussian distribution. 

In order to get a statistical analysis of the angular 
distribution of a events, we have formed composite 
jets of different combinations of a events from Table I. 
The differential angular distribution of all the events 
in a composite jet is plotted in the c.m. system in 
terms of a variable y as given by Eq. (7). All the dis- 
tributions in a single composite jet were normalized 
to one Gaussian distribution. 

In order to investigate the detailed shape of the 
angular distribution near the center, we have divided 
the whole area under the normal curve into ten equal 
parts. The intervals on the abscissa in terms of a vari- 
able y correspond to equal areas for the Gaussian dis- 
tribution and thus one should expect equal numbers of 
tracks in each of these intervals. For the normal distribu- 
tion one obtains, when plotting number of tracks in 
any interval against the y variable, a straight horizontal 
line and any deviation from the normal shape is thus 
quite obvious. 
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Fic. 5. Histogram of the composite differential angular dis- 
tribution for the collection of jets. All events together; P<0.01 
(continuous line); events with « <0.6; P=0.60 (dotted line). The 
intervals on the abscissa correspond to equal areas for the normal 
curve. A horizontal line represents a normal curve. 





ANGULAR DISTRIBUTION 


The continuous-line histograms in Figs. 5, 6, and 7 
show the angular distribution for all events, events 
with N,>5 and o>0.6, and events with o>0.6, re- 
spectively. The dashed-line histograms in the above 
figures show the angular distribution for all events with 
o <0.6, events with V;,<5 and ¢<0.6, and events with 
Nn<5 and o>0.6, respectively. In order to check the 
statistical significance of the deviation of the observed 
distribution from the Gaussian curves, we have applied 
a x” test to all these curves. Pearson probability (P) 
values for each curve are given in the captions of the 
diagrams. In Figs. 5 and 6 the group of events with 
o<0.6 shows P values <0.6 and 0.3, respectively, 
while the group of events with o>0.6 in Figs. 6 and 7 
shows P values <0.01. 

Several authors** have pointed out that certain 
features of the angular distribution of jets suggest a 
model in which the mesons are emitted isotropically 
from two centers, the ‘‘two-center model.” This model 
has been applied to some extent successfully in nuclear 
events with anisotropy parameter ¢>0.6.'>.'6 A special 
feature of this theory is that it shows two distinctive 
maxima in the angular distribution with a sufficient 
deficit of particles at 90° in the c.m. system. From the 
point of view of the two-center model, the angular dis- 
tribution is a superposition of two separate Gaussian 
distributions. Therefore, we can expect the appearance 
of the separate maxima only if there is a sufficient 
separation of the partial distributions corresponding to 
a sufficiently high dispersion of the resulting distribu- 
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Fic. 6. Histogram of the composite differential angular dis- 
tribution for the collection of jets. Events with N,>5 and ¢>0.6; 
P <0.01 (continuous line) ; events with V,<5 andé<0.6; P=0.30 
(dotted line). The intervals on the abscissa correspond to equal 
areas for the normal curve. A horizontal line represents a normal 
curve. 


18 J. Bartke, P. Ciok, et al.,, Nuovo cimento 15, 18 (1960). 
16 J. Gierula, M. Miesowicz, and P. Zielinski, Nuovo cimento 


18, 102 (1960). 
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Fic. 7. Histogram of the composite differential angular distri- 
bution for the collection of jets. Events with o>0.6; P<0.01 
(continuous line); events with V,<5 and o>0.6; P~0.1 (dotted 
line). The intervals on the abscissa correspond to equal areas for 
the normal curve. A horizontal line represents a normal curve. 


tion. But when the distance between the two centers is 
small the two maxima may overlap each other and thus 
smear away the fine structure corresponding to indi- 
vidual centers, with the results that we cannot dis- 
tinguish the shower particles belonging to one center 
from the ones belonging to the other. 

It has been pointed out earlier that events with ¢ <0.6 
do not show distinct maxima and this is shown here in 
the dashed histograms of Figs. 5 and 6, respectively. 
The distribution in Fig. 5, for all the events, in which 
the majority of the events have o>0.6, shows two dis- 
tinct maxima, and its P value is <0.01. The application 
of the x? test to the composite distribution of the group 
with V,>5 and o>0.6 gives a rather high deviation 
of the normal distribution with P values <0.01, but 
does not indicate two quite distinct maxima. This is 
due to the fact that the procedure of superposing the 
particular distributions is only applicable to the groups 
of events with the same shape of angular distribution. 
It appears that the groups formed in the distribution 
may be a mixture of events belonging to some different 
physical collision phenomenon and consequently they 
give rise to different shapes of differential angular 
distribution whose superposition is not allowed. But 
the groups in Fig. 7 for events with o>0.6 as well as 
the events with NV,<5 and o>0.6 show two distinct 
maxima, suggesting not only the relationship in the 
physical processes but also indicating that the interac- 
tions of events included in Fig. 7 may be explained by 
the “‘two-fireball”’ model. 





8. GENERAL REMARKS 


From Table I we observe that at a given primary 
energy E,, the fluctuations in multiplicity , are very 
large. In general, m, increases very slowly with £,, 
but definitely rises with increasing mass of the target 
nucleus. 

The inelasticity for a-particle interactions shows large 
fluctuations for individual events. Its mean value is 
smaller by roughly a factor of 2 when compared with 
the interactions of singly charged or neutral primaries 
of approximately the same primary energy as the energy 
per nucleon of a@ particles. 

The general experimental resuits on the anisotropy 
parameter ¢, for nucleon-nucleon and nucleon-nucleus 
collisions, as discussed in Sec. 6, are quite in agreement 
with the results of other authors®:'® but they are not in 
accord with predictions of the hydrodynamical theory. 

In Sec. 1, it was mentioned that on the average two 
nucleons of the a particle undergo interaction. Thus 
some of the tracks appearing at very small angles in 
these a jets may correspond to fragments of the primary 
particle. Sometimes one can identify these tracks if they 
are separated from the rest of the tracks as shown in 
Figs. 2 and 3, and in event number 14 of Fig. 1. This 
effect will cause a more pronounced concentration of 
tracks at small angles in the laboratory system. As n, 
for mesons in a events is high, the increase in m, due 
to the presence of (nucleon) fragments of the primary 
particle will not greatly affect the m, value. On the other 
hand, the presence of the fragments of a particles 
which make very small angles with the primary direc- 
tion will overestimate the primary energy, and thus 
one should eliminate these tracks while determining 
the energy. Also, in cases where the incoming particle 
collides with a nucleus, the emitted particles may be 
scattered in the nucleus before escaping, giving thus a 
broader distribution of angles in the laboratory system. 
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Some of these scattered particles may have sufficiently 
great angles to increase appreciably the tail of the 
distribution at high @, values in the y variable, as given 
by Eq. (7). Some slight effect of this is seen in Fig. 4, 
for events with NV, <5 and o>0.6, where there may be 
some contamination of nucleon-nucleus interaction in 
nucleon-nucleon collisions, but is much more pro- 
nounced in the same figure, for events with NV; <5 and 
N,>5, where there is a concentration of tracks at large 
angles which makes the angular distribution in the 
s system a bit asymmetric. 

The main source of error in our discussion of the sym- 
metric reference system in Sec. 5 and of composite jets 
in Sec. 7 is due to the fact that only a small number of 
jets have been used in this analysis. What one needs is 
good statistics. But in spite of poor statistics, our results 
do indicate that, irrespective of their type of interaction, 
particles of primary energy ~ 10" ev per nucleon, with 
an anisotropy parameter ¢>0.6, show in their interac- 
tions the existence of double maxima in their angular 
distributions. These results are in agreement with those 
of other authors.’*'® None of the present nuclear 
theories explains these general results, though the ‘‘two- 
fireball” model explains the existence of double maxima 
in nucleon-nucleon interactions. In general, the shape 
of the angular distribution of shower particles is a 
function of both the primary energy and the number of 
nucleons struck in the target nucleus, which makes the 
comparison between the theoretical and experimental 
results far more complicated. 
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Raphael’s modified effective-range expansion for nucleon-nucleon scattering is usually truncated at the 
second term. It is explicitly shown that the resulting series is not a good representation of the predictions 
of reasonable potential models for moderate-energy nucleon-nucleon scattering. In particular, it can lead 


to the wrong sign for the shape parameter. 





HE usual effective-range expansion, y(k?)=k coté 
= —(1/a)+}rk?—rPk'+----, has been of limited 
use for describing nucleon-nucleon scattering in the 
1$o state, as the phase shift is known to have a zero 
somewhere between 200 and 300 Mev. Raphael’ has 
therefore introduced an_ origin-shifted expansion 
l'(k?)=k cot (6+ RF) = ao+a,k?+a2k*+---, where the 
additional parameter 7 is to be determined by requiring 
a, to be zero. It was supposed that setting a4,=0 would 
make I only very weakly energy-dependent in the 
region 0-300 Mev (lab energy of incident nucleon), 
justifying a termination of the series at the term aek*. 
Indeed, boundary value models give a2=0, and Raphael 
found that reasonable potential models gave quite 
small values for ae. 

Recent analyses of the experimental data have 
yielded plausible values of the 1S9 phase shift at a 
number of energies. The phases at (roughly) 1, 2, and 
300 Mev were the first to become available; they were 
used by Noyes? to determine 7, do, and a2. Comparison 
with the y series produced a negative shape parameter 
P. Since experimental indications are that the shape 
parameter is positive, Noyes concluded that no 
potential, and a fortiori no boundary-value model, 
could satisfy the data. Noyes and others concluded 
that one had no choice but to take a dispersion-theoretic 
approach.?* 

We have tested the truncated Raphael series, so 
crucial to the above argument, in several ways. First, 
we computed the exact predictions, at 1, 2, 95, and 300 
Mev, of several reasonable potentials which fit the 
data quite well at those energies. In no case could the 
four points be fit by the 3-parameter I series. We tried 


*This research was supported in part by the U. S. Atomic 
Energy Commission. 

1R. B. Raphael, Phys. Rev. 102, 905 (1956). 

2H. P. Noyes, University of California Radiation Laboratory 
Report, UCRL-5521-T, 1959 (unpublished); and International 
Conference on Nuclear Forces and the Few Nucleon Problem, 
University College, London, July, 1959 (to be published). 

3M. H. MacGregor, M. J. Moravesik, and H. P. Noyes, 
University of California Radiation Report, UCRL 5582-T, 1959 
(unpublished). 

‘The potentials used had hard cores and one-pion-exchange 
tails. The intermediate region was arbitrarily specifiable at net 
points but was quite smooth. 


expanding the series to include a;k* and a4k®, and found 
that the series was not yet converging at the highest 
energy used, 300 Mev. Since it was then obvious that 
the Raphael analysis is invalid for that high an energy, 
we attempted to determine the energy range for which 
it is valid. Below is shown the results of our compu- 
tations for one of the potentials found by Perring and 
Phillips’ to have a positive shape parameter. For this 
3-parameter Raphael-type analysis the lower energy 
points were fixed at 1 and 2 Mev, while the higher point 
was varied as shown: 

Highest energy (Mev) 300 50 10 
Predicted shape P —0.03 —0.02 0.00 


exact 
+0.02 
It is apparent that the 3-point Raphael expansion has 
an even smaller range of validity than the 3-parameter 
effective range series; the latter is a good representation 
up to =25 Mev. 

After we found that the Raphael analysis was no 
basis for an argument against boundary value and 
potential models, we re-examined the boundary-value- 
plus-potential model recently communicated by Saylor, 
Bryan, and Marshak.* On the basis of the Noyes 
argument, Saylor, Bryan, and Marshak assumed that 
their model predicted “a fortiori a negative shape 
parameter.” On the contrary, by direct calculation we 
found P=+0.025 for their model (a reasonably good 
value). 

We note in concluding that since the I and y ex- 
pansions really depend only on time-reversal invariance 
and the short range of nuclear forces, they are surely 
just as valid for dispersion-theoretic as for potential 
models so can hardly be used to differentiate between 
the two approaches. 

We would like to thank Dr. D. T. Laird of The 

Pennsylvania State University Computation Center 
for assistance with the numerical computations. 
5 J. Kj Perring and R. J. N. Phillips, Nuclear Phys. (to be 
published). We are indebted to Dr. J. Iwadare for supplying us 
with a preprint. The potential we have chosen for illustration is 
labeled ‘‘la” in the preprint, but the hard core has been changed 
from 0.353 h/yc to 0.35 h/yue (u is the pion mass) for ease of 
computation. 

6}. P. Saylor, R. A. Bryan, and R. E. Marshak, Phys. Rev. 
Letters 5, 266 (1960). 
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The radiative corrections to the electron-proton scattering are calculated with the effects of the proton 
recoil taken into account. We assumed the experimental conditions of Hofstadter et al. at Stanford, namely 
only the final electrons are momentum-analyzed. The anisotropy in the maximum energy of photons which 
can be emitted and the radiation from the proton current are the two main effects due to the proton recoil, 
and both effects are considered. The mesonic effects in the two-photon exchange diagrams are not con- 
sidered. Other than the uncertainty in the mesonic effects, our formula is good up to about 5 Bev. 





I. INTRODUCTION 


ECENTLY'* the energy of the electron-proton 
scattering has been increased to around 1 Bev and 
within a few years the energy will probably go up to 
5 Bev (Cambridge Machine) or 15 Bev (Stanford 
Monster). The purpose of this paper is to calculate the 
quantum electrodynamic parts of the radiative cor- 
rections which are applicable up to 5 Bev of the incident 
energy. 
Schwinger® first calculated the radiative corrections 
to the potential scattering and he found that the cross 
section is altered by a factor (1+), where 


—2a E 13 —¢ 17 
j= —| (in—-—) (In -1)+—}, (L.1) 
x AE 12 m* 36 


Here q is the four-momentum transfer, E is the energy 
of incident or scattered electrons (in the potential 
scattering they are identical), m is the rest mass of the 
electron, and AE is the maximum energy loss of the 
electron or the maximum energy of a photon which can 
be emitted (they are identical in the potential scat- 
tering). In the region M*>>—g*>>m’*, where M is the 
rest mass of the proton, Eq. (1.1) is a good approxi- 
mation and has been used extensively by the experi- 
mentalists® in analyzing the data of the e-p scattering. 
However at high incident energy and large scattering 
angle, i.e., —g’2M?’, the incident energy (2) is no 
longer equal to the energy of the final electron (£3) and 
the maximum energy loss of the electron AE is no 
longer equal to the maximum energy of a photon which 
can be emitted. In fact EZ; and £, are related by the 


* Supported in part by the U. S. Air Force through the Air 
Force Office of Scientific Research. 

1R. Hofstadter and R. R. Wilson, Proceedings of the Tenth 
Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, inc., New York, 1960). 

2L. N. Hand, Phys. Rev. Letters 5, 168 (1960). 

3’F. Bumiller, M. Croissiaux, and R. Hofstadter, Phys. Rev. 
Letters 5, 261 (1960); 5, 263 (1960). 

4R. R. Wilson, K. Berkelman, and J. Cassels, Cornell Univer- 
sity reprint (to be published). 

5 J. Schwinger, Phys. Rev. 76, 760 (1949), Eq. (2.105). 

*R. Hofstadter, Revs. Modern Phys. 28, 214 (1956). Actually 
the energy of the scattered electron E; was used in E of Eq. (1.1) 
in this reference. 


formula 
Ey n; 
where 
n=1+F,M~'(1—cos6). 


For definiteness let us define the energy resolution AF 
as the experimental quantity shown in Fig. 1. Then 
from the energy-momentum conservation, it 
shown that the maximum energy of a photon which can 
be emitted along the direction of the final electron is 
AE, but in the direction of the incident electron it is 
W AE: Thus Eq. (1.1) becomes quite ambiguous in the 
practical application at high energies because one does 
not know what to use for Z and AE. Intuitively one 
would guess that Eq. (I.1) should be changed to 


can be 


—it yi 2B 1 & 13 
i= —| (- ieowdste-~ ;) 
w \\2 ?AE 2 AE 12 


—¢ 17 
(1 —1)+ . (1.4) 
m?* 36 


It will be shown later that Eq. (1.4) is approximately 
true if one neglects the radiation by the proton current. 
When —q’2M? the velocity of the recoil proton v4 


~~ 
approaches the velocity of light, i.e., Bg=%/c— 1. 
Thus one would expect that in this case the radiation 


Counting 
rate 











ee c 8 
(8y) 


Fic. 1. A typical energy spectrum of the scattered electrons at 
a fixed angle. The point £;°'(0,,) is chosen to be the energy of the 
elastically scattered electron at the center of the entrance slit. 
AE should be chosen such that WKAE&E;(1+2E,/M)—. The 
widths W is caused by the energy spread in the incident beam and 
the finite width of the entrance slit. The curve should he integrated 
from E;™" to C in order to compute the cross section. 
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RADIATIVE CORRECTIONS TO 
from the proton current would be no longer negligible. 
If one tries to calculate the bremsstrahlung from the 
proton current, one encounters the usual infrared 
divergence and thus one is forced to consider diagrams 
such as Mo, M3, and Mg in Fig. 2.in order to achieve the 
infrared cancellation. The exact calculation of M2, M3, 
and Mg is not attempted in this paper since to do it 
one has to consider mesonic contributions from these 
diagrams such as carried out by Drell and Fubini.’? We 
shall merely extract the infrared contributions from 
these diagrams using the technique developed by 
Yennie, Frautschi, and Suura.® 

It has been emphasized by the present author’ in a 
previous paper that in the calculation of the radiative 
corrections for any process a critical analysis of the 
experimental corrections for any process a critical 
analysis of the experimental conditions is necessary. We 
shall proceed to discuss our problem in the same spirit. 
The experimental conditions assumed are those of 
Hofstadter ef al. at Stanford that electrons, after being 
scattered by a hydrogen target and going through an 
entrance slit, are momentum analyzed by a magnetic 
spectrometer and the recoil protons are left undetected. 

The notation used is similar to that in reference 9. 
pi and p; represent the four-momenta of incident and 
scattered electrons, respectively. p2 and 4 are the four- 
momenta of initial and recoil protons, respectively. The 
metric chosen is such that pi: po=E£,E2.—pi-po. The 
units #=c=1 and e?/44=a are used. p represents pyyy- 

The infrared divergence is avoided by assuming that 
a photon has a small fictitious mass 4 whenever we 
encounter integrations in which such divergence occurs. 
When the photon mass J is used, it always appears in 
both the elastic and inelastic cross sections in the form'® 


1d 


K (pi,pi)= (bi: Bi) (I.5) 


— In—, 
0 by Xe 


where py=piy+p;(1—y). We shall call terms of this 
kind infrared terms. They always cancel out completely 
when elastic and inelastic cross sections are added 
together. Thus one does not have to integrate Eq. (1.5) 
explicitly. [In the matrix element of M2 of Fig. 2, we 
shall see that the infrared terms have the form 


K (pi, —p;) instead of K(p;,p;). K(pi, —p;) is complex. 


7S. D. Drell and S. Fubini, Phys. Rev. 113, 741 (1959). 

8D. R. Yennie, S. C. Frautschi, and H. Suura, Ann. Phys. (to 
be published). In addition to the problem of infrared divergence 
these authors also gave a general treatment of the recoil effects 
in the electron-proton scattering. The purpose of our paper is to 
derive a convenient formula which can be used readily by the 
experimentalists. Thus the present work and these authors’ work 
are complementary to each other. 

®Y.S. Tsai, Phys. Rev. 120, 269 (1960), also Proceedings of the 
Tenth Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, New York, 1960). 

10 The notations for the infrared terms are improved in this 
paper. —2K(p1,p3)/¢? corresponds to yu2(g*) in reference 9. 
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In our calculation only the real part of M>2 contributes 
to the cross section, and it can be shown® that 


Re K (pi, —p;)) =K (pips). ] 


Terms of order m?/—g® compared with unity are 
neglected throughout in this paper. In the calculation 
of the contribution to the cross section by the radiation 
from the proton current one encounters a lot of Spence 
functions (x). We shall neglect those Spence functions 
which are of order unity, e.g., ®(1). This approximation 
causes an error of order a~1% in the cross section. 

In Secs. II and III elastic and inelastic scattering 
cross sections, respectively, are treated. The observ- 
able cross section is obtained by adding elastic and 
inelastic cross sections. In Sec. IV some numerical 
examples are given. In Sec. V some precautions to the 
practical applications of our formula are considered. 


II. ELASTIC SCATTERING CROSS SECTION 


The Feynman diagrams contributing to the elastic 
scattering cross section to order a’ are shown in Fig. 2. 
The expression for the elastic scattering cross section 
can be written as"! 


E,E2 
doelastic = (2x)2——— Se ee ee 
[(prp2)*—m? M2} 
1 
a [Pesto p—pdepatp, 


6 
XE [Mi'M,4+D 2 Re(M,'M,)]. (11.1) 


spin i=2 


The first term in the square bracket of Eq. (II.1) 
represents the Rosenbluth cross section. The matrix 


RR 
q 
k 
RR 


Ms Me 


Fic. 2. Feynman diagrams for elastic scattering. 


1 Compare with Eq. (1) of reference 9. 
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element M, can be written as” 


—taZ mM 1 
——— — ii (ps) yutt(pi) 4 (Pu) Tg?) a (pe), 
T (EL, EEE)! g 


M,= 





4 


where g= (pi— pa), 
k 

P(g) =F il¢) vat —F (Pau 
2M 


~ 


(II.2) 


and «x=1.79 is the Pauli magnetic moment of the 
proton. F;(g*) and F2(g*) are the electric and magnetic 
form factors, respectively, of the proton and are to be 
determined by the experiment. After averaging over 
the initial states and summing over the final states, one 
obtains the Rosenbluth cross section": 


(<) ryem?Z? cos? (6/2) 
dQ Rosenbluth 4E Yn sin’ (6 2) 


gy 
x| Fe —[2(Fi+xF.)? tan?(0/2)+eF2]}, (11.3) 
4M? 


where ro>=am™ ~2.82X 10-" cm is the classical radius 
of an electron. For the vacuum polarization (M4) and 
the electron vertex (M;) diagrams, we can directly use 
the results of the electron-electron scattering calcu- 
lation” and obtain 


(11.4) 


af—S 1 —¢ 
ue=*- +- in —) Jas, 
m_9 3 m 


a 
M,=——(K(p1,p3)— K (p1,p1)—3 In(—q@*/m’)+2 Mi, 
2dr 
(11.5) 


where 
‘dy o,7 
K(pi,p;)= (ped) f —In—, py=pytp;(1—y). 
0 py ? 


The terms K(f1,f3) and K(1,f:) in Eq. (II.5) are 
infrared terms. It will be shown later that they cancel 
out completely with the similar terms in the inelastic 
cross section and therefore they need not be integrated 
explicitly. 

As mentioned in the previous section, we shall merely 
extract the infrared terms from Ms, M3, and Mgs and 
assume the noninfrared parts of these diagrams to be 
negligible. Let us consider the matrix element for M2 
as shown in Fig. 2. When either of the 4-momenta of 
the photon propagators approaches zero, i.e., k > 0 or 


12 Although we are primarily interested in the electron-proton 
scattering in this paper, our result can be used in the electron- 
nucleus scattering. The atomic number Z is kept here for this 
purpose. Also we shall see later that Z is a convenient quantity 
for identifying the contributions from various diagrams in the 
inelastic cross section. For electron-nucleus scattering the defi- 
nitions of F;, F2, x, and M should be appropriately changed. 

18M. N. Rosenbluth, Phys. Rev. 79, 615 (1950). 

4 See Eqs. (5) and (6) of reference 9. 
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k+q- 0, we have infrared divergence. Suppose k — 0, 
then I, in M2 of Fig. 2 can be replaced by y,, and we 
may write the matrix element for M2 as 


pitk+m 
fos ti (p3)y,———— 
R? t 2pi-k 


p2—k+M 
Xy"(pi) a(psl,- 7. ( po) 
k?—2k- po 


e mM 2? 


1,= ; . 
(2r)® (EZ, E2.F3F;,)3 


(11.6) 


The infrared contribution from M, due to k—0 is 
obtained by neglecting & in the numerator and in 


(k+-q)*, and we obtain 


iaZ 4(pi- po)d*k 
M,’= , f “. M, 
4r (k?+-2p,-k) (R°—2k- po) (R°—d?) 


—aZ 
= -K (po, — p,)M,. 
x 


(11.7) 


Similarly the infrared contribution from Ms, due to 
k+q-— 0 can be obtained by a substitution k+q— k 
in Eq. (II.6), and we have 


—aZ 
M;!"=——K (pu, — ps) Mi. 
) 


2 


(11.8) 


Thus we have accomplished the extraction of infrared 
terms from M>. Neglecting the noninfrared terms in 
M2, we obtain 


M.= M/+M,"” 


= M,[K(p2, —p:1)+K(ps, — ps) ]. (11.9) 
2x 

K(p2, — pi) and K (ps, — p;) are complex. Only the real 

parts contribute to the cross section. It can be shown 

that® 


Re K(p;, P;)=K(:,p;) +“negligible,” (11.10) 


where “negligible” means the term of order unity. Using 
a similar method, one can extract the infrared terms 
from M3. Neglecting the noninfrared terms in M3, we 
get 


aZ 
M;=—M[ K (po,ps) + K (p4,p1) |. (11.11) 
2ar 


Similarly, for Ms, we have 


—aZ? ; 
M.=— —M ,[K (po,ps)— K (po, pe) |, 


£T 


(11.12) 
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Fic. 3. Feynman 
diagrams for inelastic 
scattering. 


= Mpe 


where the term K(p2,p2) was introduced by the renor- 
malization of M, and represents the infrared term of the 
electromagnetic proton self-energy. [Compare Eq. 
(11.12) with Eq. (II.5).] 

Substituting expressions for the matrix elements in 
Eq. (11.1), we obtain the elastic scattering cross section 


do do a : 
(—) = (—) | 1i+-[-K (p1,ps) 
dQ elastic dQ Rosenbluth us 


+K (p1,p:)—ZK (p2,b1) — ZK (pays) 
+ZK (p2,ps) +ZK (p4,p1) 
—Z2°K (po,ps) +Z°K (po,p2) ] 


af—28 13 —¢ 
+ +—in— ||, (II.13) 


mt. 9 6 m* 


Ill. INELASTIC CROSS SECTION 


The Feynman diagrams for the matrix elements con- 
tributing to the inelastic cross section to order a*® are 
shown in Fig. 3. Since we are interested only in the soft 
photon emissions, the vertex function connecting the 
real photon & and the proton current may be approxi- 
mated by y,. Thus the matrix elements Mj; and My. 
may be written as 


é mMZ 
, an 
(Qm)t2 ( 


= elu )ti(ps)Tu( pe) 
2pi-k 


pstk+m 
—ai(p; |", 
(oF, E; ok3E,)3 2ps:k 


X[1/(pi- ps)? J, (TIT. 1) 
—é mM Z? 
~ (Qn)? (QE E. oE3E4)* 


pitk+M 
xa(pa) 





~t(ps)¥ u(r) 


2pa° 
p—k+M 7 u(P2) 

e ° 
2po-k N(p.— ps)? 





(III.2) 


ELECTRON- 


PROTON SCATTERING 1901 


We shall neglect the &’s in the numerators of the above 
equations and in the term (f1—f;—&) in Eq. (III.1). 
The experimental conditions under which this ap- 
proximation is valid will be discussed in detail in 
Appendix A. Here we simply state the result: 

AE(1+2E:/M)<KE;. (III.3) 


With this approximation we may write 


i fa} 1 
~(<) ye 
m\2 (2w)4 


Zps-e 


Minti 


Z poe 
+—— | (IIT.4) 


ps-e ore 
x| = 
ps" ke Pick park pork 


The inelastic scattering cross section can be calculated 
by using the formula 


E,E2 1 

[ (pu: p2)*—m?M2} 4 
X5 (pst patk— pir- 2) 

XE (Mint+Myst)(Myr+Mys). (TELS) 


spin 


do,= (2x)? 


f @P psd pad h 


In the above formula, one has to perform the integration 


Pp, Pp, 
A= f — “fz “fo Taio + pstkh— pi- p2)x’, 


(II1.6) 

. |= pi Zp *): 

So ers 
ps'k pick park pork 


The range of this integration is determined by the 
experimental conditions. One can perform this inte- 
gration in any coordinate system provided the experi- 
mental conditions are transformed into those in the 
coordinate system in which the integration is carried 
out.'® The procedure we shall use here is somewhat 
involved. In Stanford experiments k and f, are unde- 
tected and for p; the entrance slit and the spectrometer 
determine the angular range (@min, @max) and the energy 
range E;>E,™", respectively. This experimental con- 
dition is shown in Fig. 4. The curve AD corresponds to 
the energy-angle relation of the elastically scattered 
electron obtained from Eq. (1.2). Only the electrons 
which are scattered into the area ABCD are detected. 
As mentioned in the introduction, due to the recoil 
effect the maximum energy of a photon which can 
be emitted is very anisotropic. Very roughly speaking, 
the maximum energy of a photon which can be emitted 
in the forward direction is much larger than the 
maximum energy of a photon which can be emitted in 
the backward direction when there is a big recoil. Thus 


where 


(111.7) 


16 For choice of the coordinate system when Eq. (III.3) is not 
satisfied see Sec. VUl.c of reference 9, 
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one has to perform the & integration in Eq. (III.6) in a 
very elongated ellipsoidal volume. We avoid doing this 
by choosing a special Lorentz frame in which this 
ellipsoid becomes a sphere and do the & integration in 
this frame. We then transform everything back into 
the laboratory system and use some other trick to do 
the ps integration. The f, integration is eliminated at 
the beginning by using the 6 function. We will show 
more precisely in the following how this is done. 

We first perform the /, integration by using the 6 
function and obtain 


dp; Pk 
an f — f —S(E,)8((t—k)?— M22, (IIL8) 
E; ® 


where 
t=patk+ pit pr— ps, (IIT.9) 
and 
S(y)=1, y>0 


=0, y<0. 


? 
In the special frame'® py+k=0 or ¢=(to,0), the 6 
function in Eq. (III.8) is independent of the angle in 
which the photon is emitted. Thus we perform the 


photon integration in this special frame: 


Emax [ (Rt) P—e } 
ofa le 
Emin 2 


P ameaion (IIT.10) 


where 


tmin? = M?+-2M\-++-? = M?+-2M), _ (III.11) 


and the tilde represents the quantity in the special 
frame. After the photon angular integration, we trans- 
form all the quantities in the special frame back into 
those of the laboratory system and perform the 3 
integration. For the p; integration we use the following 
trick. From Eq. (III.9) we obtain 


x=P— M*=2m?+2M (E,— Es) 


—2E bi; s(1—cosé). _ (111.12) 


- =4r(pi- pi) 
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TSAI 
Thus instead of integrating with respect to E; and @, 


we can integrate with respect to x 
(III.10) can then be written as 


A= fio ‘i a 
4Mn Yimin 2(x+M)? 


and @. Equation 


fain 


where X%min=2AM, which corresponds to the value of 
x along the curve CD in Fig. 4, and xmax is the value of 
x along BC. The infrared divergence occurs just under 
the curve AD. Since relatively are scat- 
tered near the curve BC, we may replace the curve BC 
by B’C’ where the curve B’C’ is obtained by 


X= Xmax =2m?+2M (£,— Es") 
—2E,Es™™(1—cosbay 


(IIT.13) 


few electrons 


)=2MnAE, (III.14) 
where 


Bay = (O@max+ 6, i 
AE=E;°'(0.y)— (111.15) 
and 

Ey 
Es" (0ny) . 


(III.16) 


1(1—cos6,,) 


With this modification of the region of integration, x 
is now independent of @, thus we can finally write 


. xdx - 
A = dQ- f ios fa _. 
4Mn 2MX 2(4+M?) 


Using Eqs. (11.3), (111.5), and (III.17), 
the inelastic scattering cross section as 


(=) (<) a f MyAl xdx 
dQ/ , dQ/ Rosenbluth 82? Jo 4 2(x-+m?) 


E 3 _MndE 


(111.17) 


we can express 


x f adi (III.18) 


The photon angular integration can be carried out in 


the following way :"” 


> k\?p,2-+NE,? 


Pdy 





4 ( i” i) 
ms J (b=) ]p,?-+ NL (pi-d)y + (1—y) (ppt 


1 


= 16x(pi- pj) 


(x? — 42M?) p,?-+-4n2(. (p;: 1)2 F1t-y(p:: t— p;-t)(p;-t 


(x+M")dy 
(IIT.19) 


16 This coordinate system is often used in the calculation of processes in which two of the three final particles are undetected; for 


example, ¢ — e+-v+v or e+p — e+p+r. 


17 Note added in proof. Strictly speaking, this angular integration is incorrect when i=j= 4, since py-k=(x— 


2 and is independent 


of photon direction. However, it can be shown that the same result is obtained by using the correct me thed's as long as one considers 


only the emission of a soft photon. 
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FIG. 4. Omin and @max define the width of the entrance slit. 
Ey™ defines the spectrometer threshold. The curve AD corre- 
sponds to the elastic scattering. Only those electrons going into 
the area ABCD are detected. We approximate the number of 


electrons going into the area ABCD by the number of electrons 
going into the area AB’C’C. 


where py= piy+p;(1—y). We have made the quantities 
in the special frame covariant by using @= (k-1)/(F)}, 
E.= (pi-t)/(P)3, and (k-t)=}3(x+d*). Notice that the 
quantities (p-f) in Eq. (II1.19) are important only in 
the infrared limit and therefore we can replace ¢t by pa, 
and we can express them in terms of lab quantities as 
follows: 

pit— MEs, 
ps:t— ME,, 


pot —> MEs, 


[11.20 
pa't— M?*. ( ) 





do da 


~=(— 


dQ dQ 


do 


)..¢ 
elastic dQ 
E, 
\(2 In— 
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148s Ext M 
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1-6, 2M 
M(M—E;) 2E;(M— 


vue) 
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43 2E a 


2F,E,— ME; 
M— Ey 2(M E) 
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M 
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E 
M-—E; 
EP" 


* —In|1—y]dy 


where 
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m* 


g 
9th 1+2Z Inn 


m-* 


2)+ 
Bs 


—a | ye 
—j}———lIn 
T | 9 6 


M 
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ndE 


1 1+8, 
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2) 
(552) 
((-2)- 
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+Z 


Ey 2E3E4— 


M-—E, 





ce 
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“1 


+2{0 
E; 


(x) is the Spence function"® 


&(x)= 


0 


(111.24) 
y 


and @, is the ratio of the velocity of the recoil proton 
18 K, Mitchell, Phil. Mag. 40, 351 (1949). 
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The integration with respect to x can be carried out 
easily and we obtain 
(pi-k) (5h) 


J, 
(p;-t) 


In ——2 a “ 


xdx 


2MyndE 


if M 2(*+M?) 


=4r(p;- pi f {ie 


—2 Inl1+-y(pi-t— p;-t)/ (p;- nfo. 


(ps ‘ pi) 


py’ 


it) pid 
=4rK (p;,p;)—8 (px: p;) In (br E 


MnAE Jy >, 
— 8x (pips) f 


'In[1+y(pi-t— p;-)/(p3-))] 
: dy 
p,” 

The first term is the infrared term and it cancels out 
completely with the similar term in the elastic scat- 
tering cross section. The integrations of the second and 
third terms are straightforward, the results are listed 
in Appendix B. 

The observable cross section is obtained by adding 
elastic and inelastic scattering cross sections. We have 


) (1+5), 
* Rosenbluth 


E;-E, 
)- 





(111.21) 


do 


(IIT.22) 
dQ 


Ey- 


E;) 


Es) 








M 


A 
a ha ) 
E,(M—2Es) 
M 
2E,-M )| 


‘ 2E3E4— ME; 
-) +n) -+- In| ——-- ~——- 
2E,E.— ME; 
1 ——_—_____— 
E;(M—2E)) 
| in(— 
2Fi 
2(M—E;) M 
(— )+in 
M 
to that of light, 
Bu= (E?—M?*)!/E,, 


M 


M 
2E3 


(ZI 


Ei, -— Ej\4+M— E3. 


We have kept Z in our formula for convenience of 
discussion. Z is equal to +1 for e~+ scattering and 
is equal to —1 for e++-p scattering. The terms propor- 
tional to Z come from the interference terms between 


2E3— 
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My, and My: and the terms proportional to Z* come 
from MyotMye. If we neglect the radiation from the 
proton current, i.e., letting Z=0 in Eq. (III.23), we 
obtain Eq. (1.4), except for a small term ®[ (E;— E;)/E, ], 
which we guessed on intuitive physical grounds. We 
notice that the radiation from the proton current 
increases (or decreases) the radiative corrections to 
e~+p (or e++)) scatterings. 


IV. NUMERICAL EXAMPLES 


Example A. Consider the radiative corrections under 
the following conditions’ : 
E,=900 Mev, 0=145°, »=2.75, 
E3;=327 Mev, E4=1511 Mev, 
B, =0.783 = g=—2M(E,—E£;) 


AE=13.1 Mev, 
—1.075X 10° Mev’. 
Equation (III.23) gives 6=—15% for e+ p and 
5=—8.6% for e++> scatterings. If one neglects the 
radiation from protons, from Eq. (1.4) 
6=—11%. 


Example B. Consider an example at a higher energy: 


AE=10 Mev, 


one gets 


E3;=500 Mev, n= 10, 
B4=0.975. 


E,\=5 Bev, 


Equation (III.23) gives 6=—21.0% for e+ p and 
5= —9.9% for e++p scatterings. Equation (1.4) gives 
§= —12.84%. 

Notice in both examples given above that the 
condition (III.3) is satisfied. 


V. PRACTICAL CONSIDERATIONS 
In applying Eq. (III.23) to the actual analysis of 
data some precautions are necessary. When an electron 
beam is scattered by a liquid hydrogen target, the 
scattered electrons, after going through an entrance 





slit and the magnetic spectrometer, will have a typical 
energy spectrum shown in Fig. 1. The shape of this 
spectrum is in general due to (1) tl 
the incident beam, (2) the finite thickness of the target, 
(3) the finite width of the entrance slit, and (4) the 
radiative corrections which we have this 
paper. The effect due to the finite thickness of the 
target is also a radiative phenomenon and thus one 
should be able to calculate it along lines 
present treatment. This effect may 
10% correction to the cross section at 900 Mev under 
typical experimental conditions.’ The 
energy spectrum due to the energy spread of the 
incident beam and the finite width of the entrance slit 
do not cause any appreciable trouble as long as AE is 
chosen sufficiently larger than the energy spread of the 
scattered electrons due to these two effects Suppose the 
initial beam has an energy spread AF; then the 
energy spread of the scattered electron due to AF; can 


be calculated from Eq. (1.2): 


e energy spread of 
treated in 


similar to the 
much as 


cause as 


smearing of the 


Similarly the energy spread of EF; due to the finite 
width of the entrance slit is 


(0E3/00)A0= (E,2/ M7") sinédé. (V. 


Thus one should choose AE such that 
AE>AE yr”, (a) 
and 
AE> (E;?/M) sin@Ad. (b) 


The condition (a) is necessary because the shape of the 
spectrum near F;°'(@,,) is mainly due to the energy 
” R. Hofstadter (private communication). See reference 6, Eq. 


(34). This formula needs a reexamination at energies with which 
we are concerned here. 
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spread of the incident beam, which has nothing ‘to do 
with the radiative effect. Condition (b) is necessary 
because we have replaced the area of integration ABCD 
by AB’C’D in Fig. 4 in order to simplify the calcu- 
lation. This approximation breaks down unless con- 
dition (b) is satisfied.” Experimentally these two con- 
ditions are equivalent to taking AE>W, where W is 
the width of the spectrum to the right of E;°'(@,,) as 
shown in Fig. 1. 

Conditions (a) and (b) give a lower limit for AE. On 
the other hand AE should not be too large, otherwise 
condition (III.3) will not be satisfied. 


VI. DISCUSSION 


A. In this paper we have amply demonstrated the 
power of the technique of infrared extraction developed 
by Yennie et al.8 We have assumed the noninfrared parts 
of the matrix elements Mo, M3, and Mg to be negligible. 
This has to be somehow justified. Drell and Fubini’ 
have considered the mesonic contributions to Mz and 
M;, especially the resonance effect of the nucleon 
Compton scattering. They estimated the contribution 
on the cross section to be about 1% in the energy range 
~1 Bev. It is very desirable to extend this kind of con- 
sideration to higher energies.*' One could of course try 
to treat the proton as a structureless Dirac particle and 
calculate these matrix elements exactly and show that 
the noninfrared parts are indeed negligible.”? However, 
in an electron-electron scattéring® it was explicitly 
shown that the noninfrared parts of M2+Ms; are neg- 
ligible. Thus one would expect that this must also be 
true for e+ scattering if protons are structureless. The 
order of magnitude of the contribution to the cross 
section from M¢ can be estimated by using Eq. (II.5) 
with m® replaced by M?. It can be shown that even at 
E,=10 Bev, and E;=500 Mev, the contribution to the 
cross section from Mg is only about +0.5%. Thus the 


*” In electron-electron scattering when one of the initial electrons 
is at rest, the extreme opposite condition to (5) was used. See 
reference 9, Sec. V 

*1The noninfrared parts of M2+Msz, including the mesonic 
effects, can be evaluated experimentally by comparing the cross 
sections of e++-p with those of e~+- scatterings performed under 
identical experimental conditions. After applying the radiative 
corrections given by Eq. (III.23), the difference in two cross 
sections must be exactly twice the contributions from the non- 
infrared parts of M2+M;. (We assumed that the difference in the 
effects due to the finite target thickness for e~+p and e++p) 
scatterings is negligible.) Such an experiment is being performed 
at Stanford by J. Pine and D. Yount. 

2 In this connection it is interesting to notice that McKinley and 
Feshbach have calculated the second Born approximation to the 
Coulomb scattering and found that the first Born cross section is 
altered by a factor (1+6), where 5=Zaz[sin(}@)—sin*(46) ] 
Xcos~?(4@). In a later paper Dalitz confirmed this result. This 
correction is independent of energy and has different signs for 
e-+p (Z=1) and e++p (Z=—1) scatterings. At 145° this cor- 
rection gives 6~0.015Z and at smaller angles the correction is 
smaller. In view of the lack of exact calculation for the noninfrared 
parts of M+ M3, we may add this correction to Eq. (III.23) for 
practical analysis of the e++-p scatterings. See W. A. McKinley, 
Jr., and H. Feshbach, Phys. Rev. 74, 1759 (1948); and R. H. 
Dalitz, Proc. Roy. Soc. (London) A206, 509 (1951). 
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neglect of the noninfrared parts of Mg is probably 
justified up to about 10 Bev. In summary, our Eq. 
(III.23) is good up to about 1 Bev within +2% of the 
cross section. (Of the 2% error, 1% is from the approxi- 
mation used in our integration and 1% from the non- 
infrared parts of the contributions from M;+M3+M,.) 
If one can prove that the noninfrared parts of M:+Ms3, 
especially the mesonic resonance effects, are negligible 
(+ 1%) even at higher energies, then our result is good 
up to about 5 Bev within 2% of the cross section. 

B. In this paper we have considered the radiative 
corrections to the e+ scattering when only the scat- 
tered electrons are detected. In part of the Cornell 
experiment‘ the recoil protons are detected instead of 
the scattered electrons. Our formula is not applicable 
under this experimental condition. Under this experi- 
mental condition, very hard photons can be emitted 
along the direction of the scattered electrons and thus 
one would expect the radiative corrections should be 
much smaller than the result of the present calculation. 
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APPENDIX A 


We have neglected the photon momentum & in the 
numerators of Eqs. (III. 1,2). We investigate here under 
what experimental conditions this procedure is justified. 
For this purpose it is necessary to consider everything 
in the center-of-mass system. (We denote the quantities 
in the c.m. system by a tilde in this section.) It is easily 
seen that for the above-mentioned approximation to be 
applicable, the maximum energy of a photon max 
which can be emitted in the c.m. system must be smaller 
than the momentum of all the particles. Thus in the 
center-of-mass system, 

@maxK FE. (A.1) 

To determine the value of @max we transform experi- 
mental conditions as specified by Fig. 4 into those in the 
c.m. system. The result is plotted in Fig. 6. £; can be 
obtained by considering the invariant 
pi po= ME\= EEL EY= Ef (E2+M)!+ £y }. 
Hence 

E,~£,[14+ (2£,/M) ++. (A.2) 
Similarly, 


E.~ (E,+M)(1+ (22,/M)}. (A.3) 
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Fic. 6. Experimental conditions (Fig. 4) expressed in terms of 
quantities in the center-of-mass system. 


For the elastic scattering, #;= £,, which corresponds 
to the straight line AD in Fig. 6. The lower bound of 
al . . . ° ° 
E; can be obtained by considering the invariant 


ps p2= ME;*"= E,(E, + RE, cos6). 


Hence, 


E,= ME: ( E+ E, cos6) 1 (A.4) 


which corresponds to the curve BC in Fig. 6. The 

relation between 6 and 6 can be obtained by considering 
the invariant 

M?(p1- ps) M?(1—cos@) 

—_—— = (1—cos#) = —_—____L__Y__, 

(pr: pe) (ps: po) (£,+£.)(£.+E, cos6) 


Hence, 


cos6=[(E:+M) cos0—E,JyM—, —(A.5) 


and from this we obtain Onin, Fay, aNd Anax Corresponding, 
respectively, to Onin, @.y, and Omax Of Fig. 4. Using an 
argument similar to that in the discussion of Fig. 4, 
we may replace the area ABCD by the area AB’/C’D. 
The length DC’ is defined as AE. Then from Eqs. 
(A.2, 3, 4, 5) we have 


AE=E,—ME"(E.+-E, cosb.y) 

=n(1+2F,M“)“ AE. (A.6) 
The maximum energy of a photon which can be emitted, 
Wmax(a,g), can be calculated by using the equation 
(pit po— ps—k)?= M? and letting E;= £;™. We have 
then 


@max (a, ¢) = 
AE(M+2E)) 
= ——____—_—_ — —, (A.7) 
M+E,+£,(cosé cosa+sina cos¢ sin) 


where a and ¢ are defined in Fig. 7. If the photon & is 
emitted along the direction of p,, we have 


@max(0,¢) = AEn. (A.8) 
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Fic. 7. The geometry 
for calculating the maxi 
mum energy of a photon 
which can be emitted in 
the center-of-mass sys 
tem. p3is on the xz plane. 














Similarly, along the ps, 3, and fp, directions we have, 


respectively, 
M+2F, 
») = AF- - 
M+E,(1—cosé 


<AE(1+2E,M—), (A.9) 


AE, (A.10) 


@max | 6 )) 


and 


@max (r— 6, T) 


_ M+2E, 
= Ak- 


-<AE(1+2E,M-). 
M+E, sin?6 


(A.11) 


From Eqs. (A.6, 8, 9, 10 and 11) we have 


@max <n(1+2F,M™)AE. (A.12) 
Thus condition (A.1) can be written in terms of lab 
quantities [using Eq. (A.2) } as 

AE(1+2E\M")KE;. (III.3) 
This result is very important experimentally. In 
example B of Sec. IV, the maximum energy of a photon 
which can be emitted along the f; direction is AE»? 
=1 Bev in the lab system. Our consideration here 
shows that even in this case the approximation we used 
is not bad. 


APPENDIX B 


We list here the results of all the integrations which 
appeared in Eq. (III.21). The invariant products (p;:/) 
in Eq. (III.21) are reduced to lab quantities by using 
Eqs. (IIT.20). Let us define 


2MnAE 


—1 
iia f 
89 Yom 


Then the following results can be obtained from Eq. 


ee (pi Pi) 
— - fat, 
2(x+M?) « (pik) (p;-k) 


xdx 


+ bK (p, Pipi). 





RADIATIVE CORRECTIONS TO ELECTRON-PROTON SCATTERING 1907 


r ' E 4k? M—E; M—E; 
(I1i.21): Pgs nat --[2(-— ‘)+0( ) 
E, Ey PoE m? E; E; 


ha=n—, Ia=In—, 


2A AE 2(M—E;) M M 
fei , +0(— )+in | 


In— 
M 12k,-M| 2E, 
I44= In—— 9 


7 E; 4k? M-E, M—E,\ 
dk 27 4,3= In ihe In ——|»(- : *)—a( - 
Ro Be AE m Ey EB 


( Ey —) —¢ ( 43 4 ) 

2I1,3= { n——+ln— } ln———® , 

= POE AE m?* E3 +0(= od — =) +10 - ais. in} 
M \2E:—M| 2K, 


E; 4E; M— Es 
2Io.3= In— n——[a( -- ‘) g oT M 1f1 14+6, E+ M 
AE om Ey 21 2,4=— In—— In— + n—— | 
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M(M—E;) 2Ex(M—E:) ~s ‘ 
-0( ——— )+0(; ee eS -) 1+,, 
2E,E,—-ME 2E,E,—ME, -+(- (= ~)( ))} 
E4 + M 1—B, 


The following identity was found to be useful in many 
of the above integrations: 


Ei 4k? E.—E; In(1-+ey)dy 
ae cae "Wwe -|a(- 2 ) f In( bey) y 
wAE m* E; : 


ay’+ by 


M(E s—-E 3) 2E,(E,— E3) —1 a+b 
aE leaf)... Mera ene 
2E\Fy— ME; 2E\Fy—-ME; 5 


b—(a, ‘c) 1— (a/bc) 
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+In| (bc/a)—1| in(—) 


+In} a ie 


\2E;E.— ME, x) 
‘\E,(M— 2E;)| 2E,1 


+1n | ——————_ } In— 


2E,E,.—ME; M 
E;(M—2E)), 2F; 





PHYSICAL REVIEW VOLUME 


122, 


NUMBER 6 JUNE 15, 


Investigation of Bremsstrahlung and Pair Production at Energies >10" ev* 


E. LOHRMANN 
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Pair production and bremsstrahlung at energies >100 Bev is 
investigated in nuclear emulsions by studying 91 primary electron- 
positron pairs starting high-energy-cascades and the first secondary 
pair. The average energy of the showers is 320 Bev. The experi- 
mental results on the total number and the energy spectrum of 
photons radiated by electrons 2100 Bev show a lack of soft 
photons, which is in disagreement with the Bethe-Heitler theory. 
The experiment agrees well with the new theory given by Landau, 
Pomeranchuk, Migdal, and Ter-Mikaeljan. A method for ob- 
taining the mean free path Z for direct pair production is presented 
which avoids the use of a correction for spurious tridents. A value 

_=12_,*7 cm is obtained for an average electron energy of about 


1. INTRODUCTION 


LECTROMAGNETIC interactions of electrons 
and photons with energy >10" ev can at present 

only be studied in the cosmic radiation. In the past few 
years a considerable amount of work has been carried 
out on this problem with the help of stacks of nuclear 
emulsion exposed to the cosmic radiation at balloon alti- 
tudes.'~" The approach most frequently used consists in 
analyzing electron-photon cascades initiated by a single 
high-energy photon or electron incident on the emulsion 
stack from the outside. Many aspects of the develop- 
ment of electron-photon cascades can be studied in 
detail and can be compared with cascade theory. How- 
ever, the interpretation of data obtained in this way 
meets with several difficulties. One of these is the well- 
known problem of dealing with the large fluctuations in 
the cascade development. Furthermore, the information 
obtained about the fundamental cross sections for 


* Supported in part by a joint program of the U. S. Atomic 
Energy Commission and the Office of Naval Research, and by the 
National Science Foundation. 
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Vol. 2. 

*P. Fowler, D. H. Perkins, and K. Pinkau, Phil. Mag. 4, 1030 
(1959). 

1 F, Benisz, Z. Chylinski, and W. Wolter, Nuovo cimento 11, 
525 (1959). 

1M. W. Teucher, E. Lohrmann, D. M. Haskin, and M. Schein, 
Phys. Rev. Letters, 2, 313 (1959). 

2D. M. Haskin, E. Lohrmann, M. W. Teucher, and M. Schein, 
Nuovo cimento 17, 986 (1960). 
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160 Bev. The conversion length of photons of average energy 320 
Bev in nuclear emulsion is 34-5 mm, in agreement with the theo- 
retical vaiue of 37 mm. The distribution of the separation between 
the electron and the positron of the original high-energy pair is 
also in agreement with the theoretical distribution. This indicates 
that no appreciable discrepancy can exist between experiment and 
the theoretical cross section for the energy partition between an 
electron and a positron, and the probability of large energy losses 
by radiation. Several high-energy showers presumably produced 
by wu mesons and one possible case of a double pair production are 
described. 


bremsstrahlung and pair production are of an indirect 
nature. This is especially true for the behavior of the 
shower at greater depths, which is determined by the 
cross section at energies much lower than the primary 
energy, therefore yielding no information about the 
interesting energy region above the capability of present 
day accelerators. 

The large number of electromagnetic showers col- 
lected in this laboratory in the past few years makes 
possible a more direct approach to this problem. This 
approach is designed to give direct information on the 
cross section for bremsstrahlung and pair production 
above 10" ev. This is done by confining the analysis to 
the interaction of the original electron-positron pair, 
which is produced by the conversion of a y ray of high- 
energy incident on the stack from outside. The electron- 
positron pair constitutes a line source of bremsstrahlung 
y rays. The distribution of the distance between the 
primary pair origin and the first bremsstrahlung pair, 
and the energy of the first bremsstrahlung pair (BSP) 
are directly related to the cross section for brems- 
strahlung of the original high-energy electron-positron 
pair. 

The conversion length of the primary photons can be 
obtained from the distribution of the pair origins 
starting showers inside the stack. The partition of the 
total energy between the two members of the original 
pair can be studied by relative scattering measurements. 


2. EXPERIMENTAL PROCEDURE 


Table I lists the stacks of nuclear emulsion used for 
this investigation. These stacks were scanned for showers 
of parallel minimum tracks along lines 7.5 cm and 15 cm 
apart. The showers were traced back to their origins. In 
this way 87 events starting with high-energy electron- 
positron pairs were located. They were not apparently 
connected with any high-energy nuclear interaction in- 
side the stack. This means that in an area of about 500 u 
radius around the pair, no parallel minimum tracks were 
seen. In addition, four electromagnetic showers were 
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TABLE I. Stacks used in this investigation 





Altitude 
(ft) 
108 000 
120 000 


Dimensions Exposure 
(cm) (hrs) 


40 206 
15X15 12 
30X60 X 12 
15X20X 18 


Exposure 


Guam—1957 
Minnesota—1958 
Texas—1958 116 000 
Sioux Falls—1959 > 140 000 


used which started from a y ray produced inside the 
stack. As will be explained in Sec. 9, these showers can 
be regarded as purely electromagnetic showers for the 
purpose of this investigation. For the investigation of 
the energy spectrum of the first BSP only, nine showers 
initiated by a single electron entering the stack from the 
outside were included. 

In order to minimize any bias resulting from finding 
and selecting the showers, and to make reliable measure- 
ments possible, the following criteria were imposed : 


1. Total length /, of the shower in the stack, starting 
from the pair origin, /,>7 cm. 

2. Total potential length 7, of the shower in the 
stack, 1,>10 cm. /, is the sum of /, and the distance / 
traveled by the primary photon in the stack. 

3. Primary energy Ey of the shower >70 Bev. 

4. Dip angle <45°. 


The number of showers given above is already the one 
accepted under these criteria. 

It is an important advantage of this type of investiga- 
tion that it is not necessary to determine the primary 
energy Ey of the showers with precision, since the cross 
sections depend very little on primary energy. Zo was 
determined from the lateral distribution of the shower 
tracks according to the method developed by Pinkau." 
With the help of the three-dimensional shower theory of 
Nishimura and Kamata," a reliable estimate of the pri- 
mary energy can be obtained. Since the measurements 
are made at depths exceeding several cascade units, the 
result depends very little on the high-energy cross 
sections. For this investigation the values of Ey were 
taken from the work of reference 15 on the y-ray energy 
spectrum. A more detailed description of the method 
will be given in this reference. 

A careful scan was made along the tracks of the pri- 
mary electron-positron pair up to the point when the 
first BSP started. The scan was conducted three times 
using different magnifications in a cylinder of about 50-u 
radius. If the separation between the two pair tracks 
increased, the scanning volume was increased accord- 
ingly. The lateral separation between the first BSP and 
the nearest member of the original pair, projected into 
the plane of the emulsion, is shown in Fig. 1. Assuming 
cylindrical symmetry, the actual distribution in space 


13K. Pinkau, Phil. Mag. 2, 1389 (1957). 

4K. Kamata and J. Nishimura, Progr. Theoret. Phys. 6, 93S 
(1958). 

18 J. Kidd (to be published). 
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Fic. 1. Distribution of the projected lateral separation between 
the first secondary pair and the nearest member of the original 
pair. Ordinate: number of events in 0.2-u interval. 


can be calculated from Fig. 1. This approach is prefer- 
able to measuring the distribution in space directly, 
since the projected separation can be measured much 
more accurately. The distribution is very narrow, since 
the first BSP occurs characteristically about 1 cm from 
the pair origin. No pairs were found at distances >8 yp. 
It seems, therefore, very unlikely that any pairs lay out- 
side the scanning volume and were missed. The energy 
of the first BSP was measured by multiple scattering. 
This was possible in almost all cases if the BSP energy 
was <3 Bev. An accurate and reliable measurement of 
noise and elimination of spurious scattering and dis- 
tortions was possible because of the presence of the high- 
energy tracks of the original pair which served as refer- 
ence tracks. The influence of energy loss by bremsstrah- 
lung on the multiple scattering was taken into account 
in a statistical way. It constitutes a very small correc- 
tion. For higher BSP energies, the further development 
of the cascade frequently prevents identification of the 
tracks over a sufficiently long distance. In this case 
upper and lower limits were established for the energy. 
A lower limit was established from the failure to observe 
multiple scattering in the available track length and 
from the opening angle of the pair. It is easy to see that 
Borsellino’s formula!*!” for the opening angle of pairs 
can be used only up to distances of several hundred yu to 
obtain an estimate of the pair energy. Then the influence 
of multiple scattering becomes predominant, irrespective 
of the pair energy.!® If an observation of the pair separa- 
tion can be made only after a much longer distance, one 
will generally obtain only a lower limit for the true 


16 A. Borsellino, Phys. Rev. 89, 1023 (1953). 
17G. Baroni, A. Borsellino, L. Scarsi, and G. Vanderhaeghe, 
Nuovo cimento 10, 1653 (1953). 

18 EF. Lohrmann, Nuovo cimento 2, 1029 (1955). 
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energy. At distances exceeding several thousand yu the 
influence of the original divergence of the pair can be 
neglected and the observed spread attributed to multiple 
scattering only. From this one obtains an upper limit for 
the primary energy by noting that for a given electron 
energy the probability of a deflection exceeding the 
expected rms value by a factor of 4 is very small (under 
the conditions of this experiment <2%). The rms value 
of the projected displacement y of a track of energy E 
from its original direction is given (Sec. 8) by an equa- 
tion of the form: 

(y)=BBE, (1) 


where Z is the distance traversed by the track and k is 
related to the scattering constant. If the separation po 
is observed, we obtain from this an upper limit for the 
energy : 

E<A4kZ4/yo. (2) 


If E is expressed in Bev, and yp and Z both in p, k~4.3 
< 10-* Bev uo. 


3. THEORETICAL REMARKS 


The Bethe-Heitler (BH) cross-sections for brems- 
strahlung and pair production are not valid at very high 
energies in condensed media. This has been first pointed 
out by Landau and Pomeranchuk.” Multiple scattering 
of the radiating electron produces a reduction of the 
probability of emitting low-energy photons, compared 
with the BH theory.”! 

For example, in nuclear emulsion, for an electron 
energy of 10" ev, the reduction becomes noticeable for 
photon energies < 10° ev. Detailed expressions for the 
cross sections for bremsstrahlung and pair production, 
taking into account this effect, have been calculated by 
Migdal.”* For very low photon energies, the deviation 
of the dielectric constant from unity leads to a further 
reduction of the probability for emission of soft quanta.” 
In the following the expressions for bremsstrahlung and 
pair production, according to Landau, Pomeranchuk, 
Migdal, and Ter-Mikaeljan will be referred to as LPM 
cross sections. 

LPM cross sections for bremsstrahlung in nuclear 
emulsion have been plotted in the work of reference 24. 
For pair production in emulsion there is no noticeable 
deviation from the BH expressions for photon energies 
< 10" ev. Above 10" ev, the conversion length increases, 
i.e., the photons become more penetrating with in- 
creasing energy. Studies of several electromagnetic 


19 H. Bethe and W. Heitler, Proc. Roy. Soc. (London) A146, 83 
(1934). 

*L. Landau and I. Pomeranchuk, Doklady Akad. Nauk. 
S.S.S.R. 92, 535, 735 (1953). 

#1 E. L. Feinberg and I. Y. Pomeranchuk, Nuovo cimento 3, S 
652 (1956). 

2 A. B. Migdal, Phys. Rev. 103, 1811 (1956). 

3M. L. Ter-Mikaeljan, Doklady Akad. Nauk. S.S.S.R. 94, 1033 
(1954). 

* A. A. Varfolomeev and I. A. Svetlolobov, Soviet Phys._JETP 
36(9), 1263 (1959). 
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Fic. 2. Average longitudinal distance (u) from the origin of the 
original pair to the origin of the first secondary pair as a function 
of the effective number &\ of photons radiated per conversion 
length. 


showers of > 10" ev in nuclear emulsions have indicated 
that the beginning of the cascade development can be 
better described by using the LPM rather than the BH 
cross sections.':**."° Fowler, Perkins, and Pinkau® were 
able to show that the total number of photons emitted 
by electrons of energy > 10" ev is smaller than given by 
the BH theory, and is in agreement with the LPM 
expressions. 


4. TOTAL NUMBER OF RADIATED PHOTONS 


The total number of photons of energy >2m,c? 
radiated per unit path length by a high-energy electron 
will be denoted by &’. The probability that the first 
BSP does not materialize along a particular track 
within a longitudinal distance u from the origin of the 
primary pair is*) 


P(>u)=exp{—k’[u—A+A exp(—u/d)}}; (3) 


d is the conversion length, 37 mm in emulsion. 
The average distance (u), where the first BSP ma- 
terializes, is given by 


(u)=de*b-*(b—1) 11 (64, b—1), (4) 


where b=k’d and J(v,p) is the incomplete I function in 
the notation of Pearson.” (x) is plotted as a function of 
kd in Fig. 2. 

An approximate expression for (wu) for the values of 
interest here is 


(u)= 1.07 (w/2)4(A/k’)). (5) 


Below about 1 Bev the conversion length \ increases 
with decreasing energy. This variation with energy can 
be taken into account with the help of Eq. (5) which 
shows that (u) depends only on the combination \/k’. A 


25K. Pearson, Tables of the Incomplete | 


Function (Cambridge 
University Press, New York, 1922). 
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TABLE II. List of showers starting with a pair. 





Average 
energy (2) 
(Bev) 


150 


Primary 
energy E 
(Bev) 
I 46 70 to 250 
II 250 to 2000 


I and II 


No. of 
Group showers 





70 to 2000 
Ill 400 to 2000 





good approximation can be obtained by defining an 
“effective number” k of photons assuming a constant 
conversion length A and compensating this by intro- 
ducing a cutoff in the bremsstrahlung spectrum at 25 
Mev.’ The “effective number” of photons & defined in 
this way will produce the correct value of (u) if inserted 
in Eq. (4) instead of k’ together with a value \=37 mm. 
For the BH cross sections an approximate expression 
for an electron energy E>>1 Bev is 


Ak= 1.45 In(E£/25 Mev). (6) 


The numerical factor includes a 2% correction for the 
average energy loss of the electron by bremsstrahlung. 
More accurate values of \& for the BH and LPM cross 
section are plotted in Fig. 3. In the case of an electron- 
positron pair, one has to average over the energy distri- 
bution of the pair members. The value of Ad for this case 
is also shown in Fig. 3. A good approximation is to 
calculate kA using an electron-positron pair with the 
value 3.5 of the ratio of the two energies.’ 

For comparison with the theory, the showers were 
divided into groups, as shown in Table II. £ is the total 
energy of the primary pair. 

The comparison between the experimentally found 
value of (u) and the expected value according to the BH 
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Fic. 3. Effective number kd of photons radiated per conversion 
length by: (a) an electron-positron pair (curve: “photons,” total 
energy E,); (b) a single electron (curve: “electrons,” energy Eo) 
according to the BH and LPM theory. 
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Fic. 4. Distribution of u for showers of group II (average energy 
E=500 Bev) and group I (average energy E= 150 Bev). Smooth 
curve: theoretical distribution according to Eq. (3) and LPM 
theory. 
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and the LPM theory is shown in Table III for the three 
groups. Also included are the results of the Bristol 
group® from a very similar experiment. There is good 
agreement between the experimental results of both 
laboratories and the predictions of the LPM theory, and 
a significant disagreement with the BH theory for the 
high energy groups II and III. 

Our experimental value of (z), as given in Table ITI, 
includes two corrections. One correction (—3.6%) was 
applied to account for the path traveled by the shower 
in the air gap between emulsions. It was determined 
experimentally by observing the skip of very flat 
showers. The other correction (+ 4.8%) was applied to 
account for direct pair production. This will be described 
in Sec. 6. 

The distribution of # is shown for groups I and II in 
Fig. 4. It agrees with the theoretically expected distri- 
bution from Eq. (3) and the LPM theory, which is also 
included in Fig. 4. 


TABLE III. Average distance (u) of first secondary pair. 





(u) 
from (u) 
LPM from 
theory ref. 9 
(mm) (mm) 


10.8 10.0 


11.0 


(u) 
from BH | 
theory 


Average (u) 

energy experiment 
Group (Bev) (mm) 
11.0+1.0 
12.2+1.0 
13.1+1.7 


I 150 
II 500 
IIT 700 
Ref. 9 2000 
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Fic. 5. Distribution of the energy E, of the first secondary pair 
for showers of group I. Solid curve: distribution expected ac- 
cording to BH theory. Dashed curve: distribution expected 
according to LPM theory. 


5. ENERGY DISTRIBUTION OF 
BREMSSTRAHLUNG PAIRS 


In the preceding section it has been shown that the 
total number of radiated photons is smaller than pre- 
dicted by the BH theory. It remains to be shown that 
this is produced by the lack of BSP of low energy. 
Figures 5 and 6 show the energy distribution of the first 
BSP for groups I and II of showers described in Table IT. 
Five showers of group I and four showers of group II, 
starting with a single electron from outside, are included 
in Figs. 5 and 6. Also drawn in are the energy spectra 
expected from the BH and the LPM theory normalized 
to the same number of events. In calculating the theo- 
retical curves, the known variation of \ with energy was 
taken into account and an integration over the energy 
distribution of the primary electron-positron pair was 
carried out. 

Even for the low-energy group the lack of pairs <1 
Bev compared to the BH cross section can be seen. For 
the high-energy group the observed number of pairs 
<3 Bev is 16, whereas 27 would be expected from the 
BH theory. Below 0.3 Bev the numbers are 4 observed 
vs 14 expected. The experimental distribution is in 
agreement with the LPM theory. 

At energies <2 Bev accurate scattering measure- 


<E >= 500 Bev 
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Fic. 6. Distribution of the energy Z, of the first secondary pair 
for showers of group IJ. Solid curve: distribution expected ac- 
cording to BH theory. Dashed curve: distribution expected 
according to LPM theory. 


ments were possible on all events but two. The corre- 
sponding number for energies > 3 Bev is 7. Above 3 Bev 
frequently only upper and lower limits for the pair 
energy could be established as described in Sec. 2. 
Characteristically the ratio of upper to lower limit is a 
factor of 10. The experiment is therefore only able to 
represent the gross behavior of the spectrum above 3 
Bev. Measurements which are sensitive to the behavior 
of the spectrum at energies comparable to the primary 
electron energy will be described in Sec. 8. All measure- 
ments are consistent with the LPM theory. 


6. DIRECT PAIR PRODUCTION BY ELECTRONS 


Straightforward measurements?:?*-* of the mean free 
path L for the direct production of an electron-positron 
pair by a high-energy (210 Bev) electron in emulsion 
meet with a difficulty which is demonsirated by Fig. 1. 
It shows that a large fraction (in this experiment 
= 80%) of the BSP have a projected separation <0.2 yu 
from the original electron track and thus cannot be 
distinguished from genuine cases of direct pair produc- 
tion. A correction for accidental BSP, as introduced by 
Kaplon and Koshiba,’ is therefore generally made. If the 
fraction of accidental BSP is large, the result depends 
sensitively on this correction. Apart from increasing the 
statistical error of the result appreciably, the correction 
requires also an exact knowledge of the primary electron 
energy which is in many cases not available. This is 
probably the reason why contradictory results have 
been reached by different authors. 

If a large number of showers is available, it is possible 
to make a measurement of the direct pair production 
mean free path L by a method which avoids these 
difficulties and does not require any precise energy 
measurements. 

The differential distribution of the distance wu be- 
tween the primary pair origin and the first BSP is ac- 
cording to Eq. (3) for w<(u 

P’(u)du= (uk/d)du, (7) 
i.e., P’(u) is proportional to u. This is true in the ab- 
sence of direct pair production. The distribution of the 
pairs originating from direct pair production only is 
given by 


P" (u)du=du/L, (8) 


i.e., P’’(u) is independent of x. 


26 J. E. Naugle and P. S. Freier, Phys. Rev. 92, 1086 (1953) ; 104, 
804 (1956). 

27M. M. Block, D. T. King, and W. W. Wada, Phys. Rev. 96, 
1627 (1954). 

28 E. Lohrmann, Nuovo cimento 3, 820 (1956). 

2% A. Debenedetti, C. M. Garelli, L. Tallone, 
Nuovo cimento 4, 1151 (1956). 

®R. Weill, M. Gailloud, and Ph. Rosselet, Nuovo cimento 6, 
1430 (1957). 

7 R. Weill, Helv. Phys. Acta 31, 641 (1958). 

#2 P. K. Aditya, Nuovo cimento 11, 546 (1959), 

%V. A. Tumanyan, G. S. Stolyarova, and A. P. Mishakova, 
Soviet Phys.-JETP 37(10), 253 (1960). 

* This method was first applied, at lower energy, by Camac 
[M. Camac, Phys. Rev. 88, 745 (1952) ] 


and M. Vigone, 
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The actual experimental distribution is [P’(u) 
+P" (u) \du for u<«(u). L can therefore be found by 
plotting the differential distribution of « and finding its 
value at w=0 by extrapolation. This plot is shown in 
Fig. 7. In order to increase the statistics, the distribution 
of this paper was combined with the one of the Bristol 
group.’ Figure 7 represents a total number of 196 
showers. At the present time the statistics are not good 
enough to give a reliable result for Z. Using the value 
of the slope calculated from Eq. (7) and Table III, one 
obtains 

L=12_,*7 cm. 


The lower limit of 8 cm corresponds to an extrapolated 
value V = 10 for «=0, This result seems to exclude some 
of the very small values which have sometimes been 
quoted for LZ in the past. Our result is obtained for an 
average electron energy of 160 Bev. It is compatible 
with the one expected from theory?’ **** (16 cm). 

Direct pair production affects the average distance (1) 
where the first secondary pair is found. If (u)p is the 
average distance calculated without taking into account 
direct pair production, the actual average distance () is 
given in a good approximation ((u)<L) by 


(u)=(u)o(1—2(u)o/#L). (9) 


Taking a value L=16 cm from theory, this leads to a 
4.8% correction to the experimentally found distribu- 
tion, if it is to be compared with (wo). This correction has 
already been included in our experimental results given 


in Table ITI. 


7. CONVERSION LENGTH OF 
HIGH-ENERGY PHOTONS 


The conversion length is the mean distance a photon 
travels before materializing. The conversion length A of 
the primary high-energy photons starting the showers 
can be determined from the distribution of the origins of 
the primary electron-positron pairs inside the stack. In 
this investigation a total of 89 showers were used. For 
these showers the restriction /,>7 cm of Sec. 2 was 
dropped. 

Let / be the distance the primary photon travels in the 
stack before converting. The integral distribution of / is 
plotted in Fig. 8, assuming that all the primary photons 
come from outside. There exists a tail in this distribution 
extending to very large distances /. This shows that a 
certain fraction of the photons was produced inside the 
stack in an interaction, the presence of which could not 
be detected at the origin of the first pair. Judging from 
those cases where a scan in the extrapolated line of flight 
of the photon was successful, we tend to believe that the 
events most likely to account for these photons are high- 
energy nuclear interactions with a small number of 
shower particles under rather wide angles. Before evalu- 


85H. J. Bhabha, Proc. Roy. Soc. (London) A152, 559 (1935). 
36 G. Racah, Nuovo cimento 14, 93 (1937). 
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Fic. 7. Distribution of u for small values of «. Shown are combined 
results of this work and of reference 9. 


ating A, a subtraction of this background must be made. 
It was assumed that the events responsible for these 
photons have the same distribution as the high-energy 
nuclear interactions in the stack. The distribution of / 
for nuclear interactions satisfying the acceptance criteria 
given in Sec. 2 is known experimentally.*’ It is roughly 
exponential with a slope of about 15 cm (determined 
mostly by the dimensions of the stack). The experi- 
mental distribution, Fig. 8, was therefore fitted by the 
sum of two exponentials, one of which, representing the 
background, has a slope of 15 cm. The slope of the other 
one was determined from the distribution itself at small 
distances /. The result of the best fit for the background 
curve is drawn in Fig. 8. The background represents 
about 18% of the events. After subtracting the back- 
ground, the remaining points lie with good accuracy on 
a single exponential curve. 

The analysis rests furthermore on the assumption 
that each shower is started by exactly one photon 
coming from outside and not by several parallel photons 
of very small lateral separation (<<1000 yu). Each of the 
showers was carefully traced for at least several cm from 
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Fic. 8. Integral distribution of length / traveled by primary 
photon in the stack before converting. Solid curve: best fit for 
background. XX: integral distribution of / after subtraction of 
background. 
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the original pair origin and several plots of the lateral 
distribution were available. In no case was the presence 
of more than one photon detected. Such an event seems, 
furthermore, very unlikely since showers of parallel high 
energy photons show typical separations of the order of 
cm. Our stacks, which were exposed at high balloon 
altitudes, show a very small number of these multiple 
core events. 

For the actual evaluation of A, Bartlett’s method* 
was applied to the events after subtraction of the back- 
ground. This method requires the knowledge of /,, the 
total length available in the stack for the detection of 
the shower. This length is smaller than the potential 
length /,, defined in Sec. 2, since a certain distance must 
be allowed for the shower development before it can be 
detected in the scan. Figure 9 shows the correlation be- 
tween / and /,. There are no events with /,—1<6 cm. 
This means that there is a minimum distance of about 
6 cm from the origin of the first pair to the point where 
the cascade is discovered. The distribution of the dis- 
tance between the primary pair origin and the scanning 
line is also in agreement with this. We have, therefore, 
used 

la=1,—6 cm. 


The conversion length \, as obtained from Bartlett’s 
method, after a 3.6% correction for the air space be- 
tween emulsions, is: 


A=34+5 mm. 


It should be compared with the value A=37 from the 
electromagnetic theory. The average energy of the 
photons for which J is stated is 320 Bev. Pinkau has 
applied the same method to a sample of 24 events of 
energy >10 Bev. His result of 43_;3*" mm is also in 
agreement, both with theory and with this experiment. 


8. ENERGY DISTRIBUTION OF THE 
PAIR ELECTRONS 


The distribution function describing the way the 
energy is shared by the electron and positron of the 
primary high-energy pair can in principle be studied by 
relative multiple-scattering measurements. However, in 
most cases the development of the cascade prevents 
sufficiently accurate measurements. A more indirect 
approach to this problem consists of measuring the 
separation of the pair at a given distance from the origin 
which is equivalent to a scattering measurement with 
one cell. The distribution of the pair separation for a 
large number of primary pairs can then be compared 
with the distribution calculated from theory. 

The separation of the two members of the original 
pair, projected into the plane of the emulsion, was 
measured at a distance of 1 cm from the origin of the 
pair. This projected separation will be denoted by y. 
Measurements were possible on 79 events. For 10 events 


38M. S. Bartlett, Phil. Mag. 44, 249 (1953). 
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no measurements could be made since the beginning of 
the cascade prevented positive identification of the 
original particles. 

At a distance of 1 cm from the pair origin, the original 
angle of divergence of the pair of order m/E can be 
neglected.'*—'* The distribution function y is only deter- 
mined by multiple scattering. According to Moliére**~* 
the distribution function for a particle of energy E>>mc?* 
which has traversed the path length Z, has the following 
form: 


$(¢)dg=[(2/n') exp(— ¢)+ Bfi(e)+--- ld, 


where 


(10) 


y= Ey’ /kZ323, (11) 


y’ is the projected separation between the particle and 
the tangent to the trajectory of the particle at the origin 
(Z=0). & is a function which varies slowly with Z. Its 
value in nuclear emulsion and for Z~1 cm is given in 
Sec. 2. 

fi and B are functions which have been tabulated by 
Moliére. The influence of f; was taken into account for 
the calculations, although it is very small. The influence 
of the higher order terms in Moliére’s expression, Eq. 
(10), can be completely neglected for the present 
purpose. 

For calculating the theoretical distribution T(y) of 
the projected separation y between the electron and the 
positron of the primary pair, the energy loss of the 
electrons by radiation must be taken into account. The 
problem was divided into two parts by considering the 
following two possibilities separately. First, the case 
where the electron and the positron lose <30% of their 
energy over the path of 1 cm. The energy loss was, in 
this case, treated by substituting for the initial energy 
of the particle an average effective energy which gives 
rise to the same scattering. This effective energy was 
%® G. Moliére, Z. Naturforsch. 3A, 78 (1948). 

# G. Moliére, Z. Naturforsch. 10A, 177 (1955). 
“1H. A. Bethe, Phys. Rev. 89, 1256 (1953). 
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calculated by suitably averaging over the path and the 
energy distribution. One has next to fold in the energy 
partition function of the positron and electron. The 
result is given in reference 18. This group contributes 
about 50% of the cases. 

The second group consists of those events where the 
electron or the positron or both lose >30% of their 
energy over the path of 1 cm. The probability of a given 
total energy loss by an electron traversing a given 
amount of material has been calculated by Bethe and 
Heitler.'® This calculation uses an approximation which 
is not admissible for the case of very large energy losses 
(260% of the original energy). For the distance of 1 cm 
(0.35 radiation units) it is sufficient to consider a given 
large (>60%) energy loss as being essentially due to the 
emission of only one photon of high energy. For energy 
losses <60% the distribution given by Bethe and 
Heitler was used. For the calculation of the separation 
it can be assumed that the energy loss occurs in one step 
which is equally likely to lie anywhere within the 1 cm 
track interval under consideration. One has then to 
integrate over all points along the path and the energy 
spectrum of the electrons. The problem of calculating 
the scattering of a particle, the energy of which changes 
as a function of the path length, has been solved by 
Moliére** and Eyges.® For the calculations of this work 
the expressions of reference 18 were used. The distribu- 
tion of y’ can then be calculated. Finally, one has again 
to fold in the energy distribution between the electron 
and the positron for the case that only one of them lost 
>30% of its energy and for the case that both lost 


expected : 9.4 events >1000 
found: 2 events >1I000 
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Fic. 10. Distribution of the projected separation y between 
electron and positron of the original pair 1 cm from the origin. 
Abscissa: Egy in Bev yw. Eo: primary energy of pair. Solid curve: 
theoretical distribution T(Eoy). Dashed curve: distribution as- 
suming equipartition of energy between electron and positron and 
neglecting energy loss by radiation. 


“ L. Eyges, Phys. Rev. 74, 1534 (1948). 


BREMSSTRAHLUNG 


N 
100 








100 1000 


10000 
v 


uBe 


Fic. 11. Integral distribution of Egy. Solid curve: theoretical 
distribution. Dashed curve: theoretical distribution neglecting 
radiation loss. 


> 30% of their energy. Finally, one has to combine the 
distributions of both cases stated at the beginning. 

The resulting distribution T(y) is shown in Figs. 10 
and 11. It depends only on the product Egy, where Eo is 
the primary energy of the shower. For comparison also 
the distribution of y expected for an equipartition of 
energy between the electron and the positron is given. 
The distribution for larger values of Ey is very different 
from the Gaussian curve representing equipartition of 
energy. The behavior of T(Eey) for large values of Evy 
is of the form: 


T (Evy) > [A+B In(Eoy) ](Ew), (12) 


which can be approximated by (Eoy)~!-*’ for Z=10 mm 
and for (Eoy) between 500 and 50 000 Bev yu. The com- 
parison with the experimental data is also shown in 
Figs. 10 and 11. There is good agreement between theo- 
retical distribution and experiment. From this we con- 
clude that there is no appreciable discrepancy between 
the theoretical pair energy distribution function and 
experiment at photon energies of about 300 Bev. At this 
energy both the BH and the LPH theory still give the 
same result. Included in Fig. 11 there is also the theo- 
retical distribution function without considering large 
energy losses by bremsstrahlung for comparison. This 
effect is quite important for the behavior of the dis- 
tribution function for large values of Egy. The experi- 
mental points fit much better the distribution which 
includes the influence of energy losses > 30%, indicating 
that the theoretical cross sections for radiation loss 
> 30% of the electron energy must be correct within a 
factor of about 2. This supplements the evidence on the 
bremsstrahlung spectrum obtained in Sec. 5. 


9. SPECIAL EVENTS 
A list of 5 peculiar showers found in the four stacks of 
nuclear emulsion is given in Table IV. They are all 
produced by singly charged particles entering the stack 
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TABLE IV. List of ‘“‘u-meson’’ events.* 


Energy of 

shower 

No., Stack (Bev) 
1, 230 5. 90 57 117° 
7 140 . 38 53 100° 

-~ 280 5. 570 70 22° 
4,G 110 , 63 170 173° 
5, M 180 wee 62 28° 


Zenith 


y lu) angle 


be (Mev/c) 7 (mm) 


* y: lateral separation between incident singly charged track and the first 
pair. l: length the singly charged track traveled in the stack before the first 
pair occurred. 


from the outside. Each travels a large distance / in the 
stack before the first electron-positron pair occurs. This 
distance is much larger than could be expected from 
Eq. (3), making a reasonable allowance for fluctuations. 
In all cases the first pair is of very high energy (>20 
Bev) and actually appears to start the shower. The 
angle between the singly charged incoming particle and 
the pair can be measured for all events but No. 5. As- 
suming that the shower is produced only by the first 
pair, one can calculate the transverse momentum ; of 
the photon producing the first pair. Its magnitude, as 
listed in Table IV, rules out the production of the first 
photon by an electromagnetic process experienced by an 
electron. It would be consistent with the value expected 
for the bremsstrahlung of a uw meson, and also with 
production by a nuclear interaction, although in this 
case a somewhat higher value of p; would be expected. 
The line of flight of the photon can be extrapolated back 
to the intersection with the singly charged particle. No 
visible interaction was found at this point or at any 
point along the track of the singly charged particle. The 
possibility that the events Nos. 3 and 5 are nuclear 
events of type 0+1) cannot be excluded, although this 
seems rather unlikely from the prong number statistics 
of high-energy nuclear events found in the stacks. 
Events No. 1, 2, and 4 have a zenith angle of >90° in 
the stack. Thus it seems very unlikely that they were 
produced during the flight in the stratosphere. Among 
more than 200 nuclear and normal electronic events 
found in our stacks not a single case was observed with a 
zenith angle >90°. The most likely explanation for 


events No. 1, 2, and 4 seems therefore production by a 
high-energy bremsstrahlung photon from a yw meson 
while the stacks were stored on the ground. A precise 
quantitative estimate of the expected number of such 
events is difficult due to a large uncertainty in scanning 
efficiency, storage conditions, and angular distribution 
of the uw-meson flux. It appears that the observed num- 
ber of events is in agreement within a factor of about 3 
with a rough estimate of the expected number of events. 
These phenomena point out the interesting possibility to 
investigate processes of high-energy transfer by yu 
mesons in nuclear emulsions exposed on the ground. 

A possible case of a double pair production (y — e* 
+e++e-+e-) was observed (among a total of about 100 
primary pairs investigated). The energies of the four 
particles are (in Bev): 170, 10, 0.02, 0.007. There is the 
possibility that this event is due to the chance coinci- 
dence of the primary pair and a secondary pair produced 
by chance very close to the original pair. From the 
distribution of secondary pair origins shown in Fig. 7 
and the experimental uncertainty of 25 u in the position 
of the origin of the four electrons, the probability of a 
chance cvincidence is <6X10~ for a single event, and 
<6% for finding such an among the ~100 
showers investigated. This probability is sufficiently 
small to make the explanation by a chance coincidence 
unlikely, although it cannot be ruled out. 


event 
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The reaction d+d — Het+7°, which is forbidden by isotopic spin conservation, has been looked for at 
the 184in. cyclotron. A beam of deuterons of 460 Mev kinetic energy was scattered from an extended 
target filled with deuterium gas at 25 atm pressure and at liquid-nitrogen temperature. The differential 
cross section in the center-of-mass system at 0¢..=90 deg was measured and a value of (18+2.3)x10™™ 
cm?/sr was obtained. We consider this value to be an upper limit for the reaction; the data are consistent 
with no x® production. From a comparison of this upper limit with the theoretical prediction of the cross 
section for this reaction if isotopic spin need not be conserved, we conclude that isotopic spin is at least 


93.5% conserved. 


? i ‘HE reaction 
d+d— He'+7° (1) 


has been looked for at the 184-in. cyclotron at Berkeley. 
This reaction is of interest because it is forbidden by 
the conservation of isotopic spin, J, since the three 
heavy particles all have isotopic spin=0 and the iso- 
topic spin of the ordinary 7,° (member of the isotopic 
spin triplet +,*+, 21°, w1~) is 1. Therefore reaction (1), 
which is a strong interaction, would require a change in 
isotopic spin of +1. The incident deuteron kinetic 
energy in the laboratory system for this experiment 
was 460 Mev. Previous efforts at observing reaction 
(1) have obtained upper limits for the total cross section 
of 7X10-" cm? at 460 Mev,' and 2X10-" cm? at 
400 Mev. 

We obtain an apparent center-of-mass system differ- 
ential angular cross section of (18+2.3)10-* cm?/sr 
at @.m.= 90°. For reasons given below, we consider this 
value to be an upper limit for reaction (1); the data are 
consistent with no 7° production. Within the limits of 
the impulse approximation used to calculate the ex- 
pected cross section for (1) if isotopic spin need not be 
conserved,’ we conclude that isotopic spin is at least 
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1 Norman E. Booth, Owen Chamberlain, and Ernest H. Rogers, 
Lawrence Radiation Laboratory Report UCRL-8944, 1960 
(unpublished). 

2 Yu. K. Akimov, O. V. Savchenko, and L. M. Soroko in Pro- 
ceedings of the 1960 International Conference on High-Energy 
Physics at Rochester (Interscience Publishers, Inc., New York, 
1960). 

3K. R. Greider, following paper [Phys. Rev. 122, 1919 (1961) ]. 


93.5% conserved. We also looked for the reaction 
d+d— He't+y. (2) 


An apparent cross section for (2) is (48+10)X10-™ 
cm?/sr at 0..m.=65°. This also is to be treated as an 
upper limit; our data are consistent with no y produc- 
tion from reaction (2). 

Figure 1 shows the laboratory-system kinematics 
for reaction (1) for incident deuterons of 460 Mev 
kinetic energy and M (r°)=135.0 Mev. The kinematics 
for reaction (2) are also shown, dashed. Slits of lead 
were placed between the target and the first quadrupole 
to fix the lab angle of the alpha particle at 8.7+0.6° 
(indicated in Fig. 1) and to prevent the magnetic 
channel from seeing the deuteron beam as it passed 
through the windows of the gaseous target. 

Two alpha momentum settings were used: 1275475 
Mev/c, which was sensitive to the production of a 
neutral particle with a mass of 120-155 Mev, and 
1427+40 Mev/c, which was sensitive to a mass of 
0-110 Mev. The momentum intervals quoted above 
were defined by the deliberately broad magnetic chan- 
nel acceptance (+6%) and by the energy loss in the 
deuterium target. 

Figure 2 shows the experimental arrangement used 
to focus and identify the alpha particles. The target 
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TABLE I. Counts per 10" incident deuterons. 





Target empty 


p(He') Dz Hy 
16.51.08 


1275 Mev/c (w®) 31.44085 22,740.73 
1427 Mev/c (y) 33.91.07 24.2+0.88 








had 3); in.-thick aluminum entrance and exit windows 
6 in. in diameter. It was filled to a gas pressure of 25 
atm at liquid-nitrogen temperatures. Hydrogen and 
deuterium fillings were alternated during the experi- 
ment. The alpha-particle beam passed entirely through 
a vacuum, except for regions near the target and in 
the vicinity of the counters. 

The counters were constructed of 0.020 in.-thick 
plastic scintillator to minimize energy loss and multiple 
scattering. Alpha particles were identified by means 
of time of flight and range (i.e., T:T2T;T,A;) and 
dE/dx (i.e., lower-level discrimination of the pulse 
height on 7; and 7). All counter pulses were recorded 
on a four-gun oscilloscope. The electronics was tuned 
up by means of an alpha-particle beam from the cy- 
clotron, and consistency checks were made periodically 
through the run. 

The cross section for deuterons on carbon, 


(da/dQ)(d+C — He‘+ residue), 


was also measured by using the CH.—H), subtraction 
technique. The result is 2.3X10-" cm?/sr-Mev/c for 
alpha particles of 1060 Mev/c momentum (lab) and 
an angle of 83°. With the CH, target we could show 
that our electronics did not saturate even though the 
production cross section for alpha particles and the 
background of deuterons were larger than with the 
deuterium target in place. 

Our data runs were cycled among four settings: 
He* momentum set at 1275 Mev/c to observe reaction 
(1) and then at 1427 Mev/c to observe reaction (2), 
first with a deuterium target and then with a hydregen 
target. 

Table I presents our data with their statistical 
errors. Since no alpha particles can come from d-p 
collisions, the hydrogen data were treated as back- 
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ground and subtracted from the deuterium data to 
yield the net He‘ signal from d-d collisions. This signal 
is now to be considered as an upper limit because any 
contamination of the deuteron beam with alpha par- 
ticles would give us a net positive yield. This was 
shown by using an alpha-particle beam from the cy- 
clotron under the conditions listed in Table I. At both 
momenta the a-d inelastic scattering yielded 1.48+0.03 
times as many alpha counts as did a-p scattering. 
Alpha contamination of the deuteron beam could ex- 
plain the observed net positive difference in alpha- 
particle yield between the deuterium and hydrogen 
targets. Further data (not shown in Table I) at differ- 
ent momenta give us additional information on the 
background. These data are consistent with zero yield 
from reaction (1), but the errors are large. We find, 
therefore, no evidence of the nonconservation of iso- 
topic spin. 

To get a firm upper limit for reaction (1) we assumed 
that the counts in Table I for D» target minus those 
from H, target were due entirely to reaction (1). The 
limit for the differential scattering cross section in the 
center-of-mass system obtained in this manner is 
doe.m,/dQ< (184:2.3)K10-" cm?/sr at 90° (c.m.). To 
get a lower limit for isotopic spin conservation, we 
compare this with the theoretical prediction® for the 
cross section, do7/dQ= (380-+50)X 10-* cm?/sr, which 
is computed with the assumption that isotopic spin 
need not be conserved. From this ratio, increased by 
two standard deviations, we find that isotopic spin is 
at least 93.5% conserved. The standard deviation of 
0.9% was a composite of experimental errors quoted 
here plus errors on experimental quantities as reflected 
in the calculation of reference 3. The limit obtained 
for reaction (2), mentioned previously, was obtained 
in this same manner from the data in Table I. 


ACKNOWLEDGMENTS 


We should like to thank Jim Carroll and William 
Bowman as well as Richard Eandi, Dale Dickinson, 
and Donald Hagge for help throughout the experiment ; 
Professor Moyer for discussions, and James Vale and 
the cyclotron crew for their cooperation. 





PHYSICAL REVIEW VOLUME 


122, 


NUMBER 6 JUNE 15, 1961 


Theory of Conservation of Isotopic Spin from d+d Reactions 


K. R. GREER 
University of California, La Jolla, California 
(Received February 8, 1961) 


The theoretical cross section for the reaction d+d — He*+-7° has been calculated in the impulse approxi- 
mation. It is assumed that the matrix element contains no isospin dependence which, due to conservation 
laws, would ordinarily prohibit pion production. The comparison of the theoretical and experimental cross 
sections for the reaction yields an upper limit of 6.5% for the amount of isospin nonconservation in strong 
interactions. A discussion of the effects of different Het wave functions in the calculation is also included. 


TEST of the validity of the conservation of iso- 

topic spin in strong interactions can be obtained 
by measuring the cross section of a reaction in which the 
isospin quantum number changes. Such an experiment, 
involving the reaction d+d-— He'+7°, has been de- 
scribed in the previous article.’ The measured cross 
section for (d+d— He'+X)=o** can be related to the 
theoretical cross sections for the production of particles 
X whose mass~pion mass,! in terms of the change in 
isospin number J, from initial to final state by 


o* xP(d+d —> He'+ X)= Par oo (d+d— He'+-70") 
+P.1,00(d+d— He'+7"), (1) 


where mo’ represents a possible isosinglet meson, and 
x is the ordinary neutral pion. In Eq. (1), we have 
explicitly factored the isospin dependence of the cross 
sections, i.e., Paro and P47, are the probabilities that 
isospin is conserved and not conserved, respectively. If 
we calculate o(d+d— He'+7°)=o7, and assume it 
gives the only contribution to the 70 cross sections, 
then we may write o**?/¢7 > Ps7,0, which sets an upper 
limit for Par 0, the probability for nonconservation of 
isospin, The purpose of this note then, is to outline the 
calculation of the theoretical cross section for the reac- 
tion if isospin were not involved in the matrix element. 

The calculation of the differential cross section o7 in 
the framework of the impulse approximation follows the 
treatment of Ruderman? and Bludman! for the produc- 
tion of pions in +d reactions. In our case, the d+d 
reaction is related to the experimental cross sections, 
o(p+d— He*+7°) and o(n+d— H'+7"), which we 
assume here to be equal. The differential cross section is 


a | d+d —_—> He'+7°) = 4( a )Vdd ' Enet/(Entet+E;) | 


; Eue’+E&, 
3tya— ‘ 


2 Exe? 


| é | 


1 J. A. Poirier and M. Pripstein, preceding paper [Phys. Rev. 
122, 1917 (1961) ]. Other d—d experiments have been reported by 
N. Booth, O. Chamberlain, and E. Rogers, Bull. Am. Phys. Soc. 4, 
446 (1959), and K. Akimov, O. V. Savchenko, and L. M. Soroko, 
Proceedings of the 1960 International Conference on High-Energy 
Physics at Rochester, (Interscience Publishers, Inc., New York, 
1960), p. 49. No analysis of these last data could be made, since one 
cannot obtain the differential cross section from their information. 
Their conclusions for the degree of isotopic spin conservation 


where | g(@)|?=0(p+d — He’+7"), and f(@) is defined 
in Eq. (3). The term in brackets, g(@), and g(7—@) are 
to be evaluated at the energy corresponding to the pro- 
duction of a meson of the same momentum as observed 
in the d+d reaction. Aside from the factor of § due to 
spin statistics, our expression (2) differs from that of 
Ruderman and Bludman in two respects. First, we must 
use an average of the angular functions at @ and r—0@ 
since the process is symmetric in the d—d center-of-mass 
system (either deuteron may be considered as the inci- 
dent particle). Second, since the term in brackets should 
be spin independent, a factor of 3 appears in order to 
compensate for the spin-statistical factor of } implicit 
in the observed +d and u+d cross sections. [In the 
previous calculations?* of o(p+d— H*+-t) from 
o(p+p—d+n*), a factor of $ should have been in- 
cluded in a similar way. | 
The angle-dependent term /(@) is defined as 


fO=N f as exp(—iA-X)xa(X) a(x), (3) 


where x(x) is an appropriate normalized single-particle 
wave function for the spectator particle in He‘, ga(x) is 
the deuteron wave function, and we define the mo- 
mentum transfer: A=}k—j4q; k and q being the mo- 
menta of the incident deuteron and outgoing pion, 
respectively. The “sticking factor” NV is just the overlap 
integral of the three (interacting) particles of He* with 
the ground state of He*. If we neglect the rather weak 
angular dependence of NV, then it is just a number, V <1, 
to be determined below. In the calculations that follow, 
we assume Vx, and therefore, {(@) to be equal for both 
the n+d and p+d processes. 

The calculation of Eq. (2) then depends on the choice 
of single-particle wave functions g(x) and xq(x) for the 
deuteron and alpha particle, respectively. Regarding the 
choice of ga, it has been shown’ that a hard-core modifi- 
cation of the usual Hulthén deuteron function, 
(e-"*—e~**)/x, significantly alters the amplitude calcu- 
lated with Eq. (3). However, due to the equal im- 


represent only a rough estimate, due to the absence of a theoretical 
number for the x® production cross section. 

2M. A. Ruderman, Phys. Rev. 87, 383 (1952). 

3S. A. Bludman, Phys. Rev. 94, 1722 (1954). 
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portance of xa(x) and ¢a(x), it seems impractical to 
further improve on the deuteron wave function in this 
way until one has a He‘ function whose accuracy is on 
the same order as the Hulthén expression. It is generally 
accepted that no single-particle He* (or He‘) wave 
functions which satisfy this requirement exist at present. 

We have investigated this problem and will give the 
details in a subsequent paper. It suffices here to mention 
that for the very light nuclei, we merely solve an ap- 
propriate single-particle wave equation in the same 
approximation that yields the Hulthén function in the 
deuteron problem. For this reason, we believe the result 
to be about as accurate as the Hulthén expression. The 
effective single-particle potential required in the equa- 
tion is obtained from a Hartree-type approximation 
with Yukawa two-body forces. The wave function we 
obtain has the form: 


Xa (x)= (€8*— 6-7") /x+ A (€8*—e-**)/x+Be**, (4) 


where 8 is related to the separation energy, F, by 
B=[(A—1)/A }1\(2ME)!/h, and A, B, y, 6 (y, 6&>8) are 
fixed parameters whose values are given by the same 
variational procedure that produces the Hulthén func- 
tion. It can be seen that Eq. (4) has the correct asymp- 
totic form for large x, and yet is quite smooth as « — 0, 
similar to the usual symmetric wave functions for very 
light nuclei.‘ But the use of this wave function in Eq. (3) 
yields results significantly different from those obtained 
with either the symmetric-type or asymptotic functions. 
As a check, we have also applied this function to the 
p+d— H*+-* reaction’ and found the experimental 
results can be fit by a smaller, more reasonable value for 
the hard-core radius (<0.50 fermi rather than 0.70 
fermi) in the deuteron Hulthén function. Thus, the 
hard-core explanation of that experiment still appears 
quite valid, and we have incorporated its effect in our 
calculation for the d+d reaction. 

The product of the sticking factor V and the single- 
particle momentum distribution for He‘ has been ob- 


4H. Fréhlich, K. Huang, and I. N. Sneddon, Proc. Roy. Soc. 
(London) A191, 61 (1947). 
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tained experimentally.’ By comparing the Fourier 
transform of Eq. (4) with these results, we can obtain 
not only a value for V, but also find how well our 
single-particle function agrees with experiment. From 
such a comparison, we conclude that JN is close to unity, 
and more important, that the wave function given by 
Eq. (4) represents the single-particle behavior of He‘ 
quite well. Therefore, we may proceed with the calcula- 
tion of Eq. (2) with the confidence that our results 
will be reasonably accurate. 

6=7.25, and B=0.395 in units of (fermi), and 
A=0.277, N=1. Using the Hulthén deuteron wave 
function with »=0.232 (fermi)! and &=6n, we find 
at 90° in the center-of-mass, o7(d+d— He'+7°) 
= (0.0800 (p+d — He®+-7°), and extrapolating the p+d 
data® (including experimental errors) to a pion energy of 
101 Mev, we obtain o(d+d — r°+He') =0.038+0.005 
ub/sr. Comparing this number with the cross section 
reported in the preceding article, we conclude that with- 
in two standard deviations 


Par .40<£ 6.5%. 


A similar analysis using the data of Booth ef al.' yields 
P41,0£ 8.7%. The larger errors in this value occur for 
two reasons: (1) Since the experiment was carried out 
at zero degrees, the functions g(@) and g(r—8) of Eq. (2) 
are not simply related to «(p+d— He®+7°), and (2) 
the experimental uncertainties® for o(p+d— He*®+7°) 
are largest for small angles. Both of these uncertainties 
are minimized in the work of Poirier and Pripstein at 90°. 
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It is pointed out that spallation of interstellar matter by cosmic rays occurs, and that the lithium, beryl- 
lium, and boron thus produced can be used as rough indexes of the average interstellar cosmic-ray intensity. 
Using available data, this method gives an upper limit of the order of 10 cm™ sec™ for the intensity of 
interstellar cosmic rays of kinetic energy >~50 Mev, averaged temporally over the past few billion years 
and spatially over several cubic kiloparsecs in the solar neighborhood. 


‘PALLATION reactions have been studied in targets 
exposed to accelerator beams! as well as to cosmic 
rays (e.g., in meteorites?), and are believed to be 
important on the surface of certain stars.’ Spallation 
reactions initiated by cosmic rays in condensing 
protostars have also been considered previously.‘ 
Spallation reactions must also occur im interstellar 
matter bombarded by interstellar cosmic rays. (The 
“inverse” process, the fragmentation of heavy cosmic- 
ray nuclei by interstellar matter, is well known.®) In 
the spallation of interstellar matter by interstellar 
cosmic rays, the following relation holds: 


npp= f f nro(t)j(E,t)o(E)dEdt, (1) 
t=0 “~ B= 


where ¢ is the time, Z the kinetic energy of the bom- 
barding particle in the laboratory system, o the pro- 
duction cross section, t the bombardment period, 7 the 
differential intensity of interstellar cosmic rays, and 
nrg and mpp the abundances of the target and product 
nuclei, respectively. 7, m7¢, and mpp are averages over 
some volume of space. 

For the present application, Eq. (1) will be written 
in the approximate form, 


(npp/Nna)= (nre/Nna)Jor, (2) 

* Supported in part by the Air Force Office of Scientific Research 
and the Office of Naval Research, and by the Research Cor- 
poration. 
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ibid. 65, 2947 (1960), and references therein. 
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Revs. Modern Phys. 29, 547 (1957); A. G. W. Cameron, Chalk 
River Report CRL-41, 1957 (unpublished) ; S. Bashkin and D. C. 
Peaslee, Bull. Am. Phys. Soc. 6, 7 (1961). 

*W. K. Bonsack and J. L. Greenstein, Astrophys. J. 131, 83 
(1960). 

5S. F. Singer, in Progress in Elementary Particle and Cosmic Ray 
Physics (Interscience Publishers, Inc., New York, 1958), Vol. 4, 
p. 203. 


where 7g is now averaged also over the bombardment 
period r, myx, is the abundance of interstellar sodium, 
J is the integral intensity, averaged over time and 
space, of interstellar cosmic rays of kinetic energy 
above the “threshold” energy explained below, and o 
is now the constant production cross section for energy 
above the “threshold”’. 

Consider in particular the production of interstellar 
Li, Be, and B by cosmic-ray bombardment of inter- 
stellar C, N, and O. Nearly all of the Li, Be, and B 
produced appear as residual nuclei rather than as 
knock-on or evaporation particles from the high-energy 
reactions, and hence have kinetic energies of not more 
than several tens of Mev. These are eventually slowed, 
without destruction, by the interstellar medium. After 
acquiring electrons, they should become spectroscopi- 
cally observable. 

The origin of interstellar Li, Be, and B is at present 
not well known; nor are their abundances.*:*-®7 In 
studying the spectra of two stars about 300 and 1000 
parsecs distant (1 parsec~3X10'* cm), Spitzer and 
Field® found an upper limit of ~5X10~ for the inter- 
stellar Be-to-Na abundance ratio. This is an upper 
limit for mppce)/Na in Eq. (2). 

For recc+n+0)/MNa, the value 10° is adopted, as- 
suming the interstellar ratio to be comparable to that 
given by Suess and Urey® for gross matter in the solar 
neighborhood. 

The only extensively measured cross section, that 
for the production of 53-day Be’ [o(Be’)] by protons 
in C, remains nearly constant at about 10 mb from 
~50 Mev up to 5.7 Bev (beyond which there is no 
data), and diminishes rapidly below ~50 Mev.® Hence, 
~50 Mev is taken to be the “threshold” energy below 
which production is negligible. The excitation functions 
for the production of the neighboring nuclides are 
expected to have about the same “threshold” energy. 
o(Be’) in N and in O are equal to that in C for energies 

® L. Spitzer, Jr., and G. B. Field, Astrophys. J. 121, 300 (1955). 

7S. N. Milford and S. P. Shen (to be published). 

8H. E. Suess and H. C. Urey, in Handbuch der Physik, edited 
by S. Fliigge (Springer-Verlag, Berlin, 1958), Vol. 51, p. 296. 

»M. Honda and D. Lal, Phys. Rev. 118, 1618 (1960). 
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so far investigated (225 to 730 Mev). Measured o (Li) 
in C is ~1 mb.” Assuming that the maximum of the 
isobaric yield curve for mass number 7 occurs between 
Li’ and Be’, it can be estimated that o(Li7)=20 mb 
(this includes contributions from decay of other 6- 
unstable isobars). o(Li*®), o(Be*), and o(B") are ex- 
pected to approximate o(Li’), while o(B") may be 
higher. Thus, rough estimates for the elements Li, Be, 
and B are: o(Li)=o(B)=40 mb; o(Be)=20 mb." 

The bombardment period 7 is the average time 
elapsed since the interstellar matter under observation 
was last present in the interior of a star, since Li, Be, 
and B are completely destroyed by nuclear reactions 
whenever they enter a stellar interior.* Based on 
Schmidt’s and Salpeter’s detailed investigations” of 
the consumption and ejection of interstellar matter by 
stars in the solar neighborhood, it has been estimated’ 
that r=2X10" sec (6 billion years). 

On substituting now in Eq. (2) the several values 
adopted above, an approximate upper limit for J is 
obtained : 

J<~10 cm™ sec}. 


In studying the spectrum of the star T Tauri (dis- 
tance: ~100 parsec), Bonsack and Greenstein have 
recently suggested a Li-to-Na ratio of less than ~10~° 
to ~10~ in the T-Tauri nebula, which is presumably 
the remainder of the interstellar matter from which 
the star condensed.‘ If this ratio is valid for the inter- 
stellar matter near T Tauri, then, using o(Li), Eq. (2) 
gives another upper limit for J: 


J<~1 to 10 cm™ sec. 


The meaning of J requires further comment. Above 
all, it must be emphasized that, due to the great un- 
certainties in our adopted values (especially in mpp/mna 
and in 7), the upper limit obtained for J should not be 
taken literally, but should be regarded only as an 
order-of-magnitude estimate. However, in view of the 
present extremely limited knowledge of interstellar 
cosmic rays, even this rough estimate, based on availa- 
ble data, is of some interest. It is hoped that extra- 
atmospheric observations will soon greatly improve the 
interstellar nuclide abundance data. 


0 S..C. Wright, Phys. Rev. 79, 838 (1950). 

1 J. M. Miller (private communication). 

2M. Schmidt, Astrophys. J. 129, 243 (1959); E. 
ibid. 129, 608 (1959). 


E. Salpeter, 


AND S. P. SHEN 


J represents the cosmic intensity averaged 
temporally over the past six billion years (7), and 
spatially over the volume from which the observed 
interstellar Be or Li was collected. The combination of 
the random motion of matter and the 
motion of the product nuclei suggests that this volume 
is several cubic kiloparsecs in the solar neighborhood. 

Furthermore, / includes interstellar cosmic rays of 
kinetic energy as low as ~50 Mev, if any. While the 
present order-of-magnitude upper limit for J is un- 
certain, it nevertheless suggests that the low-energy 
(50 Mev-1 Bev) interstellar cosmi -ray inte nsity does 
not exceed the integral intensity of interplanetary 
cosmic rays above 1 Bev by one order of magnitude. 
This method, if refined, may thus give some information 
on the question of the “low-energy cutoff’ in inter- 
stellar space and on cosmic-ray acceleration mechan- 
isms in general. 

Spitzer and Field® suggested that the unusually low 
interstellar Be-to-Na and Ca-to-Na ratios might be 
due to the preferential concentration of chemically 
similar Be and Ca in interstellar dust grains. If so, the 
upper limit for J based on the Be-to-Na ratio would 
be in error. This, however, now seems highly unlikely 
in view of the low Li-to-Na ratio obtained recently‘ in 
the T-Tauri nebula mentioned earlier, for Li is chemi- 
cally similar, not to Be or Ca, but rather to Na itself. 

Thus, interstellar Li, Be, and B can be used as upper- 
limit “integrating meters” for interstellar 
cosmic rays in much the same way as certain cosmic- 


ray 


interstellar 


albeit crude, 


ray-produced nuclides in meteorites have been suc- 
cessfully used, as first suggested by Singer,’ as “‘inte- 
grating meters” for interplanetary cosmic rays. 

Equation (2) can also be soived for lower limits of 
interstellar Li, Be, and B assuming a 
plausible lower limit for J; the possibility exists that 
interstellar spallation alone may account for a sub- 
stantial portion of the interstellar abundances of these 
rare elements. Also, Eq. (2) can be solved for an upper 
limit of 7, a quantity closely related to the lifetime of 
interstellar matter. These and other points of astro- 
physical interest are discussed elsewhere.’ 
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The spin-orbit interaction term in the two-pion exchange nuclear potential is derived. It is found. that 
while the spin-orbit force is quite small in the triplet odd states, it is large and repulsive in the triplet even 
states. The relationship of the pion theoretical result with the phenomenological spin-orbit interaction is 


discussed. 





1, INTRODUCTION 


N an earlier paper! we obtained the two-pion ex- 

change static nuclear potential between two nucleons 
with nonrelativistic velocities in their center-of-mass 
system. We have also shown’ that the neglect of all the 
velocity-dependent terms in our derivation can be 
rigorously justified in the nonrelativistic approximation, 
and therefore the velocity-dependent terms in the two- 
pion exchange nuclear potential cannot be expected to 
play a major role in the low-energy nucleon-nucleon 





Sy(a) = 


interaction. It will, however, be of interest to derive the 
resulting spin-orbit interaction term, because from an 
experimental point of view i.ere seems to exist a great 
deal of uncertainty about the magnitude of spin-orbit 
interaction in nuclear forces.‘ 


2. PION-THEORETICAL SPIN-ORBIT INTERACTION 


The contributions of the uncrossed and crossed two- 
pion exchange diagrams for nucleon-nucleon scattering 
can be expressed as 


(in2g*/ch?)5(p— p’ +q—q') I (q’ yur it. ¥* (q) (py. 717 H* (p) | 


; . P Ging v?( - dt »— Gr) tw" ( wt mi oT ») 
xf auf av f ia] wa hae cn herein ae (1) 
0 0 i 


S4(6) 


1 4A? 


(—inx2g*/Ch*)5(p— p’ +q—q) 0 (q) yur it (q) (v.77 H* (p) J 


; is « Sus v(putqu)(p.+q.)+w*(pu- qu) (P.— 9.) 
x f auf av f ti] ——— ies ees Se 


with 
A=Krw+r?(1—0) +R? (u—v) (1—) 
—}(p—q)*("?—w*), (3) 
B=v?+\?(1—v) +k? (u—v) (1—4) 
—fP(P?—w*)+}(p—gP?(P—w*), (4) 


where the various symbols have the same meaning as in 
the earlier paper.’ 

In the center-of-mass system of the nucleons the 
above matrix elements can be simplified by using the 
relations 


/ 


p=—q, p'=—4q’, Po=qo= po = qu’, 
k=p’—p=—(q’—q), ko=0. (5) 


We can construct only two independent vectors from 

* Supported in part by the National Science Foundation. 

1S. N. Gupta, Phys. Rev. 117, 1146 (1960). 

2S. N. Gupta, Nuovo cimento 18, 823 (1960). 

8 Equations (1) and (2) of this paper are obtained from Eqs. 
(15) and (16) of reference 1 by replacing one of the variables of 
integration as w— 3(w+v). Also note that the momentum and 
energy of a nucleon with the propagation four-vector p are Ap and 
chpo, respectively. 
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the propagation vectors p, p’, q, and q’, and the scat- 
tering matrix elements in general can be expressed as a 
function of these two vectors. One of these vectors must 
be chosen as k, because the potential is obtained by 
passing over from the k space to the x space. The most 
natural choice for the other vector would be 


s=3(p'+p), (6) 


because s is symmetrical with respect to the initial and 
final states, and it is orthogonal to k. In the non- 
relativistic approximation we can regard k* and s?=p? 
— 4k? as small compared with «*, and expand the matrix 
element in powers of k?/x*, s?/x*, and |kXs|/x*, wherever 
such expansions are permissible. Further, as explained 
in the Appendix, we can transform the Dirac spinors 
appearing in (1) and (2) into the Pauli spinors, which 
gives us in the nonrelativistic approximation 


‘Some of the important papers on the phenomenological dis- 
cussion of the spin-orbit interaction are: J. Gammel and R. Thaler, 
Phys. Rev. 107, 291, 1337 (1957); P. S. Signell, R. Zinn, and R. E. 
Marshak, Phys. Rev. Letters 1, 416 (1958); M. H. Hull, K. D 
Pyatt, C. R. Fischer, and G. Breit, Phys. Rev. Letters 2, 264 
(1959); R. A. Bryan, Nuovo cimento 16, 895 (1960). 
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v1." (pix (q), 


tte i(o™ +0° ): (kXs) 
Ly*(q)y* @ILy* (PY (p) J=¥2* (av (o)| 1+ 


4x? 
’ ; i(o+o)- (kXs) be 
WY @ravd* (@ LY (Pv H* (0) J=¥L* (aq ww] — ——w per (p)vi*(q), 
sk 
where we have neglected all the lower-order terms except the spin-orbit terms. 


Carrying out the nonrelativistic approximations and dropping the non-Hermitian terms in S,(a), we find that 
the spin-orbit terms in the scattering matrix elements are given by 


Sq! (a) = (i/ch) (29)*5(p— p’+-q—q' i * (qi (p’) 7 Or jr 75 Thit+-Le rt (ph r* (e 


S4'(b) = — (i/ch) (24)'5(p— p’+q—q' Wi (qi (p’))r 7757 © (Ii 4+ ob rt (p)y+(q), 


where 


5 


1 
T= (g4/642°chn?)i (eo +0° -ikxs) f du fa en 
22-42 (ts \+k ey (1—u) 


1 2{(l—u)*—(1—u)] v 1 
T.= (g4/642?chr*)i (eo +e° (kx) f uf av f dw 
0 0 0 w+? (1—v) +k’ (u—v) (1—u) —} 


40° 


J = (21/642 ch*)i (eo +e) - (kX) 


; “ 1 K°0" 
xf uf dt Ra ———— —_———<$$___-__— . eS) 
( | 202-21 —2 )+k?(u—v) ( Tey [x2e?-+-d?2(1—v) +k? (u—2) ( 2 


v)(1—) 


l ae 1 
J = (g1/642*che*)i (eo +0) - (kxs) f au | dvt —— (14) 


In (9) and (10), 7; and J, arise from the values n= v=4 of the indices pw and v in (1) and (2), J> and J» arise from 
the values u.=1, v= 7, while it is easy to see that the contributions from the values y=i, v=4 or u=4, v=i vanish. 
The nuclear potential, corresponding to the matrix elements (9) and (10) is 


V 4’ = (27) sf ak ef tl — 7 @z De Oz OT 4D.) +7 O77 Or © (Ii +J2) 


= — (27) fat etl (3—2¢ - 2) (7, +72)— (34-20 - 2) (Ji 4+J2) |. 


Carrying out integrations over the k space, we can express V4’ as a function of x=)r as 
Vs’ =V 1s(x)(L-S/h’), 
where 
L-S/h?= (rXs)-(0%+e)/2= (rXp)-(e%+e)/2, 
V rs(x) = (g2/4ach)*Ach{ (3— 24 +2) Ry (x) + Re(x) J— (34-24 - 2) [Si (x) +S2(x) ]}, 


é —fiz 
Ri(2)=— —fiuf dv— “(Sit \ 
16me 0 (u—v)(1—w) 
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x 1 2[(—u) —(1—u)] v 1 
R»(x)=— f du f dv I ; 
Sark? 0 0 0 (u—1 \(1—w)—4e 
e fiz 
Si(x)=R,(x)— —f uf ae dy——_—_ —_, 
16x 0 (u—v)?(1—u)? x 
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with 





TWO-PION EXCHANGE 


3. DISCUSSION 
According to (18), in the triplet odd states 
°V s~ = (g2/4ach)*Ach{ [Ri (x) + Re(x) ] 
—S[Si(x)+S2(x) J}, 
while in the triplet even states 
8V rst = (g2/4ach)*Ach{9[ Ri (x) +Re(x) | 
+3LS1(*)+S2(x)]}. (26) 


We have evaluated® the integrals R,(x), Ro(x), Si(x), 
and S2(x) numerically for various values of x by taking 
\/x=0.15, and the results obtained are given in Table I. 
Further, *Vzs~ and *V s+ for various values of x are 
given in Table II, where we have taken g*/4rch = 14, and 
Ach= 140 Mev. 

Table II shows that the pion-theoretical *Vs~ is 
small, while *Vzs* is large and positive. This is in 
disagreement with the phenomenological result that 
*V_s~ is large and negative. It is interesting to note that 
a reasonable explanation of the phenomenological spin- 
orbit interaction can be given by assuming that besides 
the pion-theoretical contribution there exists a large and 
attractive isotopic-spin-independent spin-orbit contri- 
bution from some additional source. The partial cancel- 
lation of the two contributions in the triplet even states 
will also help to overcome the objections raised by 
Feshbach® and by Sessler and Foley.’ The required 


(25) 


TABLE I. Results obtained by numerical integrations of the quanti- 
ties Ri (x), Re(x), Si(x), and S2(x) for various values of x. 








Si (x) X 107 S2(x) X 107 
— 5480 24 800 
— 2260 8030 
—975 3090 
—470 1340 
— 220 634 
161 —110 322 
86 509 —65 172 
48 — 33 96 
27 172 —22 54 
—14 32 
64 —9 20 
—6 12 
26 —4 8 
—3 6 
11 —2 4 
—1 2 
5 —1 2 


Ri(x)X107 ~—- Ro(x) K 107 


12 400 51 300 
4015 
1545 
670 
317 


7660 


1750 


CUDA wre ~ 


— =] 


a). ._._._._._ |) 





5’ The numerical integration was carried out by the Computing 
Center of the Wayne State University on an IBM 650 digital 
computer, 

6H. Feshbach, Phys. Rev. 107, 1626 (1957). 

7A. M. Sessler and H. M. Foley, Phys. Rev. 110, 995 (1958). 
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TABLE II. Vz 5 in units of Mev in the triplet odd and triplet even 
states for various values of x. 


Vis 


— 90.28 
—3.76 
—0.01 

0.16 
0.11 
0.05 
0.03 
0.01 
0.00 








3V rst 


1728.72 
244.27 
54.61 
15.57 
5.17 
1.92 
0.80 
0.34 
0.16 








isotopic-spin-independent spin-orbit interaction could 
be due to a neutral heavy scalar meson® or a neutral 
heavy vector meson.° It is also possible that such a spin- 
orbit interaction is due to the pion-pion interaction, 
although our present knowledge of the pion-pion 
interaction is not too clear. 


APPENDIX 


Any scattering matrix element involving the Dirac 
spinors in the interaction representation can be reduced 
to an element involving the Pauli spinors without any 
approximation, for we can express the Dirac matrices 
y, and the Dirac spinor ¥*(p) in terms of the Pauli 
matrices o; and the Pauli spinors y *+(p) and ys*(p) as” 


0 —10; ; = 
v=(_ ), v=( ), (A.1) 
10 ; 0 0 —-1 


and 


(A.2) 


vit oe 
vs*(p) ; 


v)=c( 


where C is a constant. Substituting (A.1) and (A.2) in 


(ipy+x)y* (p) =0, (A.3) 
we obtain 
(p-o)p st (p)+ (x— po)pz* (p) =9, 
> ig (p P oy u*(p)+ (x+ po) st (p) =0, 
which gives us 
(o-p) 
Wst (p) =——y1t (p), (A.4) 
K+ po 


8S. N. Gupta, Phys. Rev. Letters 2, 124 (1959). 

* G. Breit, Proc. Natl. Acad. Sci. 46, 746 (1960) ; Phys. Rev. 120, 
287 (1960). 

© The superscripts +- and — refer to the positive- and negative- 
frequency parts. Thus, ¥*(p) and its Hermitian conjugate y* (p) 
refer to the particle, while ¥~(p) and y**(p) refer to the anti- 
particle. 
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so that ¥x*(p) and y¥s*(p) can be interpreted as the 


large and small components of ¥*(p). 
We can now write ¥*(p) in terms of ¥,*(p) as 
vx*(p) 

(o-p) 


vi 
K+ po 


¥*(p)=C 
(p) 


By choosing C in such a way that ¥+(p) and ~,+(p) 
satisfy the normalization condition 


v*(p)y* (p)=¥z* (p)yz* (p), 
, (=) 
Cc=(— ; 

2po 


REVIEW 


(A.6) 
we find 


(A.7) 
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so that (A.5) becomes 


*(p) 


poy'| ” | 
v* (p) ( . ) | (o-p) |. 
2p | vi*(p)| 


| 
| Ly 
UK } 


By using (A.1), (A.8), and the commutation relation 


(o-A)(o-B)=A-B+io- (AXB), (A.9) 


1 
} 
I 


we can always obtain a result of the form 


y*-(p’)Oy* (p)=1*-(p’)Lat+bic; Wirt (p), (A.10) 


where O isa produc t of the Dirac matrices, and a and b; 
are numbers. 


22 


NUMBER 6 


Fermi-Thomas Type Approximation for Nuclei 


KarLasH Kumar* 
Institute of Advanced Studies, Australian National University, Canberra, Australia 


AND 


Rajat K. BHADURI 
Tata Institute of Fundamental Research, Bombay, India 


(Received January 16, 1961; revised manuscript received March 10, 1961 


The Hartree-Fock to Fermi-Thomas reduction is carried through for finite nuclei, starting with the 
K-matrix formuiation. The resulting expression represents the nuclear energy to good accuracy in terms of 
the density and its first derivatives only; it differs in detail from the semiempirical expressions previously 
proposed for this purpose. This improved expression shows the inadequacy of the “semi-infinite” approxima 


tion used often in earlier studies. 


1. INTRODUCTION 


T is well known that a Hartree-Fock like energy ex- 
pression for a many-fermion system can always be 
converted to a form depending only on the density and 
its derivatives. On minimizing such an expression with 
respect to variations, one obtains a Fermi-Thomas type 
equation for the density. For problems involving many 
electrons, this situation has been well explored. In 
general, however, it is not immediately clear just how 
rapidly the procedure converges, or whether the re- 
sulting expression will be simple enough to be handled 
by a reasonable amount of labor. 

In this work, we report upon a reduction of a Hartree- 
Fock to Fermi-Thomas type equation for finite nuclei 
and some of its applications. The Hartree-Fock type 
basis in this case is provided by the.K-matrix theory of 
Brueckner and collaborators,':? and in the resulting ex- 
pression, terms up to (¥Vp)* provide a good approxima- 

*On leave from 
Bombay, India. 

1K. A. Brueckner, J. L. Gammel, and H. Weitzner, Phys. Rev. 
110, 431 (1958), referred to as BGW in the text. K. A. Brueckner, 
A. M. Lockett, and M. Rotenberg, Phys. Rev. 121, 255 (1961). 


2K. A. Brueckner and J. L. Gammel, Phys. Rev. 109, 1023 
(1958). 
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tion for the energy density. In obtaining this result 
(Sec. 2), we have used an approximate form of the K 
matrix, which is substantially nonlocal, in conjunction 
with a square-well potential. Very probably, this over- 
estimates the neglected higher-derivative terms, which 
are a measure of nonlocality. 

Having thus established the unimportance of higher- 
derivative terms, we go on to calculate a form of energy 
density, up to terms in (¥p)’, which is independent of 
these approximations. In fact, this form of energy- 
density is as good as may be profitably extracted from 
the best currently available K matrices. 

It is important for the present applications that the 
density dependence of the K matrix be accurately 
known. In the published literature,':” the K matrices are 
given numerically as functions of 7 and r’ for a fixed 
density. Their density dependence is given in an ap- 
proximate formula! expected to be valid roughly for 
p=3po to po/3, where po is the equilibrium density of 
nuclear matter. In view of this and the doubts recently 
raised’ concerning the Gammel-Thaler potentials, which 
form the basis of BGW K matrices, we do not consider 


3G. Derrick, D. Mustard, and J. M. Blatt, Phys. Rev. Letters, 
6, 69 (1961). 
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it worthwhile at present to make any calculation more 
detailed than the ones reported in the following. None- 
theless, it is sufficiently clear, even at this stage, that the 
procedure described below should be applicable to the 
nuclear case; and more detailed calculations can be 
made as soon as the question of interactions is settled 
and better K matrices become available. 

Although the possibility of such a procedure was 
noted earlier,‘ the forms of the energy density actually 
used** for computations have been completely arbi- 
trary. The present method differs significantly from 
these inasmuch as the form of energy density is, for 
the first time, uniquely determined from the K-matrix 
theory and is thus provided with as sound a theoretical 
basis as is possible in the present state of nuclear theory. 

Details of the methods of solving the density equa- 
tions have been given by Wilets.5* The use of the 
“semi-infinite” approximation with our form of energy 
density does not give a correct falloff distance, which 
suggests that the success of this approximation in earlier 
studies must have been due to erroneous forms for the 
energy expression. In solving the equations without the 
semi-infinite approximation, we give an improved treat- 
ment of the boundary conditions. 

As suggestions for further work, we note the possi- 
bility of including the second-order effects by a pertur- 
bation calculation. The restriction to central densities 
may be eliminated by converting Eq. (15) into a series of 
coupled equations for pz, by writing p= 1,m Pi,m¥ i,m 
This series may be cut off at po, in view of the unim- 
portance of the higher order multipoles, and solved 
approximately. Finally, information on the shell-struc- 
ture itself may be obtained by calculating the distribu- 
tion of nucleons in various / levels following the well- 
known Fermi method. 


2. THE FORM OF ENERGY DENSITY 


The interaction energy according to the K-matrix 
theory may be written as 


, AE=AE nn +AE ppt AE pn, (1) 
with 


AEnn=4}>0 | bn*(Don,*(2)K,,-(12,1'2’) 

ae Xen i(Wbn(2")dld2dV'd2’, 
J e0*Q)o0,*2)K, 1212) 

<$ni(1')bv;(2")dld2d1 a2", 
AE pn= X oni*(L)bnj* (2) (4K oct 2K t,0) 

me Xbni(1’dn,(2’)dld2aI'd2’, 


(2a) 


AE yp=4 Lu 


PiPj 


(2b) 


(2c) 
where @’s are the single-particle wave functions in the 


‘T. H. R. Skyrme, Phil. Mag. 1, 1043 (1956). 

5 R. A. Berg and L. Wilets, Phys. Rev. 101, 201 (1956). 

6 L. Wilets, Phys. Rev. 101, 1805 (1956), and Revs. Modern 
Phys. 30, 542 (1958). 
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model potential, and the subscripts s, e and #, e denote 
the singlet-even and triplet-even parts.! By expanding 
each wave function pair ¢;(r:)¢;(r2) about the center of 
mass, one can express AE in terms of the densities 


p»(R)=> ;| Gn(R)\?, pp(R)=> | bn,(R)|?, 
PntPp=P, (3) 


and their derivatives. 
To show that only the terms up to the first derivatives 

are important, we take the approximate form of the 

K matrix given by BGW' for the singlet s state: 

(ryre| K | ry’r2’) 

5(r’—r.)d(r—r.) 

5(R—-R’)| ~~ ———— 

(4ar.2)’Go(re,%e) 
j— ; Go(r’,r-) 

—|———1,(r 


—-—- trer| 


5(r—r’) 
+v,4(r) |, (4) 


4rr* 


dar 2 Go(r.,%e) 


where R and r are the center-of-mass and relative 
coordinates, respectively, r. is the core radius, v4 is the 
attractive part of the potential in question, and Gp is the 
s-state Green’s function given approximately by? 


1 Qa 
Go(r,r') =— . exp| —* lr—r’| 


? 1 


h 


a 
~exp| - (tr) |; -=1.07f. (5) 
h a 


The K matrix for the triplet state has the same form 
if we assume that only the s-state interactions are 
important. 

We use this form of the K matrix for its simplicity and 
because it has substantial nonlocality. The derivative 
terms are a measure of the nonlocality of the interaction, 
and it seems that in conjunction with a square-well 
potential this form overestimates the effects of non- 
locality and, hence, the derivative terms. If we form the 
quantity! f(r)= /(r| K|r’)dr’, then a measure of non- 
locality is given by the distance at which f(r) becomes 
indistinguishable from v(r). With quantities mentioned 
above and a hard core radius r,.=0.4f, f(r) is 79% of 
v(r) at r=1f and 92% at 1.5 f. 

Putting, for simplicity, 


2pn(R)=2p,(R)=p(R), 


(re)e= (Fede, (6b) 


and assuming interactions only in the s state, we have 
after some manipulations with (1), (2), and (4) for the 
energy density : ke 


&(p)=cp**—aip?+ a2(Vp)?+ $aerp, (7) 


(6a) 


and 
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where 


c=3.60?/2M, r= >| Vo; |"3.6p!, (8a) 


t 


3 | Go(r,r-) 
—a4=— | fom(s- - =a] 
16| Go(re%) 


en ; (sb) 
Go(ret-) 


Gol(r,r-) 
| fem(e- (r2+r2)— -) | 
Golf) 

4r2 
- } (8c) 

G(re%e) 
V=Va.stVa,t. (8d) 
The main point we wish to make is that the correc- 
tions to Eq. (7) are very small. The largest of these 
corrections arise from the second and third terms in 
Eq. (4), and their smallness can be traced to the rapid 
damping inside the relevant integrals caused by the 
Green’s function. This rapid damping is a characteristic 
of the Green’s function, and we do not expect likely 
refinements on Eq. (5) to change the magnitudes ap- 
preciably. Explicit calculations were made up to the 
terms involving the fourth derivatives of the density. 
We shall not give the details of these calculations, which 
are straightforward, if tedious. The magnitudes of the 
main term and the corrections were estimated at various 
values of the density for a Saxon-Wood type distribu- 
tion, Eq. (9), and the approximate form of the Green’s 

function given in Eq. (5) was used. 


1 


p= po—— 
1+e7/¢ 


po=0.2f%; x=(r—R); a=0.5f. (9) 


’ 


A quantity 0= > ;| V°6,|°"16p"* was also needed. The 
potential was assumed to be a square well of depth 30 
Mev and range 2f with a hard core at 0.4f. There 
appear some systematic cancellations, and the magni- 
tude of the corrections at their highest was about 6% of 
the main terms displayed in Eq. (7). The magnitude of 
the corrections depends on the range of the potential 
and the hard core but not on its depth. 

Energy expressions similar to that in Eq. (7) have 
been discussed by many authors, notably by Skyrme,‘ 
Berg and Wilets,® and Wilets,® who also show the con- 
nection with surface phenomena. The chief difference is 
that they either assume a simple form for &(p) or leave 
it unspecified. Choosing a so-called phenomenological or 
semiempirical form of &() is equivalent to assuming 
some arbitrary form for a; and a2. However, the ex- 
pressions in Eq. (8) result directly from the K-matrix 
theory. Of course, they depend on the particular form 
(4) of the K matrix, but more general relations can be 
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easily written down. An approximate density depend- 
ence of a; and a2, independent of the form (5) of the 
Green’s function, may be obtained by using a relation 
given by Brueckner et al.': 


K(p) = K core (p) + K ay 
K core(p) aa K core(po) f(p) ; 


The density dependence of the K operator in singlet 
and triplet states differs only slightly. We have written 
for simplicity, f,= f:= /. Hence, 


(10a) 


f(p)=0.58/(1—0.78p!). (10b) 


a;(p) =b:+d:f(p), 


a2(p) =b+d, f(p), 


(11a) 
(11b) 


3 3 
b,=— feoer, bo= fr (r)d*r. (12) 
16 128 


The form (4) of the K matrix is obtained by using the 
Born approximation for the perturbed wave function 
outside the core radius. It may be verified! that higher- 
order corrections will bring in only density-dependent 
corrections. Hence, the density-independent parts are 
given correctly by (12). Since we have taken the density- 
dependent part from the analysis of BGW,! we have, in 
Eq. (11), as good a representation of these quantities as 
can be obtained in the present state of the K-matrix 
theory. It might be remarked that a straightforward use 
of Eq. (5) in (8) gives incorrect density dependence of a, 
and d2, as might be expected. 

For Gammel-Thaler potentials quoted by BGW,! 
b,:=476 Mev f*, b.= 158 Mev f°. By requiring that the 
equilibrium density of nuclear matter be pp>=0.2 f-* and 
the binding energy per particle at the minimum be 15 
Mev, we obtain d;=—90 Mev f°, d.=—47 Mev f°. 
This gives d2(po)=¥108 Mev f*, which corresponds to an 
effective mass of 0.4 for nuclear matter. These values 
show that the density dependences of a; and a, are given 
nearly correctly by (11), at least for densities close to the 
nuclear densities. For densities which are much higher 
or much lower, the behavior of a; and a2 may not be well 
represented in this way—as is the case with the under- 
lying K-matrix theory itself. 


3. APPLICATION TO NUCLEI 
In applying Eq. (7) to finite nuclei, we require that 
the total energy be minimum with respect to variation 
of the density under the constraint of a given number A 
of particles. That is, 


6 f [8(0)-r’ol r=(, (13) 


where \’ is the Lagrange parameter to be determined 
from the condition that 


A= fear. 


(14) 
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A nonlinear differential equation is thus obtained. Neg- 
lecting the density dependence of a; and dg, it is 


V?y= 0.993 yi+ 2.15 y5/8—3.417y+2, (15) 


where y=p/po and the values of constants derived 
earlier have been used. 

In the semi-infinite approximation,** one puts V? 
=d°/dr’. This amounts to neglecting the effect of the 
(2/r)d/dr term, and was made plausible by arguing that 
the derivative is important only in the surface where the 
large value of r will make the term negligible. In this 
approximation, the boundary conditions dy/dr=0 at 
both y= 1 and y=0 uniquely fix A=0.304, The 90-100% 
falloff distance for y turns out to be 3.3 f. This is to be 
compared with the experimental value quoted to be 
between 2.2 and 2.5 f. 

The semi-infinite approximation is removed by taking 
the full expression V?=d?/dr+(2/r)d/dr in (15). The 
origin of coordinates assumes special significance here, 
and it is no longer possible to fix \ as before. We require 
solutions of (15) which have the correct density profile 
for which y— 1 asr > 0 and y— Oasr— o. In actual 
practice, one has to make a choice of A and a boundary 
value till the right solution is obtained. The area under 
the curve determines the value of A which thus depends 
on A and the boundary value from which the integration 
of the equation was started. 

One here comes across a difficulty of principle ob- 
scured by the semi-infinite approximation, inasmuch 
as the present method, like the Fermi-Thomas method 
breaks down at small values of density. The density for 
large values of r should decay exponentially. This does 
not seem to be the property of the solutions of Eq. (15). 
Connection of Fermi-Thomas method to the WKB 


approximation has been discussed by many authors and. 


suggests that the method breaks down at the classical 
turning points for particles moving in a potential. The 
exact value of density for which the present expression 
breaks down will also depend on the K-matrix expres- 
sion in a manner which, at the moment, can not be de- 
termined. In view of this, we match the solution at a 
large enough value of r to an exponential e~**", where 
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{= h?| E|/2m, E being the binding energy of the last 
particle whose contribution to the density is the most 
important one at large distances. \ in (13) is the 
chemical potential and is therefore connected to E. Still, 
there is considerable arbitrariness in the choice of 
boundary values, although this procedure answers a 
question of principle. 

With the same parameters as before (neglecting the 
density dependence of a; and a2), a double eigenvalue 
search, in the manner indicated, yields a falloff distance 
of about 4 f. To obtain the correct value one needs 
considerably stronger potentials. However, for a wide 
variation of parameters the falloff distances obtained in 
this way are 0.5 to 0.7 f larger than the ones obtained 
in the semi-infinite approximation—thus showing the 
inadequacy of the latter. In this connection we also 
propose to examine the full differential equation incor- 
porating the density dependence of a; and ae instead 
of Eq. (15). 


4. CONCLUSIONS 


We have shown that, if the basic assumptions of the 
BGW method are granted, then, one can set up a simple 
Fermi-Thomas type of equation for studying various 
nuclear properties. We have indicated how the accuracy 
of such a calculation might be determined, and have 
derived a form of energy density which is correct to 
about 6%. Application to density distributions shows 
the inadequacy of certain approximations. 

It does not seem very profitable at this moment to 
make any more detailed calculations because of the 
doubts recently raised concerning the Gammel-Thaler 
potentials,’ and because of the limited range of validity 
of the published form of the K-matrix density depend- 
ence. Suggestions for further work are included in the 
introduction. 
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where 


c=3.60?/2M, r= >_| Vb; |*3.6p!, 


3 Go(r,r-) 
—a,=—} | fom(i-2 er] 
16| Go(f ef) 


—,| 
Golrer.)) 


3 Go(r,r-) 
—a,= | fon(e- (FT) er] 
128| Golrer.) 


4r | 
G(rer)) 


(8c) 


(8d) 


The main point we wish to make is that the correc- 
tions to Eq. (7) are very small. The largest of these 
corrections arise from the second and third terms in 
Eq. (4), and their smallness can be traced to the rapid 
damping inside the relevant integrals caused by the 
Green’s function. This rapid damping is a characteristic 
of the Green’s function, and we do not expect likely 
refinements on Eq. (5) to change the magnitudes ap- 
preciably. Explicit calculations were made up to the 
terms involving the fourth derivatives of the density. 
We shall not give the details of these calculations, which 
are straightforward, if tedious. The magnitudes of the 
main term and the corrections were estimated at various 
values of the density for a Saxon-Wood type distribu- 
tion, Eq. (9), and the approximate form of the Green’s 
function given in Eq. (5) was used. 


1 
p= pe——; po=0.2 f°; 
1+.e7/¢ 


x=(r—R); a=0.5f. (9) 


A quantity 0= > ;| V°¢,|°"16p7* was also needed. The 
potential was assumed to be a square well of depth 30 
Mev and range 2f with a hard core at 0.4f. There 
appear some systematic cancellations, and the magni- 
tude of the corrections at their highest was about 6% of 
the main terms displayed in Eq. (7). The magnitude of 
the corrections depends on the range of the potential 
and the hard core but not on its depth. 

Energy expressions similar to that in Eq. (7) have 
been discussed by many authors, notably by Skyrme,’ 
Berg and Wilets,® and Wilets,® who also show the con- 
nection with surface phenomena. The chief difference is 
that they either assume a simple form for &(p) or leave 
it unspecified. Choosing a so-called phenomenological or 
semiempirical form of &() is equivalent to assuming 
some arbitrary form for a; and as. However, the ex- 
pressions in Eq. (8) result directly from the K-matrix 
theory. Of course, they depend on the particular form 
(4) of the K matrix, but more general relations can be 
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easily written down. An approximate density depend- 
ence of a; and de, independent of the form (5) of the 
Green’s function, may be obtained by using a relation 
given by Brueckner e/ al.': 


K (p)=Keore(p) +K a, 
K core(p) a K core(po) f(p) ; 


The density dependence of the K operator in singlet 
and triplet states differs only slightly. We have written 
for simplicity, f,= f:= f. Hence, 


(10a) 


f(p)=0.58/(1—0.78p!). (10b) 


(11a) 
(11b) 


a;(p) = 6,4 d1f(p), 


a2(p) =b.+d, f(p), 
where 


3 
b= ‘ froer, b 
16 


The form (4) of the K matrix is obtained by using the 
Born approximation for the perturbed wave function 
outside the core radius. It may be verified! that higher- 
order corrections will bring in only density-dependent 
corrections. Hence, the density-independent parts are 
given correctly by (12). Since we have taken the density- 
dependent part from the analysis of BGW,! we have, in 
Eq. (11), as good a representation of these quantities as 
can be obtained in the present state of the K-matrix 
theory. It might be remarked that a straightforward use 
of Eq. (5) in (8) gives incorrect density dependence of a; 
and de, as might be expected. 

For Gammel-Thaler potentials quoted by BGW,! 
b,;=476 Mev f°, b.=158 Mev f®. By requiring that the 
equilibrium density of nuclear matter be pp=0.2 f-* and 
the binding energy per particle at the minimum be 15 
Mev, we obtain d;= —90 Mev f*, d.=—47 Mev f°. 
This gives a@2(po)=108 Mev f°, which corresponds to an 
effective mass of 0.4 for nuclear matter. These values 
show that the density dependences of a; and a, are given 
nearly correctly by (11), at least for densities close to the 
nuclear densities. For densities which are much higher 
or much lower, the behavior of a; and a2 may not be well 
represented in this way—as is the case with the under- 
lying K-matrix theory itself. 


(12) 
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3. APPLICATION TO NUCLEI 
In applying Eq. (7) to finite nuclei, we require that 
the total energy be minimum with respect to variation 
of the density under the constraint of a given number A 
of particles. That is, 
(13) 


5 f £8(0)—x’ \d*r=0, 


where )’ is the Lagrange parameter to be determined 
from the condition that 


A= foot 
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A nonlinear differential equation is thus obtained. Neg- 
lecting the density dependence of a; and dg, it is 


V2y=0.993 y!+-2.15y/8—3.417y+A, 


(15) 


where y=p/po and the values of constants derived 
earlier have been used. 

In the semi-infinite approximation,*~* one puts V? 
=d*/dr’. This amounts to neglecting the effect of the 
(2/r)d/dr term, and was made plausible by arguing that 
the derivative is important only in the surface where the 
large value of r will make the term negligible. In this 
approximation, the boundary conditions dy/dr=0 at 
both y= 1 and y=0 uniquely fix A= 0.304. The 90-100% 
falloff distance for y turns out to be 3.3 f. This is to be 
compared with the experimental value quoted to be 
between 2.2 and 2.5 f. 

The semi-infinite approximation is removed by taking 
the full expression V?=d?/dr+(2/r)d/dr in (15). The 
origin of coordinates assumes special significance here, 
and it is no longer possible to fix \ as before. We require 
solutions of (15) which have the correct density profile 
for which y— lasr— 0 and y— Oasr— o. In actual 
practice, one has to make a choice of \ and a boundary 
value till the right solution is obtained. The area under 
the curve determines the value of A which thus depends 
on A and the boundary value from which the integration 
of the equation was started. 

One here comes across a difficulty of principle ob- 
scured by the semi-infinite approximation, inasmuch 
as the present method, like the Fermi-Thomas method, 
breaks down at small values of density. The density for 
large values of r should decay exponentially. This does 
not seem to be the property of the solutions of Eq. (15). 
Connection of Fermi-Thomas method to the WKB 
approximation has been discussed by many authors and 
suggests that the method breaks down at the classical 
turning points for particles moving in a potential. The 
exact value of density for which the present expression 
breaks down will also depend on the K-matrix expres- 
sion in a manner which, at the moment, can not be de- 
termined. In view of this, we match the solution at a 
large enough value of r to an exponential e~**", where 
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=h?| E|/2m, E being the binding energy of the last 
particle whose contribution to the density is the most 
important one at large distances. A in (13) is the 
chemical potential and is therefore connected to E£. Still, 
there is considerable arbitrariness in the choice of 
boundary values, although this procedure answers a 
question of principle. 

With the same parameters as before (neglecting the 
density dependence of a; and az), a double eigenvalue 
search, in the manner indicated, yields a falloff distance 
of about 4 f. To obtain the correct value one needs 
considerably stronger potentials. However, for a wide 
variation of parameters the falloff distances obtained in 
this way are 0.5 to 0.7 f larger than the ones obtained 
in the semi-infinite approximation—thus showing the 
inadequacy of the latter. In this connection we also 
propose to examine the full differential equation incor- 
porating the density dependence of a; and az instead 
of Eq. (15). 


4. CONCLUSIONS 


We have shown that, if the basic assumptions of the 
BGW w3thod are granted, then, one can set up a simple 
Fermi-Thomas type of equation for studying various 
nuclear properties. We have indicated how the accuracy 
of such a calculation might be determined, and have 
derived a form of energy density which is correct to 
about 6%. Application to density distributions shows 
the inadequacy of certain approximations. 

It does not seem very profitable at this moment to 
make any more detailed calculations because of the 
doubts recently raised concerning the Gammel-Thaler 
potentials,’ and because of the limited range of validity 
of the published form of the K-matrix density depend- 
ence. Suggestions for further work are included in the 
introduction. 
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A new formulation of the transition amplitude for the general rearrangement collision is presented 
Optical potential ideas are used in the derivation but the final result contains no mention of the optical 
potential. The result is a matrix element with transitions only between mutually orthogonal states 


I. INTRODUCTION 


HE general rearrangement scattering problem has 

received much attention in connection with 
nuclear scattering’ and with atomic scattering.? One of 
the difficulties associated with the general formulation 
is the lack of orthogonality between the initial and final 
states of the system. This results in a situation where 
approximations, which are, in fact, always necessary, 
may yield nonsensical results. For example, a constant 
potential will cause a transition in first Born approxi- 
mation. Another example is the calculation of exchange 
scattering of an “electron” from “hydrogen” where we 
neglect the electron-electron interaction. The result 
should vanish, but in the usual formulation it vanishes 
only in infinite order of the approximations.’ The under- 
lying reason for these difficulties is that there is, in 
principle, no interaction which one can treat as being 
small. The interaction which may act as a small per- 
turbation in the initial (final) state causes binding in 
the final (initial) state and so is not a small perturba- 
tion there. 

In this note we shall obtain a result in which the 
orthogonality difficulties are removed. That is, the 
transition amplitude will contain transitions only be- 
tween mutually orthogonal states. The complete sym- 
metrization which is imposed by the Pauli principle is 
not considered here. 


Il. FORMAL DEVELOPMENT AND DISCUSSION 


We are interested here in a collision in which the 
final particles are not the same as the initial ones. 
Symbolically, this is of the form 


A+B—C+D. (1) 


The total Hamiltonian H may be broken into the 
Hamiltonian H;, of the noninteracting particles, A and 
B, in the initial state, and their interaction V;. Or it may 
be broken into the noninteracting Hamiltonian H, of 
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1 An extensive bibliography is contained in S. T. Butler and 
O. H. Hittmair, Nuclear Stripping Reactions (John Wiley & Sons, 
Inc., New York, 1957). 


?For example, J. D. Jackson and H. Schiff, Phys. Rev. 89, 
359 (1953), and D. R. Bates, Proc. Roy. Soc. (London) A247, 
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the final-state particles, C and D, and their interaction 
V;. That is, 
H=H,;+V;=HAyst+V;. (2) 


The initial state x; of the noninteracting particles, A 
and B, with a plane wave for their relative motion 
satisfies 

(E—H;)x;=0. (3) 


Similarly the final noninteracting state satisfies 
(E—H,)x;=0, (4) 


where £ is the total energy of the system. We shall now 
present the usual derivation‘ as a basis for what follows. 

The total wave function of system is given by the 
scattering integral equation, 


1 
¥V=y,4+—W,¢ 
a; 
where 
a;= E—H;+ 77, 


and 7 is a positive infinitesimal which ensures that only 
outgoing scattered waves are contained in ¥;“), Equa- 
tion (5) is not in a convenient form for obtaining the 
rearrangement amplitude since a; is not diagonal in the 
final set of states. This can easily be remedied by putting 
Vv; in the form 


V;' v= ay lq Xi +a, 
where 


aj=E—H,+in. 


It is easily seen that the first term in (7) contains no 
amplitude for outgoing waves in the final state’ and 
that the transition matrix obtained from the second 
term of (7) is 


T=(xs|Vs|¥ (9a) 


The symmetric form for 7, 
= (Wy (9b) 

where 
WV ;' 


= et last) V Avy (10) 


may be obtained from ¥;“ rewritten in the form 


VP=x +07 Xi, (11) 
where a= E—H-+-in. Here again the first term contains 


4B. Lippmann, Phys. Rev. 102, 264 (1956) 
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no outgoing waves in the final state and the asymptotic 
form of the propagator, a~, yields (9b) for the transition 
matrix. 

We may modify the above development to include a 
distorted wave for the interparticle motion in the initial 
state. This is accomplished by including the distorting 
potential, U;“, in the initial state propagator, a;'. 
Thus (11) can be rewritten 


¥O=¥iH+o4(Vi-UM Wa, — (11a) 
where 


V.,Y = x,+4; IY OW, (12) 


The requirement that W,;“*? differ from x; only by re- 
placing the plane wave relative motion of A and B by 
a scattered wave with outgoing wave boundary condi- 
tions implies only that U;* be diagonal in the states 
of A and B. 

The 7 matrix is obtained from (11a) as 


T=(0,O|Vi-U |W), (13) 


in the same way as (9b) is obtained from (11). 

The crucial point of the derivation is now to indentify 
V.;“+) as the true elastic scattering wave function in the 
incident channel. This implies that U;“? is an optical 
potential for the elastic scattering in the incident 
channel. Let us define an operator IT; which projects 
onto the initial state of the system A+B. Then we have 


I ixi= xi, (14) 
and 


TY P=vV,;. (15) 


i if we multiply (5) by II;, we obtain 


VP =x +a7NVY;™, (16) 


since IT; commutes with a;. Now comparison of (16) 
and (12) yields 

UMP, ,P=ILV YO. (17) 

We now use (15) and (17) in (13) to obtain 

T=; |(Vi,1 |v), (18) 

which is our final result. A similar derivation which 

5 The only property of the optical potential used here is con- 


tained in (17). There are many equivalent optical potentials but 
all of them satisfy this equation, so we need specify U;‘*) no 
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includes a distorted wave for the final state will yield 
the symmetric form 


T=, |[11,,Vs]|¥i), (18a) 
where IIy projects onto the final state of the system 
C+D. It should be noted that the results contained in 
(18) and (18a) are independent of the distorted wave 
treatment. That is: the wave functions ¥; and Wy may 
be approximated in any of the usual ways. 

The form (18) may be rewritten as 


T=(¥,| (1-11) Vil, | &) 
— (vO |TV (1—-T,) |W). 


In this form T has an interesting interpretation. The 
first term is a transition from the elastic channel by V; 
to that portion of the final state orthogonal to the elastic 
channel. The second term is a transition from the in- 
elastic initial channels to that part of the final state 
parallel to the elastic channel. In this form the transition 
only between mutually orthogonal states is evident. In 
the commutator form of (18) the difficulties mentioned 
in the introduction do not arise since the commutator 
will vanish. Only that part of the interaction which 
changes the state will contribute. 

We note that even in lowest order the Born approxi- 
mation is changed from the usual result. One form is 


T p= (xs| Vs(1—Ty) | xi). 


In a recent paper® this matrix element was evaluated 
in the impact parameter formalism for the problem of 
charge exchange of protons in hydrogen. There it was 
seen that for high energies the second term behaved 
only like E~ relative to the first, and that the correction 
to the cross section was a factor of 2 at 300 kev. 
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Following de Broglie, Bohm, and others, it is assumed that quantum mechanics may be interpreted 
causally and that the ¥ function plays the role of a generating function for particle trajectories. By arguing 
that the y function should not be interpreted as a probability amplitude, a new method for generating 
particle trajectories is postulated. The four-momentum of a scalar particle is assumed to be given as th 
gradient of an unspecified function F(W), where y is a pure real solution of the Klein-Gordon equation. 
Since the location of a particle is determined solely by its trajectory, the probability distribution differs 


ip 


from yw 


; and therefore, ordinary experimental results differing from the traditional theory may, in prin 


ciple, be predicted. Particle motion and trajectories are discussed for three examples: a free particle, a 


particle in a box, and the double slit. 


I. INTRODUCTION 


N excellent review of various causal formulations 

of quantum mechanics has been presented by 
Freistadt.' The theory presented here, in common with 
previous causal interpretations, is in opposition to the 
traditional views of Bohr? and Heisenberg.’ Funda- 
mentally, the theory presented here differs from pre- 
vious causal interpretations of quantum mechanics by, 
first, not interpreting y as a probability amplitude and, 
second, by choosing only pure real representations for 
y. As a consequence, a new method for generating 
trajectories from the y function is obtained. The tra- 
jectories obtained differ considerably from the tra- 
jectories obtained in previous causal theories. Because 
the probability distribution determined from the tra- 
jectories is not yy*, the theory presented here also 
differs quite markedly from previous causal theories 
by permitting the possibility of an ordinary experi- 
mental test of its validity. It is not, consequently, 
equivalent to, or isomorphic with, traditional interpre- 
tations of quantum mechanics. 


II. DIFFICULTIES ARISING FROM THE PROBABILITY 
INTERPRETATION OF 7 


Here it is felt that the attempt to make the y func- 
tion perform double duty as both a wave function and 
a probability amplitude leads to a number of difficulties 
which may be resolved by relinquishing the probability 


} 


interpretation. Others have also questioned the Born 


probability interpretation.‘ 


* Work was performed unde 
Energy Commission. 

1H. Freistadt, Nuovo cimento Suppl. 10, 1-70 (1957). 

2N. Bohr, Atomic Physics and Human Knowledge (John Wiley 
& Sons, Inc., New York, 1958) 

3 W. Heisenberg, Physics and Philosophy (Harper and Brothers, 
New York, 1958) 

4A. George, editor, Louis de Broglie, Physicien et Penseur 
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Elsasser; (vi) A. March; (vii) H. Reichenbach; (viii) M. A. 
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the auspices of the U. S. Atomic 


1. Wave-Particle Paradox 


The macroscopic concept of a wave involves the 
notion of a function which describes a physical property 
continuously throughout space. The concept of a par- 
ticle, on the other hand, implies that all of the proper- 
ties of the particle are localized in a very small region 
of space (which may be represented by a point). The 
wave-particle paradox then arises when the question 
is asked: How can a single propagated entity exhibit 
two such completely dissimilar properties? 

Assuming that wave and particle characteristics are 
not intrinsically inextricable from each other, the reso- 
lution of the paradox may be sought in one of four 
possible ways: (1) The entity is a particle which carries 
a pilot wave along with it as envisioned by de Broglie.® 
(2) It is a wave which possesses a traveling singularity 
which looks and acts like a particle, as suggested by 
Einstein and developed by Petiau.® (3) It is, in fact, 
only a wave which is mistakenly interpreted as a 
particle on some occasions. (4) It is, in fact, only a 
particle (or collection of particles) which is mistakenly 
interpreted as a wave on some occasions. 

Here, (1), (2), and (3) are rejected because of the 
peculiar or impossible way a wave (pilot 
with a singularity, bunched 
would have to behave to satisfy the observations con- 
cerning emission and absorption. A particle is emitted 
from a highly localized region in space and eventually 


Wave, wave 


wave, or a wave packet) 


comes to rest (is absorbed) in a highly localized region 
A classical 
the other hand, when emitted from 
region in space continues to diffuss 


in space without loss of rest mass wave, on 

highly localized 
outward and can 
wn to as 


never again be concentrated di small a region 


in space when absorbed. This behavior is characteristic 
ommensurable 
with the 


id ray optics. If it is 


of solutions to wave equations with 


boundary conditions and is in agreement 


second law of thermodynamics a1 


assumed that a wave can, in fact, collapse down into 


5L. de Broglie, Une Tentative d’ Inter 
Anéaire de la écanique Ondulatoire 
Linéaire de la M gue Ondulat 
1956). 


6G. Petiau, Compt. rend. 239, 344-346 
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a localized region when absorbed (called a “quantum 
jump” by Schrédinger’), then such a process will not 
only apparently violate the second law of thermody- 
namics but will also involve velocities greater than the 
velocity of light.*.* Consequently, the resolution of the 
wave-particle paradox chosen here is: (4) The propa- 
gated entity is always a particle (or collection of par- 
ticles) which may be mistakenly interpreted as a wave 
on some occasions. 

Since primitive observations or measurements of 
submicroscopic phenomena involve only processes of 
emission and absorption of elementary particles, it 
would seem that the unobserved phenomena inter- 
vening between emission and absorption should be most 
appropriately described in terms of particles only. 

Since the y function is assumed here to play the 
single role of a generating function for particle trajec- 
tories, no physical wave is assumed to exist; and the 
wave-particle paradox is resolved. 

It should be noted that the solution of a wave equa- 
tion with appropriate boundary condition is a wave 
only in the mathematical sense; and before it can 
represent a physical wave, which is defined by observa- 
tions and operations in the laboratory, the mathemati- 
cal: wave function must be identified with some physi- 
cally observable property in the laboratory such as the 
displacement of a rope, the density of air, the compo- 
nent of electric intensity, etc. Here, the mathematical 
wave properties of the y function are not identified 
with any physically observable property, and no phys- 
ical wave is assumed, in fact, to exist. It is felt here 
that particle probability distributions are not precisely 
wavelike and that more careful experiments may 
eventually be able to show this. 

Since y is treated here solely as a generating function 
for particle trajectories, it does not necessarily imply 
the existence of a physical property defined throughout 
space and, thus, does not necessarily imply the existence 
of a physical wave. In precisely the same way, the 
generating function obtained from Hamilton’s partial 


differential equation in classical mechanics does not - 


necessarily imply the existence of an actual physical 
property defined throughout space. 


2. Double-Slit Paradox 


The error committed in the usual statement of the 
double-slit paradox is the assumption that the slit 
through which the particle does not pass will not 
affect the trajectory of the particle. The paradox may 
be resolved by assuming that the particle is, in fact, 
strongly influenced by both slits while passing through 
only one’ (compare the trajectories found here, Sec. 
VIII). 


7 E. Schrédinger, Naturwissenschaften 23, 483 (1935). 

8 L. Janossy, Ann. Physik 11, 323 (1955). 

®D. Bohm, Phys. Rev. 85, 180 (1952). 

101). Bohm, Causality and Chance in Modern Physics (D. Van 
Nostrand Company, Princeton, New Jersey, 1957). 
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3. Wrong Boundary Conditions 


The boundary conditions placed on y that it be 
continuous, finite, single-valued, and vanish at infinity 
specify a proper wave function. But if y were, indeed, 
a probability amplitude, it would not have to be con- 
tinuous, it would not have to remain finite, and it 
would not have to be single-valued. It would appear 
then that the wrong boundary conditions are chosen 
in traditional quantum mechanics, since the very solu- 
tion which is claimed to be sought is rejected at the 
outset. The difficulty is removed by the theory pre- 
sented here by relinquishing the probability interpre- 
tation of y. 


4. Superposition Paradox 


Although traditional quantum theory fails to give a 
causal explanation of individual events, it is felt that 
probability distributions can be explained causally by 
employing the “superposition postulate.” If the yp 
function is interpreted as a classical wave function, it 
may clearly be treated as a causal phenomenon which 
obeys Huygen’s superposition of wavelets; but it does 
not appear to be possible to attach the same causal 
description to y if it is interpreted as a probability 
amplitude. For example, in the classical language of 
the double-slit experiment, causality is established by 
saying that the wavelet from one slit interferes with 
the wavelet from the other slit to produce or cause a 
particular intensity at a given point. Correspondingly, 
in the language of probability it would have to be said 
that the probability of finding a particle in a given 
element of space and time is caused by the probabilities 
elsewhere in space (in particular, is caused by the 
probability amplitude functions associated with each 
slit). But the probabilities of finding the particle in 
other positions are probabilities associated with events 
that never happened, and events that never happened 
could not be said to cause the event observed. Another 
example of the superposition paradox is Schrédinger’s" 
“cat in a box paradox.” 

As a result of difficulties pointed out by Einstein, 
Rosen, and Podolsky,” a number of devices have been 
introduced in an attempt to resolve the superposition 
paradox: A particle is not confined to a point but is 
distributed throughout all space and experiences all 
possible events; but such superpositions over all avail- 
able quantum states are never actually observed, be- 
cause the act of measurement forces the system into 
just one quantum state. It is not meaningful to inquire 
into the nature of a system when it is not being ob- 
served; etc. Although these devices may appear to 
resolve the superposition paradox, they are, neverthe- 
less, neglected here because they do not seem to permit, 
in principle, the possibility of either empirical verifica- 
tion or refutation. 


1 E, Schrédinger, Brit. J. Phil. Sci. 3, 109 (1952). 
2 A, Einstein, N. Rosen, and B. Podolsky, Phys. Rev, 47, 777 
(1935). 
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The theory presented here resolves the paradox by 
not attempting to give a causal construct in terms of 
probabilities—y is not given a probability interpretation. 


5. Question of the Aether 


If light is conceived of as a causal wave in a material 
medium, an “aether” is needed for radiant energy to 
be transmitted void; but the Michelson- 
Morley experiment makes the notion of an aether 
untenable. In an attempt to minimize this problem, it 
is frequently said that an electromagnetic wave ‘“‘just 
exists in empty space” and it is either “meaningless” 
or “unnecessary” to speak of an aether. Here, the 
difficulty is resolved by assuming that energy and mo- 
mentum are transmitted by particles and not waves. 
The electromagnetic field is interpreted as having no 
direct physical significance; the field presumably de- 
termines the position and polarization of a photon as a 
function of time (a view shared by Nagy"). 


across a 


Ill. THE IMAGINARY NUMBER i 


The imaginary number i, which appears in operators, 
in Schrédinger’s time-dependent equation, and through- 
out traditional quantum theory, seems to be an integral 
part of the traditional quantum theory. Since it should 
be trivial to convert complex expressions to pure real 
expressions and since y must have the same physical 
information whether expressed in a pure real or in a 
complex form, the existence of the imaginary number 7 
in the traditional theory is disturbing. Landé™ has 
shown that the occurrence of the 7 stems from the 
superposition of probability amplitudes. 

Here, y is not given a probability interpretation; 
consequently, it is possible to assume pure real ex- 
pressions for y and to assume only the formalisms that 
permit such pure real expressions. 


IV. SOME OBJECTIONS TO THE DE BROGLIE- 
BOHM THEORY 


The theory proposed in this paper is in agreement 
with the causal theories of de Broglie’ and Bohm? in 
that the y function is used to generate particle trajec- 
tories. The actual prescription and the trajectories, 
however, are considerably different. The theory pro- 
posed here does not appear to suffer from certain de- 
fects in the de Broglie-Bohm theory. 

The formulation of de Broglie and Bohm gives the 
momentum as p=VS, where Y=R exp(iS/h). Conse- 
quently, if y is pure real, the particle remains at rest 
for all time. Since there appears to be a question as to 
the necessity for accepting only certain complex repre- 
sentations, there would seem to be some ambiguity as 
to whether or not a particle is at rest. 

According to their solution, a particle in a box with 


13K. Nagy, Acta Phys. Acad. Sci. Hung. 4, 327 (1955). 
4 A. Landé, Phys. Rev. 108, 891 (1957). 
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non-zero energy remains at rest for all time, even when 
the walls are removed to infinity. There is, thus, an 
apparent failure to yield satisfactory correspondence 
with classical macroscopic observations. 


V. DERIVATION OF THE CLASSICAL 
INTERPRETATION 


A quantum-mechanical theory for a scalar particle 
which is free of the imaginary number i may be ob- 
tained by generalizing from the de Broglie wave. 


1. The de Broglie Wave” 


Accepting the Planck-Einstein frequency condition, 
a physical system may be characterized by an angular 
frequency w, given by 


wW I h, ( 1 ) 


where £ is the total energy of the system and & is 
Planck’s constant. For a system or particle whose total 
energy is specified in terms of its 
quency is 


rest mass, the fre- 


(2) 


This frequency may be thought of in analogy with 
mass, the evidence for both w and for m being deduced 
from the dynamical behavior of the system. Some char- 
acteristic of the system y may be represented by the 
function 


y=yYp sine, (3) 


where real, rather than the usual complex, representa- 
tion has been chosen. If the system or particle is 
translated with a uniform velocity v a stationary ob- 
server will view the characteristic as 


Y=yYosin[w(t—v-r/c)/y], 4 i—r/e)i. (4) 


¢ 


according to the special-relativity time 
where Wo has been assumed to be invariant. Using Eq. 
(2) and the relations 


transformation 


mc?/y, 


p=mv/y, Lf 
Eq. (4) may be written in the form 
Y=yYo sin[ (p- r—Et)/h |, (6) 


where, for the present case, p and & are constants. This 
result, Eq. (6), represents a traveling wave with the 
phase velocity c*/» and the group velocity ». 


2. Klein-Gordon Equation 


Since Eq. (6) is a wave function, the results may be 
generalized by considering solutions of a wave equation 
that satisfy appropriate boundary conditions. This 
postulated concept of 
boundaries acting on and determining the motion of 
particles. It might be speculated that the boundaries 
set up some sort of static field with which the particles 


generalization introduces the 


16 L. de Broglie, Ann. Physik 3, 22 
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have a phase-dependent interaction. The simplest rela- 
tivistically invariant wave equation which is satisfied 
by pure real sine or cosine representations is the Klein- 
Gordon equation 


Vy— Ay /d(ct)?= (mc/h)y, (7) 


where the constant term on the right has been included 
so that when the solution, Eq. (6), is substituted into 
Eq. (7) the relation 


— P+ E/e=m'c (8) 


is obtained in conformity with Eqs. (5). 


3. Specification of Trajectories 


It is postulated that the trajectories of a relativistic 
scalar particle may be generated from the known 
eigenvalue-eigenfunction solution of Eq. (7); thus, 


p=plA,B,Cw(r,/)], E=ELA,B,Cyirt)], (9) 


where A, B, and C are the three eigenvalues and 
y(r,/) is the known eigenfunction. It is assumed that 
the position of the particle as a function of time may 
be obtained by dividing these four simultaneous first- 
order differential equations two at a time and inte- 
grating. This process will introduce three constants of 
integration, apart from the initial time which may be 
taken to be zero. These three constants together with 
the three eigenvalues, A, B, and C, specify the requisite 
(in the Newtonian sense) six constants of the motion. 

There appears to be no way the functions in Eq. (9) 
can be chosen uniquely. The simplest specification (for 
a scalar particle) appears to be given in terms of a 
single scalar function F(y) by letting p and E form the 
four-vector 
E=—F'dy/dt, 


p=F'vy, (10) 


where the primes denote differentiation with respect to 
y. This choice has been indicated by the differential 
Eq. (7). Using Eqs. (10) and a number of identities, 
Eq. (7) may be rewritten in the form 


WF? (2V- p+dE/dt) +P" (—ep+E)= AF. (11) 


In the macroscopic limit as # — 0, Eq. (11) should re- 
duce to Eq. (8), or 


WF" /F'y~1, (12) 


where the first term on the left of Eq. (11), which may 
be compared with the conservation of mass-energy 
expression for a relativistic fluid,'® vanishes as #. Since 
Eqs. (10) are to be divided two at a time to obtain 
integrable expressions, the explicit form of F(y) (which 
can always be obtained after integration) is a matter 
of indifference. 


16P. G. Bergmann, Introduction to the Theory of Relativity 
(Prentice-Hall Inc., Englewood Cliffs, New Jersey, 1942), p. 125, 
Eq. (8.13). 
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4. Interpretation of | 


The theory presented here does not yield any simple 
identification of the y function with any physically 
observable property such as is provided by the tradi- 
tional probability-amplitude interpretation (which has 
been rejected here). The mathematical wave properties 
of the y function are not identified here with any 
physically observable wave properties. In fact, it is 
felt that no physical wave actually exists and that, 
eventually, experiments may be able to demonstrate 
this by discovering that the particle probability dis- 
tribution is not given precisely by the traditional 
expression yy*. 

The mathematical wave function y has been inter- 
preted here solely as a generating function for particle 
trajectories; consequently, there is no need to assume 
that any actual physically observable property exists 
throughout all space or that a physical wave actually 
exists. If a physically significant interpretation of 
y is desired it can, in principle, always be obtained 
from Eqs. (10), (11), and (12); since these equations 
relate the generating function y to the observables. 
However, such a physical interpretation of the y func- 
tion may be superfluous (compare the Hamilton- 
Jacobi generating function in classical mechanics). Even 
though it is true that the ¥ function, as well as the 
Hamilton-Jacobi function, contains all of the pertinent 
physical information and is intimately dependent upon 
physical conditions, it does not appear to be necessarily 
fruitful to relate such a generating function directly to 
physical observables. 


5. Klein-Gordon Equation with a Potential 


To extend the theory to include a potential, the case 
of a charged particle in an electrostatic field is con- 
sidered. Assuming a time harmonic solution, Eq. (3), 
with an angular frequency E/h, Eq. (7) becomes 

CRVY Yt P= mic. (13) 
The macroscopic energy equation for a charged particle 
in an electrostatic field is 
—Cp+ (E—ep)?= mic, (14) 
where ¢ is the electrostatic potential. Thus, one is led 
to postulate the time-independent relativistic wave 
equation’? 


CWV*Yt+ (E—eb)*p= mc. (15) 
For any potential function V, Eq. (15) may be general- 
ized to yield 


CRVy+[(E-—V)—m’c y=0. (16) 


17. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com- 
pany, Inc., New York, 1949), p. 306-309. 
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6. The Schrédinger Equation 


To derive Schrédinger’s nonrelativistic time-inde- 
pendent equation, the bracket appearing in Eq. (16) 
may be written 


(E—V)— mic! = 2me(E'—V), (17) 


where £’, the total nonrelativistic energy, and V are 
small compared with the rest mass energy. Substituting 
Eq. (17) into Eq. (16), dropping the prime, then gives 
the Schrédinger equation 


W?V*y~+2m(E—V)y=0. 


This approximation does not imply that Eq. (18) is 
independent of relativistic effects, since de Broglie’s'® 
work indicates that quantum effects result, in part, as 
a consequence of relativity. This derivation of Schréd- 
inger’s equation makes it possible to assume pure real 
sine and cosine representations for the time harmonic 
solution instead of the complex representation required 
by traditional quantum theory. 


(18) 


7. Trajectories for a Nonrelativistic Particle 


The angular frequency in the relativisti¢ case as well 
as the nonrelativistic case, Eq. (18), has up to this 
point been given by the Planck-Einstein frequency 
condition using the total relativistic energy, Eq. (1). 
Separating the energy into the rest mass energy plus 
the total nonrelativistic energy, it is assumed that the 
very rapid fluctuations associated with the rest mass 
energy average out and produce no net observable 
effect in the present nonrelativistic limit. The time 
variation to be used in conjunction with Eq. (18) may, 
thus, be assumed to be given by 


sin(Ei/h) or cos(Et/h), (19) 


where E is now the nonrelativistic total energy. 

Since the relativistic momentum reduces continu- 
ously to the classical momentum in the nonrelativistic 
limit, the first of Eqs. (10) may be used to obtain the 
momentum from the solution of the Schrédinger Eq. 
(18). From Eqs. (19) it is apparent that the second of 
Eqs. (10) may be used if the energy on the left is now 
interpreted as the classical total energy. Thus, formally 
the identical Eqs. (10) may be used to specify the 
trajectory of both a relativistic and a nonrelativistic 
particle. 

Since the present total energy may be either positive 
or negative, whereas the relativistic total energy was 
always positive, an ambiguity in sign has been intro- 
duced in the nonrelativistic limit. The nonrelativistic 
total energy enters into Eqs. (19) merely as a magnitude 
to specify the unsigned period of the motion. It is found 
that for a free particle the sign in the second of Eqs. (14) 
need not be changed, but for a bound particle the tra- 
jectory should be specified by the prescription 


p=F’'Vy, |E|=F’ay/at. (20) 
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In the present nonrelativistic limit the momentum 
is given by the Newtonian expression 

(21) 


The trajectory of a nonrelativistic particle may be 
found by dividing Eqs. (10) Lor Eqs. (20)] two at a 
time, using Eqs. (21), and integrating. 


p= mdr/dt. 


VI. PROBABILITY DISTRIBUTION 


Experimentally, the initial conditions for submicro- 
scopic particles are never known exactly, and many 
particles with many different initial conditions are ob- 
served. The raw data of an experiment then becomes a 
distribution function which is referred to as a “proba- 
bility” distribution function. The classical probability 
per unit volume of finding a particle (or the center of 
mass of a small body) at a given point r’ and at an 
instant ¢ is given by the delta function 


Po=8{ r’—r1(¥o,!) |, (22) 


where r(ro,/) is the position of the particle as a function 
of time and the initial position ro. 

Assuming an indefinitely large number of observa- 
tions, the time average probability becomes 


1 te(ro) 
P= f 6[ r’—r(ro,t) |dt, (23) 
to(to) —t1 (to) Ft (10) 


where the limits of integration are chosen so as to 
permit a proper time average. 

Assuming that observations are made in ignorance 
of the initial position, it is then of interest to average 
over all possible initial positions. But since it may not 
always be possible to assume that all initial positions 
are equally accessible to the particle, as is usually the 
case in macroscopic mechanics, it is necessary to in- 
clude a weighting function f(r). Instead of y*, the 
probability distribution function according to the 
present theory then becomes 


1 f (to) 
P(r')=— f — dry 
Vo Vo to(r9)—t1 (10) 


J, 
ti (ro) 


where the weighting function /(ro) may remain un- 
known for some problems and where Vo is the volume 
of all possible initial values. Since this integral function, 
Eq. (24), depends upon the trajectory of the particle, 
r(ro,/), it can be evaluated only after the solution to a 
particular problem has been obtained. There are no 
requirements (as is the case for yW*) that this function 
be regular; it may be infinite, discontinuous, and 
multiple valued. It is assumed, however, that it must 
always be integrable over all r’ space to unity. 
Because of the many successful conclusions which 


dL r’—r(ro,t) |dt, (24) 
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have been obtained by assuming y to be a probability 
amplitude, it is clear that Eq. (24) should be quite 
similar to y*. In principle, it should be possible to 
determine the difference between y* and Eq. (24) 
experimentally. 

VII. FREE PARTICLE 


The solution to Schrédinger’s nonrelativistic Eq. 
(18) [appropriately combined with Eqs. (19)] for a 
free particle traveling in the positive x direction is 


y=sin[ (por— Et)/h], 


where an additive phase constant has been neglected 
and where 


(25) 


po= (2mE)'= mv. (26) 


Substituting Eq. (25) into Eqs. (10) then gives the 
momentum equations, 


p=F' (po/h) cosl (pox— Et)/h], 


27 
E= F'(E/h) cos[ (por— Et)/h). iin 


Dividing Eqs. (27) and using Eq. (21), the differential 
equation of motion becomes 


(28) 


p= mdx/dt= mv. 
Integrating Eq. (28) then yields the expected trajectory 
xX=vol+Xo. (29) 


It is of interest to note that Eqs. (25), (27), and (29) 
are also valid in the relativistic case if £ is interpreted 
as the total relativistic energy and y is regarded as a 
solution to the Klein-Gordon Eq. (7). Here, instead of 
Eq. (28) the velocity in terms of the energy, Eqs. (5), 
becomes 


vo=c(1—mct/E*)}. (30) 


It is also possible to obtain the free-particle tra- 
jectory from a bound particle as boundaries recede to 
infinity or potentials go to zero. Since a particle that is 
actually observed is a particle that has been captured 
or otherwise seriously interfered with, it is perhaps 
more realistic to assume that bound-particle problems 
have the greater physical significance. 


VIII. PARTICLE IN A BOX 


Because of the confinement between the walls of the 
box, the motion of the particle is repeated every half 
cycle instead of every full cycle; and the time variation 
is taken as 

sin(2Et/h). (31) 


1. Position of the Particle as a Function of Time 


The space part of y is given by the solution'® of 
Schrédinger’s Eq. (18) which vanishes at x=0 and L; 
18L. Pauling and E. B. Wilson, Introduction to Quantum Me- 


chanics (McGraw-Hill Book Company, Inc., New York, 1935), 
p. 97. 
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thus, 


n=1, 2, 3,-+: 


] ’ 


(32) 


where the normalization factor has been neglected. 
The energy eigenvalues are 


E=rh'n?/2mL’. 


sin(nrx/L), 


(33) 
Multiplying Eqs. (31) and (32), substituting into Eqs. 
(20), where E has been replaced by 2£, and using Eq. 
(21) yields 

mdx/dt=F’ (nx/L) sin(2Et/h) cos(nrx/L), (34) 

2E=F' (2E/h) cos(2Et/h) sin(nwx/L). 

Dividing Eqs. (34) and integrating gives the desired 
equation of motion, 


cos(nmx/L)=cos(nrxo/L) cos(2Et/nh). (35) 


2. Fictitious Potential'® 


To analyze the motion, it is convenient to introduce 
the fictitious potential U defined by 


U =E—mi?/2, (36) 


where the dot indicates differentiation with respect to 
time. Differentiating Eq. (35), the velocity may be 
expressed as a function of position,” 


(37) 


E 


=| | 
sete ba cemceneentrr 


mL sin?(nrx/L) 


Squaring Eq. (37) and substituting into Eq. (36), the 
fictitious potential becomes 


(38) 


The oscillatory motion is now analyzed in terms of 
the particle moving in the presence of the potential 
given by Eq. (38). It is clear that the fictitious potential 
U is not a potential in the ordinary sense, since it 
depends upon the initial position of the particle xo as 
well as the boundaries of the box. A few of these po- 
tential curves are shown in Fig. 1. Because of the 
choice of the phase in the time function, Eq. (31), the 
initial velocity is zero. This means that the initial 
position x» has been chosen as a turning point of the 
motion. In one-dimensional motion only two initial 
conditions are needed; and since the total energy has 
already been specified as an eigenvalue, only the initial 
position or the initial velocity need be specified in 
addition. 


/= E sin? (nwxo/L)/sin?(nxx/L). 


3. Cellular Motion 


By examining Eq. (38) or Fig. 1, it is seen that 
(except for xo=sL/n, where s=0, 1, 2,---, m) the mo- 


19 This simple device from classical mechanics, which is used to 
illustrate a solution already obtained, should not be confused with 
Bohm’s quantum potential, U = (—h?/2m)(V*R/R) where y=R 
exp (iS/h). 

*” The present dynamical solution may be contrasted with the 
static solution of de Broglie and Bohm where the particle in a 
box remains rigidly fixed for all time. 
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Fic. 1. Fictitious potential for a particle in a box, Eq. (38), 
for various initial positions x» and n=1, 2, and 3. The curves on 
the right show stagnation. 


tion is confined to a cell of width Ax= L/n, the number 
of such cells in the box being m. The velocity of the 
particle as it moves back and forth in the cell may be 
pictured as the velocity that a particle would have 
sliding down the potential curves shown in Fig. 1. The 
turning points of the motion are given for zero velocity, 
U=E, or x=xpo. There are two conjugate turning points 
for each cell, 


Xo=aXytsL/n, xo =—xy+(s+1)L/n, (39) 


where s is the number of the cell, s=0, 1, 2,---, m, and 
where 0<«,<L/2n. The maximum velocity occurs at 
the minimum potential energy which according to Eq. 
(38) is at the center of the cell. This cellular type 
motion appears to be characteristic for bound particles 
in general. 


4. Stagnation Points 


If the initial position is chosen in the center of a cell, 
xo= (s+ )L/n, it is found that the velocity is zero for 
all time. The center of the cells are stagnation points; 
once a particle is placed at a stagnation point with 
zero velocity it remains there without motion—even 
though the total energy is not zero but is given by 
Eq. (33). Such stagnation points appear to be charac- 
teristic of all bound particle problems. 
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5. Correspondence Principle 


Examining the transition to macroscopic motion, it 
is apparent that a particle should not be confined to a 
cell. To find the conditions for which a particle need 
not be confined to a cell, we examine the case of xo 
approaching the boundary of a cell, x»=e+sL/n for 
e— 0. As long as « is finite, the fictitious potential, 
Eq. (38), is infinite at x=sL/n, but in the limit as 
e— 0, U=0. Since both an infinite potential and a 
zero potential may be interpreted as having physical 
significance here, a physical potential may be con- 
ceived of which approaches the mathematical ex- 
pression Eq. (38) as a limit. Such a potential is shown 
qualitatively in Fig. 2. According to this picture the 
actual potential energy becomes zero for the entire 
motion if the initial position is taken on the cell 
boundary and a particle need not be confined to a cell 
but may move across the cells. Thus, for the initial 
position taken at the boundary of a cell, 
macroscopic motion is obtained. The particle moves 
with uniform velocity from one side of the box to the 
other. 

For large energy E£ 
quantum numbers, the number of cells becomes large 
and the apparent macroscopic continuity of the region 
in the box is established. It may be verified that the 
period in Eq. (31) has been correctly chosen, since the 
time to traverse a cell in one direction is one-half the 
period ; or, 


classical 


and, consequently, for large 


(L/n)/a= (2xh/2E)/2, (40) 
which is seen to be satisfied upon substituting E as 
given by Eq. (33) and # as given by Eq. (37) for 
xo=sL/n into Eq. (40). 

Formally, the correspondence principle may be es- 
tablished by substituting «»=sL/n into Eq. (35) to 
obtain 


(41) 


cos(nmx/L)=cos|_(nmxo/L)+ (2Et/h) |, 


Xptnurht/mL, (42) 


where Eq. (33) has been used. 


6. Probability Distribution 


For the one-dimensional motion of interest here, the 


probability distribution function, Eq. (24), becomes 


Th/2E 


L 
P(x’) = (2E/ahL) f den find f dt 


Xl a’—x(2%0,t)], (43) 
where the particle is assumed to be confined to one cell, 
so that the time average is taken over half the period, 
the total period being 7#/E. Changing the integration 
with respect to the time / to an integration with respect 
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to x and integrating, dropping primes, we obtain 


(xo) 
P(x)= (2E, wil) f dx ae a 
0 | & (2,29) | 


X {ulx—xo]—ulx+xo—(2s+1)L/n]}}, (44) 



























































Fic. 2. An exaggerated diagram showing how the fictitious 
potential U is assumed to vanish as the initial position x9 ap- 
proaches a cell boundary. 
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Fic. 3. The individual-particle probability for a particle in a box, 
Eq. (46), for various initial positions x» and n=1 and 2. 


where s=0, 1, 2,---, (n—1) is the cell in which the 
motion occurs and where u(x—xo) is the unit step 
function which is 0 for x<a» and 1 for x>xo. Sub- 
stituting the value of ¢ as given by Eq. (37) into Eq. 
(44) and limiting the integration to the cell in which 
the motion occurs, it is found that 


P(x)= (2n/L?)|sin(nwx/L) if dxo f (xo) 
sLin 


X[sin?(nrx/L)—sin?(nmrxo/L)}, (45) 
where the factor 2 has been included to take care of the 
equivalent contribution from a»=—x+(2s+1)L/n to 
xo= (s+1)L/n. 

The probability distribution for a single particle for 
a particular choice of the initial position x» may be 
obtained by omitting the averaging integration over 
xo; thus from Eqs. (44) and (37), 


n 
P(x,%0) =—|sin(nwx/L) 
vs 


4 





ul x— xo |—ulat+axo— (2s+1)L/n] 
[sin?(nmx/L)—sin®(nrxo/L) } 


This function, Eq. (46), is shown in Fig. 3. 

To evaluate the integral in Eq. (45), it is necessary 
to specify the function f(x). The only restriction on 
the nature of f(xo) appears to be an integrability re- 
quirement which may be obtained by integrating P(x) 
from x=0 to L and setting the result equal to unity. 
Thus, from Eqs. (44) and (37) it is possible to obtain 
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Fic. 4. The many-particle probability distribution for a particle 
in a box, Eq. (49), for n=3. The dashed line gives yy*, Eq. (50), 
for comparison. 
the expected condition 


I 


(1 1) f dxo f (x0) = 1. 


0 


(47) 


Macroscopically, it can be assumed that all initial 
positions, xo, are equally likely, or f(*%9)=1. With this 
macroscopic assumption, it is of interest to compute 
the probability distribution that results. Setting /(«o) 
=1 in Eq. (45) and changing the variable of integration 
from xo to w where 


sin (nrxo/L)=sin(nrx/L) sinw, (48) 


the integral is seen to be the complete elliptic integral 
of the first kind*!; which gives the result 


P (x)= (2/xL)|sin(nwx/L)| K[sin(nwx/L)]. (49) 


This probability distribution function is shown in Fig. 4 
for n=3 together with the traditional quantum me- 
chanical expression, 


W* = (2/L) sin? (nrx/L), (50) 


where y has been obtained from Eq. (32) by including 
an appropriate normalizing factor. Despite the func- 
tional and numerical differences between P(x), Eq. 
(49), and y*, Eq. (50), it is interesting to note some 
of the similarities. Both the present theory and the 
traditional quantum theory yield the same number of 
cells, the same points of zero probability, the same 
points of maximum probability, and, of course, the 
same area under the curves. Contrary to traditional 
quantum theory“the present theory, with /(x9) chosen 
as unity, yields infinity at the points of maximum 
probability. 
IX. DOUBLE SLIT 
1. Wave Function 


It is extremely difficult to obtain a solution of 
Schrédinger’s Eq. (18) adequate for all ranges of the 


1 P. Franklin, Methods of Advanced Calculus (McGraw-Hill 
Book Company, Inc., New York, 1944), p. 274. 
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parameters for the double slit problem. Some of the 
physics may, however, be investigated by considering 
the asymptotic solution for a plane wave incident 
normally upon a screen with two infinitesimally narrow 
slits separated by a distance D. Because of the cylin- 
drical geometry, the asymptotic solution is taken to be 


¥~Rr“ sinl (poRi— Et) /h ] 


+R sin[ (poR»— Et) h l, (51) 


where po is given by Eq. (26) and R; and R, are the 
distances from the two slits to the point in question. 
Again, only a pure real representation has been chosen. 
A normalization factor has been omitted in Eq. (51). 
Introducing elliptic cylinder coordinates, 


€=(RitR2)/D, n=(Ri—R:2)/D, (52) 


the asymptotic wave function, Eq. (51), becomes 


y~ (1 ¢) sin (kE—wt) coskn, (53) 
where 
w= E/h. 


k= poD/2h= (2mE)'D/2h, (54) 


To satisfy the boundary condition that y=0 for 
n= +1, the quantum condition 


k=(2n+1)r/2 or E=(2n+1)*h?x?/2mD*, (55) 
must be satisfied. This condition is the same as for the 
even modes (m odd) of a particle in a box of width D,~ 
Eq. (33). A double slit thus permits only particles 
with certain discrete energies, Eq. (55), to pass through. 
Conditions other than Eq. (55) would apply for finite 
width slits and other angles of incidence. 


2. Particle Trajectories 


In elliptic cylinder coordinates, the momentum ac- 
cording to Eqs. (10) may be written 


mDh di /dt= F'(2/Dh,)dy/ dé, 
mDhodn ll = F’(2 Dhy) dy On, 
E=—F'dy/ dt, 


where 
h?Y= (2—7?)/(#—1), h?= (57) 


(—n?)/(1—7’). 


Substituting Eq. (53) into Eqs. (56), noting that for 
the present asymptotic limit £>>1> 7’, and dividing 
two at a time, the differential equations of motion for 
the particle become 
kdt=wdl, 
& tan(k§—wi)dé= — (1—7?)— cotkndn. (58) 
Integrating the first of Eqs. (58), the motion is found 
to be uniform in the é direction, 


ki=wt+kéo, (59) 


where £)>1 is the initial position. Substituting Eq. 


(59) into the second of Eqs. (58) and considering points 
near the plane of symmetry, 7’<1, the resulting ex- 
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pression may be integrated to yield 


sinkn=sinkm exp[_(k tankéo)/€ ], (60) 
where 


n= M1, (61) 


describes the hyperbolic trajectory for §—> e. 

A further insight into the motion may be obtained 
by considering the time rate of change of 9 as given by 
Eqs. (56), (59), and (60), 


dn/dt= — (w/k*) cotkéo tankn In*(sin kn/sinkm). (62) 


Stagnation trajectories, defined as the trajectories along 
which dn/dt=0, are given by the hyperbolas 


n=nr/k, n=0, +1, 42,--- (63) 


These trajectories coincide with the observed inter- 
ference maxima. Cell boundaries, defined as the curves 
along which dn/dt + +, are given by the hyperbolas 


n= (2n+1)4/2k, n=0, +1, +2,--- (64) 


These hyperbolic cylindrical surfaces are the nodal 
surfaces of the interference pattern. Since the particle 
moves from these surfaces with infinite velocity, no 
particles will be found on the nodal surfaces. The 
motion is confined to the region between the nodal 
surfaces (see Fig. 5). 

The variation of 7 with time, as may be deduced 
from Eqs. (59), (60), and (62), is not oscillatory. From 
the initial position mo, 7 varies monotonically with 
time to the asymptote 7. The initial and final positions 
are such that the particle moves away from the nodal 
surfaces, Eq. (64), and toward surfaces of maxima, 
Eq. (63). 

Since the asymptotic solution is not valid in the 
neighborhood of the slits, ii is of some interest to indi- 
cate some qualitative features of the solution near the 
slits. Since the boundary conditions requires y=0 for 
£=1 (as well as for n»=+1), the surfaces of maxima 
(and, therefore, the nodal surfaces as well) terminate 
at one slit or the other and not in the region between 
the slits as might be erroneously concluded from the 
asymptotic solution alone, Eq. (63). From symmetry 
and from the fact that a trajectory never crosses a 
nodal surface, particles that pass through the upper 
slit (see Fig. 5) where n=1 will always remain in the 
upper half-space O<n<1; and particles that pass 
through the lower slit where »= —1 will always remain 
in the lower half-space —1<7<0. 

To obtain an estimate of the particle probability 
distribution function corresponding to the interference 
pattern requires a knowledge of initial conditions and, 
therefore, a more complete solution of Schrédinger’s 
Eq. (18) for all ranges of the parameters—an undertak- 
ing beyond the scope of this paper. 


X. CONCLUSIONS 


Although the present theory appears to resolve a 
number of difficulties present in the traditional quan- 
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Fic. 5. A sketch to indicate how the trajectory of a particle passing 
through a double slit is confined between nodal surfaces. 


tum theory and suggests that submicroscopic phenom- 
ena may be amenable to investigation with the fruitful 
tools of classical physics, it still fails to present the 
actual classical problem being solved. Although a 
simple prescription for finding more-or-less reasonable 
trajectories, which seem to be superior to those pre- 
scribed by previous causal theories, has been given, 
the classical situation that gives rise to this prescrip- 
tion remains obscure. 

Since the wavelike appearance of particles is assumed 
here to be only approximate, eventually it should be 
possible to suggest an ordinary experiment that will 
distinguish between the theory presented here and 
other theories. No experiment is suggested at this time 
because of the difficulty, largely mathematical, in 
ascertaining f(t), Eq. (24). 

The theory presented here yields exactly the same 
energy eigenvalues, energy differences, and wave func- 
tions as the traditional quantum theory; therefore, it 
may be assumed that perturbation theory, transition 
probabilities, and quantum statistics remain unchanged. 
The so-called penetration of a potential barrier by a 
particle, although requiring a different physical in- 
terpretation, can be expected to be formally similar 
to the traditional quantum theory. The present theory, 
in common with all causal theories, requires an ex- 
planation for the apparently random emission of radio- 
active particles—contrary to the traditional theory 
which assumes the radioactive decay process to be 
intrinsically chaotic. 

Further work is needed to extend the present theory 
beyond the case of a single scalar particle. 
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It is proved that no infinities appear in the power series expansion of the S matrix in quantum electro- 
dynamics if one uses an improved perturbation procedure which is based on the following property of all 
renormalizable field theories. The dependence of solutions on the coupling constant has a singular part, 


nonanalytic at 


7=0. This singular dependence must be treated exactly, whereas the remai 
dependence can be expanded into a power series, This power series coincides with the standa 


g, nonsingular, 
rd renormalized 


expansion. All renormalization constants in every order ‘remain finite, provided their singular dependence 


on the coupling constant is treated exactly. The problem of convergence of the whole series has ni 


investigated. 


I. INTRODUCTION 


HE problem of divergencies in quantum field 

theory is as old as the theory itself. None of the 
usual methods, which lead to finite renormalized 
perturbation expansions, remove infinities completely. 
Merely the relations involving renormalization con- 
stants are systematically avoided. 

In this paper a new perturbation expansion is 
introduced. The properties of this modified perturbation 
expansion may be summarized as follows: (a) The 
initial Lagrangian remains unchanged, i.e., there is no 
cutoff. (b) No infinities appear’ in the perturbation 
expansion. All renormalization constants are finite in 
every order. (c) For all finite values of energies, the 
renormalized results (renormalization is finite) coincide 
with the old ones. 

The modified perturbation expansion is based on the 
following conclusions which can be drawn from Dyson’s 
classical paper.? Finite values of all renormalized 
Green’s functions indicate that these functions can be 
expanded into power series in e, which are at least 
asymptotic. On the other hand, the infinite values of 
renormalization constants suggest that the dependence 
of these constants on e¢ is singular at e=0. The non- 
analytic character of quantum electrodynamics at e=0 
has been conjectured long ago by Dyson.* Recently 
this problem was investigated by Redmond‘ and 
Frautschi® in connection with the renormalization group 
and spectral representations. 

The purpose of this paper is to show explicitly that 
all solutions in quantum electrodynamics are singular 
at e=0. It will be proved, moreover, that no infinities 
appear in every order if one treats the dependence on 
e of all renormalization constants exactly and uses a 
perturbation expansion only to evaluate the analytic 


* A short account of the present work appeared in Phys. Rev. 
Letters 5, 584 (1960) 

TOn leave of absence 
Poland. 

‘Tt is assumed that the infrared divergencies are removed by 
the usual procedure. 

2 F. J. Dyson, Phys. Rev. 75, 1736 (1949). 

3F. J. Dyson, Phys. Rev. 85, 631 (1952). 

4P. J. Redmond, Nuovo cimento 14, 771 (1959). 

5S. C. Frautschi, Progr. Theoret. Phys. Japan 22, 882 (1959). 
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part of the functions of e. The renormalization con- 
stants, in every order, depend critically on e; all 
divergencies, from which standard perturbation theories 
suffer, are caused by the improper expansion of these 
constants in terms of e, as will be shown later. 

In Sec. II, features of 
procedure, which are important for the discussion to 
follow, are briefly reviewed. Section III is devoted to 
the investigation of a simple mathematical model. This 
model is treated both by the standard and by the 
modified perturbation theory. In this elementary case 


the cutoff renormalization 


the essential differences of the two methods are clearly 
displayed. The modified perturbation theory in quan- 
tum electrodynamics is introduced in Sec. IV and in 
Sec. V its physical content is discussed. 


II. THE STANDARD PERTURBATION THEORY 


The basic property of all renormalizable field theories, 
which allows of finite results in the standard pertur- 
bation theory, consists in that all divergencies appear 
only through renormalization constants. One may then 
either introduce a cutoff into the initial Lagrangian,® 
or treat some intermediate expressions as finite func- 
tions, although they are in fact meaningless. There is 
no basic difference between these two methods, the 
former being simply a more satisfactory form of the 
latter. Both will be called the 
expansions. 

There are two disadvantages to the cutoff procedure. 
(a) The theory with a cutoff is different from the 
original one. (b) The final operation of removing the 
cutoff, with all infinities compressed into the physical 
parameters, is unsatisfactory from the mathematical 
point of view. The recent method’ of treating products 
of distributions as finite but undetermined functions is 
an alternate description of what is done in the cutoff 
procedure, rather than a solution of difficulties. Finally, 
there is the method due to Nishijima* who was able to 


cutoff perturbation 


®N. N. Bogoliubov and D. V. Shirkov, Jntroduction to the 


Theory of Quantized Fields (Interscience Publishers, Inc., New 
York, 1959). 

7H. Bremermann, preprint; J. G. Taylor, 
695 (1960). 

8K. Nishijima, Phys. Rev. 119, 485 


Nuovo cimento 17, 


(1960). 
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arrive at renormalized Green’s functions without even 
mentioning the renormalization constants in inter- 
mediate steps. However, this method lacks a direct 
connection with the Lagrangian formulation and is 
rather complicated. All three methods differ only in the 
derivation of the final results. The renormalized pertur- 
bation expansions are in all cases the same and all 
methods share their main defect: The Lagrangian and 
the S matrix appear, in a sense, as complementary 
quantities. If one is made finite, the other becomes 
infinite. There is no substantial difference between the 
cutoff procedure and the remaining two methods. In 
the cutoff perturbation theory all steps are exhibited 
explicitly, whereas Nishijima and also Bremermann 
and Taylor ingeniously avoid dangerous places. There- 
fore, the present method will be compared with the 
cutoff procedure as the most complete version of the 
standard perturbation theory. For the purpose of this 
comparison, the following three operations which 
characterize the cutoff method are singled out. 

(a) The expression for the scattering matrix is 
changed by introducing a cutoff A. When A tends to ~, 
the new S matrix approaches its initial form. 

(b) S is expanded into a power series in e. All terms 
are finite, provided the cutoff is kept finite. The 
dependence on A of every term has the following 
properties. All renormalization constants (and only the 
renormalization constants) depend critically on A, 
becoming infinite when cutoff is removed. The depend- 
ence on A of the renormalized Green’s functions is 
nonsingular. They have finite limits when A tends to «. 

(c) Finally, the experimental data are invoked to 
replace the singular functions of the cutoff by known 
finite parameters. The remaining dependence on cutoff 
is removed by letting A tend to «. 

In the next section these three operations are per- 
formed on a simple model, which then is also treated 
by the method introduced in this paper. 


III. ILLUSTRATIVE MODEL 


Let us consider the function F(A,p) defined by the 
following integral 


D 


Fo,p)= f expl —Ax(1+7 cos*px) Jdx, (3.1) 


0 


where y, A, and are real parameters and |y| <1. Let 
us assume that the p dependence of the function F for 
small positive values of \ is to be investigated. In this 
model, the » dependence represents the physical infor- 
mation and dX is the coupling constant. The improper 
expansion of (3.1) into the power series of \ produces a 
series of infinite integrals, just as the usual perturbation 
procedure does in quantum electrodynamics. The 
integral (3.1) will now be evaluated using both the 
cutoff method and the modified perturbation expansion. 

The standard method of dealing with divergencies in 
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quantum electrodynamics can be easily applied to this 
model by replacing the original function F(A,p) by a 
cutoff function F9(A,p), 


F9(\,p) -f exp(—Qx) 
. Xexp[—Ax(1+-+ cos*px) dx, 
F(A, p)= Fa(a,p) | ano. 


(3.2) 
(3.3) 


The power series expansion in A of Fg is a sum of 
convergent integrals. When these integrals are evalu- 
ated it is found that Fe(A,p) has the form™ 

1 20 
Fo(\,p) =—F_1(A/2)+ ¥ A"f,.(p) 


Q n=0 


+ 0"F (Ap). (3.4) 


Suppose the value of the function F(A,p) is known at 
one point. This assumption corresponds to the intro- 
duction of the experimentally observed quantities into 
the perturbation expansion in quantum electrody- 
namics. The singular part of (3.4), Q-'F_,(A/Q), can then 
be replaced by one finite constant, to be determined 
from “experiment.” The final form of the function F, 
obtained with the use of cutoff procedure, is 


F(d,p)=c+ © d"fa(). 


n=0 


(3.5) 


The three sets of terms in (3.4) correspond, respectively, 
to the renormalization constants, to the renormalized 
Green’s functions, and to the corrections to these 
functions for finite values of the cutoff. 

A perturbation theory will now be introduced which 
gives finite terms in all orders, without any modifica- 
tions in the original function F(A,p). First, let us write 
our integral in the form 


- 


® 


Fop)= f exp(—Ax) exp(—Asy cos’px)dx. (3.6) 


0 


The dependence on A in the first exponential is singular 
whereas in the second it is not. Therefore, this integral 
may be expanded into a power series of the form 


n=() nN ! 


» (—1)"\"y" 7” 
F(A,p)= >> ———— f exp(—Ax)x" cos*"pxdx, (3.7) 


which contains only finite terms. Integration of (3.7) 
results in 


1 
eres. it DV A"fa(P), (3.8) 


n=() 


8a Note added in proof.—The author is indebted to Dr. A. Katz 
for pointing out an error in the original manuscript. 
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where the coefficients f,() are identical with those 
obtained in (3.5). Since f_; is well determined no 
extraneous constant need be introduced. Comparing 
(3.8) with (3.4), one can see why the “renormalization 
constant” Q-'F_,(A/) is a singular function of the cutoff 
2. This is due to the singular dependence of the first 
term in (3.8) on A. The principal idea of the modified 
perturbation expansion consists in the separation of 
the \ dependence into the singular and nonsingular 
parts in such a way as to allow an exact treatment of 
the singular dependence. 


IV. THE MODIFIED PERTURBATION THEORY 
IN QUANTUM ELECTRODYNAMICS 


As indicated by the results of the previous section, 
to get a finite perturbation expansion the singular and 
the regular dependencies on the coupling constant must 
be separated out and the singular dependence must be 
treated exactly. This can be accomplished by separating 
the total Lagrangian into the free and the interaction 
parts in a special way. The free Lagrangian will be 
written as 


? " 0 0 2 
Lo ¥( i: —m)|1—a-+(ir-— -m) h 
Ox Ox 
+3A,0A*. (4.1) 


The interaction Lagrangian is then equal to 


se “ : a 0 
Lr=eZay- Av+imZeW+ (Z2— DH in-— -m)¥ 


Ox 


F 3 
+43(Z;—1)A,0A Handy — -m) y. (4.2) 
Ox 


All fields and charge in (4.1) and (4.2) are renormalized. 
This separation was found to be the most convenient 
for the present discussion. However, it is by no means 
the only one leading to a finite perturbation expansion. 
The quantity A~* will be chosen either as 


—2 —2,N+1 
. ? 


2= me (4.3) 


A= m~ exp(1/e’), 


(4.4) 


depending on whether the perturbation expansion up 
to an order N, or the asymptotic series, is to be evalu- 
ated. The S operator has the usual form,® 


S=T exp(i f Zx(2), 


but the interaction Lagrangian in the exponent is 
built up from y fields which satisfy the modified free 


(4.5) 


* A consistent way of treating the derivatives in L; and the 
higher order field equations is presented in the Appendix. 
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equations, 


a 2 d : 
[1—a-»( i -m) (= —m )U(x)- 0. 
Ox Ox 


The ¥(x) fields depend on e through A, and this de- 
pendence will be treated exactly. The propagator for 
the y field has the Pauli-Villars structure, 


(4.6) 


Sr(p)= (Ft pageants 
m—y-p 


As can be easily verified, the S matrix expanded into 
the power series in Z; contains only finite terms. 

Let us now consider the first case in which terms up 
to the Nth order are to be evaluated. This whole power 
series depends on e not only directly, but also through 
A. The dependence on A of all renormalized results is 
analytic at A?= 0, The zeroth-order term in A repro- 
duces the usual renormalized functions. All higher-order 
terms in 1/)? are negligible in view of the chosen 
dependence of A on e. All renormalization constants and 
the mass renormalization depend on A, and hence on e, 
logarithmically. To evaluate these constants, the entire 
series must be summed up because higher terms are of 
the same order of magnitude as the lower ones. The 
second choice of A, (4.4), allows us to write down the full 
asymptotic series in e. After renormalization, finite in 
every order, it coincides with the usual renormalized 
perturbation expansion. The higher terms in 1/A? now 
have vanishing asymptotic expansion. To evaluate the 
renormalization constants, the summation of all leading 
diagrams is again necessary. 

The separation of the Lagrangian, proposed in this 
section, is rather artificial. It has no physical meaning 
and is introduced as a mathematical device only. 
However, one should expect that this procedure could 
be improved by using a self-consistent method. For 
example, one may take the propagator Sp and Dy to 
include all radiative corrections. This gives finite 
results, at least in quantum electrodynamics, provided 
we reject the contribution from complex poles. This 
problem will be discussed in another publication. 


V. DISCUSSION 


The failure of all previous attempts to get a finite 
perturbation expansion was caused essentially by 
attributing unjustified physical reality to virtual parti- 
cles. These virtual particles were assumed to have 
propagators of the free physical particles even for 
momenta lying far from the mass-shell values. This 
assumption has no physical basis. One is entitled to 
require the propagator of the virtual particle to become 
the propagator of the free particle with a physical mass 
only near the physical region, p?=m’. The notion of 
the virtual particle, with momentum far from this 
region, is a purely mathematical concept introduced by 
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the perturbation procedure. From the physical point 
of view, there are no grounds on which to object to 
indefinite metric for virtual particles; in the present 
approach they do contain components with negative 
metric. The final and initial particles, however, show 
no trace of indefinite metric, in every order of pertur- 
bation theory. This is due to the fact that the initial 
Lagrangian describes a system with positive definite 
metric. 

There still are many questions which remain to be 
answered. The’most interesting of these concerns the 
values of the*renormalization constants. To answer 
this question, one must sum up the whole series, 
including at least the leading terms." The problem of 
values of renormalization constants" cannot be solved 
without full examination of the renormalization group 
and high-energy limits in the modified perturbation 
expansion. The problem of higher orders is also crucial 
in applications of the modified perturbation expansion 
to nonrenormalizable theories. 
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APPENDIX 


In the functional formulation of quantum field 
theory,” the basic role is played by the vacuum expec- 
tation value Z{n,7,/,} of the S operator in the presence 
of external sources." All Green’s functions can be 
derived from Z by functional differentiation. The 
concise expression for the Z functional can be written 
as a functional integral over fields, 


Z{n,1,J 4} 


= [ovate exp] i fL@)+1.0) ks , (Al) 


where L(x) is the usual Lagrangian of quantum electro- 
dynamics and L,(x) is the Lagrangian of the interaction 
with sources, 
L,(x)=P(x)n(x)+9(x)p(x)+A*(x)J u(x). (A2) 
The advantage of the functional formulation, for our 
purposes, resides in the fact that once the expression 
(A1) has been written down—commutation relations, 


10 For example, one may use the summation procedure, intro- 
duced by Landau et al. [L. D. Landau, A. A. Abrikosov, and 
I. M. Halatnikov, Doklady Akad. Nauk S.S.S.R. 95, 497, 773, 
1177 (1954).] 

1 Tt may happen that these constants are after all arbitrary. 

2K. Symanzik, Z. Naturforsch. 9, 809 (1954). 

The notation of a previous paper [I. Bialynicki-Birula, 
Nuovo cimento 17, 951 (1960) } is used here. 
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equations of motion, physical particles, etc., may be 
disregarded; one then may concentrate on the evalu- 
ation of the integral (Al). Besides, this form of the 
quantum field theory can be treated in complete 
analogy with the model of Sec. III. Here, as in Sec. III, 
we have an exponential function under the sign of the 
integral, whose straightforward expansion into the 
power series in e produces a series of divergent terms. 
Looking for a separation of the exponential in (A1) 
into singular and nonsingular parts, we must bear in 
mind that the only functional integral amenable to 
evaluation is the one containing at most a bilinear 
combination of fields in the exponent. Thus, the 
Lagrangian Ly will be chosen in the form 


[tocar [¥05G—yvordaay 


-3 f A,.()4"@)ar, (A3) 


where 


: 0 


Ox 


m 0y* 
+E au(0)( ir-—) 5(x—y), (Ad) 


k=0 ox 


and the coefficients a,(e) need not be specified now. It 
will be assumed only that m23, in order to get finite 
terms in perturbation expansion. Expanding the inte- 
grand into the power series in L;=L—Lp a series of 
the following integrals results: 


Zakn,8,J.}= f wOJ3A, f de? des Blagg 


xexp|i f LaLa] (AS) 


All these integrals can be obtained from the simplest 
of them, i.e., from Zo, by functional differentiation 
with respect to 7, 9, and J,. To evaluate Z») one may 
use the method of Matthews and Salam™ or simply 
shift the origin of coordinates in the space of functions 


y, v, and A,, 


¥(x) 9 ¥(x)— fSee- y)dy n(y), 
(A6) 
A, (x) — A,(«)— f De(x—y)ay J ,(y). 


1 P. T. Matthews and A. Salam, Nuovo cimento 2, 120 (1955). 
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The result is 


Zo{n,7,J uj = N exp| if 9(2)Se(«—yn(v)dndy 


+hi f J ,(x)Dr(x—y)J*(y)dxdy}, (A7) 


N= f d~oY5A, exp] i f La(s)de} 


The total Z can be written in the following symbolic 


where 
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form! 


bY 2 J j 1 6 
Z(n,4,J 4} = exp J Li( | | )es| 
1 6H(x) 2 by(x) i 5] (x) 


XZoln,7,J,}. (A8) 
It can be seen that the usual diagram technique can be 
applied here with all fermion propagators replaced by 
Sp and the interaction Lagrangian replaced by Lr. The 
specific form of Sp is irrelevant as far as general rules 
of obtaining the perturbation expansion are concerned. 


16 P. J. Redmond, Phys. Rev. 105, 1652 (1957 
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A noncanonical transformation which allows perturbative techniques to be applied to the pairing force 
problem is introduced. The lowest-order eigenvalue equation gives the standard results for both strong 


and weak coupling. 


HE theory of the effects of pairing forces developed 
by Bardeen, Cooper, and Schrieffer’ and by 
Bogolyubov? is by now well established. However, 
despite the elaborate formalism of perturbation theory 
(in particular, field-theoretic perturbation theory), no 
perturbation treatment has proved capable of handling 
pairing forces. This paper introduces a noncanonical 
transformation which permits the pairing Hamiltonian 
to be treated by perturbative techniques. Unlike the 
Bogolyubov canonical transformation,? the present 
transformation maintains particle number conservation. 
The eigenvalue equation obtained in “lowest order,” 
i.e., by summing the simplest infinite set of graphs, 
gives the well-known results in both the strong and 
weak coupling limits simultaneously. 
The starting point is the Bardeen-Cooper-Schrieffer! 
pairing Hamiltonian, 


H= > (w/2) (Cust ent te 


where 


vacant) — Donner Viewrdut dy, 


b, M 


ktCet, 
and where the Cie, cj.' are Fermion annihilation 
creation operators: 


[ CkesCk'e” 4 - 0; [ ChesCk’e’* Ly = 5x,4’00,0" 

From (1) it is clear that unpaired particles do not 
* Supported in part by the U. S. Atomic Energy Commission. 
1J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 

108, 1175 (1957). 
2N. N. Bogolyubov, J. Exptl. Theoret. Phys. (U.S.S.R.) 34, 

65 (1958) [translation: Soviet Phys.—JETP 34, 41 (1958) ]. 


interact. If kt is occupied and —kjJ is not, then the 
particle in kf cannot interact with other particles and 
so has its unperturbed single-particle energy, «,/2. 
Since unpaired particles are unperturbed, we eliminate 
them and consider only paired particles: That is, we 
can eliminate from the sums in (1) all 
which are only singly occupied and write 


values of k 


+ 


HA yairs= 2k (wy 2) (curt j to ( ye ) 
z Vien Dytdye, (4) 


where the prime on the sum indicates tl 
kL = (kt, —k§) | which are 
omitted. We therefore 
operator equation, 


at pair states 
singly occupied are to be 
(4) the 


have for all states in 


Met = Cet"Cet = M 
and (2) and (3) give 
[bide =O,  [de,dy! 
[by,der =O, [dx,de*] 
the latter two only for k’#k. 
From (6) it follows that 1—2, 
b, and bf, and (1—2n,) 


into the set of ’s 
transformation, 


anticommutes with 
1. We introduce an order 
the noncanonical 


and consider 


an=(LIer <x fer (1—2my-) Vx, (8) 


where f, is +1 if the level & is above the unperturbed 
Fermi sea, —1 if & is below the unperturbed Fermi sea. 
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Then it is easily seen that 


b.= [Tle <x fie (1 —2ny) Jax (9) 
and 
ay! ay = byt dy. (10) 


Moreover, the operator phase factor in (9) just changes 
one sign in (7), so that 


[ ax, dx |, = Q, 
and therefore the a,, a, are Fermion annihilation and 
creation operators. Clearly a, decreases the number of 
pairs by one 

Substitution of (9) into (4) gives 


De (wr— V ex )ax' ax 
— > Via Sming kan II ay’, (12) 


&! 4k kk’ 


fiers (1— 2). 


[ ay, det 1, = See, (11) 


A osire -_ 


T= I 


kk’ between k,k’ 


The factor fmince,e) in (12) comes from the unsquared 
f{(i{—2n) with index equal to the lower of k, k’, since 
a, ny. = ya = 0. 

Since the a’s are Fermi operators, (12) can be treated 
by standard perturbative techniques. Note that (12) 
conserves the number of particles. 

We note first that 


fx(1—2m) =1—2f, 
where 
k>kr 
k<kp 


Me: = ay) dk, 


a t 
=—d20;', 


s the normal product of a,‘ and a;,. Thus 


A ysirs= Eo +d, 


Wk V kk) ): a, a; 


v— pi V; uF ininge,ey ae II Ay’: 


kk’ kk’ 


II = TT (4 fees ater: 


between &,k’ 


Eo= 2 (wx— Vix). 


kK<kP 


The a approxim: ition is the replacement of 
1—2/,:m: by 1, i.e., of the phases by their unperturbed 
Vi ra T his corresponds to the selection of a partic ular 


simple set from all the Feynman graphs arising from 
(15). Then, 


A pairs®??* = Eyot+> (a,.— Vick) Qi Qe: 
— ye xk V kh? 
2. (w.— J ek) ax ay 


“— De ak V “ek Frminck ke Ge. 


S mince, k’): say! ak: 


(16) 
We now solve for the eigenpairs, i 


= 
A; => r.iQk, 


e., find 
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satisfying 


[ A aire*””*, A} | =,Af. (18) 


Call 

k>kp and k’>kp 
k<kp or k'<kp 
k>kp 

k<kp. 


_ V xx f min(k ke’) = Wx wre ant Vie’, 


=+Vu, 


Mk ®k, 


(19) 


=wp— 2V ix, (20) 
Then 

Hairs?” = >> wratat> Wiaeatay, 
and (18) becomes 


Aer= Dow (wbx ee + W ae) 


(21) 


(22) 


Since the 7,4; are eigenvectors of a Hermitian matrix, 
they can be chosen orthonormal and the A; are Fermi 
creation operators. Moreover, if Vix is factorable, 

View = BU0e, (23) 
then the eigenvalue equation can be found. It is 


gr" 
+o — 
k>kr A— we 


gr" 
i- > - 


k<kr X— py 


Bre" 80" 
= —— % 
<kF A- Mi *’>kr A- Bi?’ 


(24) 


where the roots, A, are the eigenvalues of \:. 
For g small, (24) can be written 


a3 2 
Uy VE 


ge i is 
— 
<hr X— py 


k>kr X— py 
9 
Uy * 


; , 
=-- 24 — 5 —. 


g k<kF \— py k’>kF A py 


(25) 


A graphical solution is shown in Fig. 1. When the two 
terms on the right-hand side are equal, the two central 


| 


Fic. 1. Graphical solution of Eq. (25) with the second term on 
the right-hand side neglected. w; to w;, are the unperturbed energies 


below the Fermi sea, w;,1; to wp above the Fermi sea. The circles 
(boxes) are energy eigenvalues of eigenpairs which are occupied 
(unoccupied) in the ground state. 
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Fic. 2. Graphical solution for the roots of the second factor in 
Eq. (26). w; and the circles and boxes have the same significance 
as in Fig. 1. 


roots are stationary with respect to g, and for larger g 
they move apart again. For large g, (24) can be written 


1 
(a2 Metiks 
k<kr \— Mk 2¢ k>kr \— Me 2g 4g? 


and the solutions are very nearly the values of \ which 
make one of the factors of the left-hand side vanish. 
These are shown for the second factor in Fig. 2. The 


(26) 


amount by which the collective root is split off i 
just the pair binding energy A. 


The perturbed eigenstates are now easily constructed. 
They are just 

AjsA;---|0 (27) 

with the number of A;"’s equal to one-half the number 

of paired particles. In the strong-coupling case the 

ground state has an energy lower than the normal state, 


ay'agt+ + +ayy|0), (28) 


by approximately 2A. However, the excited states are 
obtained by and there is no 


eigenvalues of the 
(2 


promoting eigenpairs, 
gap in the spectrum of energy 
system. In addition to the states (27), there are 
eigenstates in which there are unpaired particles 
occupying various single-particle states. 

It is clear that other approximations can be con- 
templated, corresponding to the selection of a 
set of Feynman graphs. The simplest self-consistent 
approximation would involve replacing the :m,:’s in 
Tl’, Eq. (12), by the expectation values calculated in 
the perturbed ground state. The character of the 
spectrum is not expected to change with this procedure, 
since it depends basically on the distribution of signs 
in Wie, Eq. (19), and this latter is not changed by the 
self-consistent technique. 

These techniques are currently being used in a study 
of pairing forces and particle-hole forces in nuclei (the 
same noncanonical applies to both 
types of force) 


larger 


transformation 
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Production of Pion Pairs—Isospin Analysis 


P. CARRUTHERS* 
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
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The reactions y+N—2x+N and ++N-—2x+WN are analyzed in terms of the relevant isospin 
amplitudes. An experiment is suggested to measure the phase difference between even and odd r—z isospin 
states, with a view toward detecting a resonance in the —z system. The experimental determination of 
the magnitude and phase of the amplitudes for the second reaction is discussed. 





INTRODUCTION 


' TN the first two sections of this paper we are concerned 

with the photoproduction of pion pairs. The 

interpretation of observed charge state ratios and 
angular distributions in the reaction 


yt+N — 2x+N (1) 


is greatly facilitated by expressing the amplitude in 
terms of the relevant dynamical variables. The phenom- 
enological analysis of (1) involves both the isospin and 
angular momentum decomposition of the production 
amplitude. Here we are concerned with the charge 
state ratios and so consider only the isospin dependence 
of (1). The angular momentum analysis of (1) has been 
given by Peierls! and Ciulli and Fischer.? Of course the 
isospin is not conserved in (1); however, photons 
violate isospin conservation in a well-known way. By 
this we mean that the interaction inducing the reaction 
(1) transforms in a known (simple) way under rotations 
in isospace. 

If we let the initial nucleon N in (1) be either a 
proton or a neutron, then there are six possible reac- 
tions. It turns out that the isospin analysis requires six 
independent matrix elements. Therefore isospin conser- 
vation does not play so dramatic a role as in the reaction 


at+N — 2r+QN, (2) 


in which four isospin amplitudes describe ten possible 
processes.* The isospin analysis, besides being the 
first step in any ‘“‘fundamental’”’ dynamical calculation, 
is also useful for the interpretation of experimental 
results in terms of simple models. Details of the con- 
struction of a dynamical theory for the process (2) 
may be found in a recent work by the author.’ In Sec. 
III we discuss reaction (2). 


I. THE PHOTOPRODUCTION AMPLITUDE 


We use the following notation: k is the photon 
momentum; p, q are the momenta of the final pions; 
a, 8 are the charge indices of the final pions; 7, r’ are 
the charge indices of the initial and final nucleons; 
and m, m’ are the spin projections of the initial and final 

* National Science Foundation Postdoctoral Fellow. 

1R. F. Peierls, Phys. Rev. 111, 1373 (1958). 

2S. Ciulli and J. Fischer, Nuovo cimento 12, 264 (1959). 

’ P. Carruthers, Ann. Phys. (to be published). 


nucleons. The nucleon momentum is given by momen- 
tum conservation. The index a goes with p, 6 with q. 
a=1,0, —1 refers to a positive, neutral, negative pion, 
respectively. r=} (—4) describes a proton (neutron). 
We use the following coupling scheme: First add the 
isospin of the two pions to get isospin t; then add this 
to the nucleon isospin to get total isospin T. The 
restrictions of Bose symmetry are simplest in this 
coupling scheme. Clearly, in the final state, for T=} 
only ‘=0, 1 are allowed; for T= only ¢=1, 2. 

We are now going to prove that the transition 
amplitude T for reaction (1) may be written as follows: 


(pagSr'm’ | T | krm) 
= L are’ (aBr'r)Mre(pq,k; m'm). (3) 


Ttj 

The index 7 stands for S (scalar) or V (vector), as will 
become clear presently. The “scalar” amplitude occurs 
for T=} only. The amplitudes IN7;’ may be subjected 
to an angular momentum and multipole decomposition, 
but we shall not do that here. The coefficients are just 
constants, containing all the charge state information. 

In the “one-photon” approximation the left-hand 
side of (3) is 


= (¥° (pags!) | fic A(x)d*x ¥(rm) ), (4) 


In Eq. (4), ¥Y~(paq8,r’m’) is a physical eigenstate of 
the 2x—N system obeying the incoming-wave boundary 
condition; ¥(rm) represents a physical nucleon. j(x) 
is the charge current density giving rise to the photon 
field. A(x)=exp(ik-x)/(2k)! is the vector potential 
of the electromagnetic field. [Eq. (4) does not take into 
account virtual photons or the direct 2y—2z coupling. 
Either of these processes can induce isospin changes 
AT=2 or greater. However such processes involve 
extra factors of e so that the error made is expected to 
be of the same order as that caused by #+—2° mass 
difference, etc., leading to the violations of charge 
independence in the final state. ] 

In this approximation one has 


j=ijstiv, (5) 


where js transforms like a scalar in isospace (i.e. it is 
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invariant under rotations and conserves isospin: 
AT=0) and j, transforms like the 3-component of a 
vector in isospace (i.e., transforms like the coordinate z, 
and gives rise to AJ=0 or 1). Therefore we write the 
interaction term as follows: 


an fi Ad'x=S+V;; 
Sa fis Ate; Vim— fiv- Ade 


Suppressing the pion momenta and nucleon spin, we 
have the problem of finding the matrix elements 


(W (aB8r’)|S+V3|¥(r)). (7) 


Our considerations depend only on charge independ- 
ence and are quite independent of such details of (4) as 
“physical state vectors,” and boundary conditions they 
might obey, or the precise structure of j(x). The next 
step is to express V(a@r’) in terms of eigenstates of 
m—m isospin t and total isospin T. Recalling the 
previous discussion, we find (X, is the nucleon isospin 
function, ¢_ the pion isospin function) 


W (aBr’) = dbadbsX;- (8) 


a > 
— 
Tt 


ar@r?.; (9) 


ap,=C (11; a8)C(447T ; a+r’). (10) 


@rr, is the 2r—N isospin eigenstate of the indicated 
variables. The notation of Rose‘ is used for the Clebsch- 
Gordan coefficients. On using (9), Eq. (7) becomes 


(V (aBr’)|S+V3|¥(r)) 


=F arkhrr,|S+V3\¥(T=3, T.=7)). (11) 
Tt 


Now, a basic theorem in the theory of angular 
momentum (Wigner-Eckart theorem‘) states that the 
“magnetic” quantum number dependence of matrix 
elements between eigenstates of J and J’ of any 
quantity that transforms under rotations (in isospace, 
for our problem) like a “spherical tensor” (i.e. like 
spherical harmonics) is contained entirely in a Clebsch- 
Gordan coefficient. Denoting the spherical tensor 
operator by T,m, the theorem says (j, m are the 
aforementioned angular momentum quantum numbers) 


(j’m'| Tiu| jm)=C(jLj';mM)\(j"\|T ul} 7), (12) 


where the “reduced matrix element” (j’||T1||7) is 
independent of m, m’ and M. For proton reactions we 
have 7,=T,'=}. 


For the isotopic scalar operator 


*M. E. Rose, Elementary Theory of Angular Momentum (John 
Wiley & Sons, Inc., New York, 1957). 
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S [L=M=0 in (12)] 
Mr:S=(bry|S|¥(T=T 
Ny S= (Prey, ¢||S||¥(T=}4)), 
For the isovector part V; [L=1, M=0 in 
Mare” =C(F1T; 40) Nr." 5 


My” = (3) IN", 


(7 , V 


MEge” = (2/3) ye”, 


Mere’ 


Eqs. (11), (13), and (14) thus give 


2, Ae(aPr 7)| Wye? 


(pag8r’m'|T\krm)= > 
r > a3:(aBr'r)s t (15) 


which is of the form (3). If desired, the reduced matrix 
elements Nr," can be found from (14). Table I gives 
the a7; coefficients for y— p reactions. 

Now, according to the Bose symmetry of the pions 
it can make no difference which pion is called number 
one, e.g., [cf. Eq. (3) ], 
=(q8pa---|T\K---) 


{(pagS---|T\k--- (16) 


The ar;(a8r’r) coefficients have parity (—1)' under 
interchange of a and 8, as may be seen from (10) since 
C(11t; a8)=(—1)'C(11/; Ba). [The 27 isospin wave 
functions are odd (even) under interchange for ‘=1 
(t=0, 2).] In order to maintain (16), the amplitudes 
IWr-?(pq,k) must obey [see (3) ] 


Mr? (pq,k) = (— 1) 7,?(qp,k). (17) 


This symmetry is useful in sorting out the contributions 
of the different isospin channels. 


II. CROSS SECTIONS FOR PHOTOPRODUCTION 


Using box normalization, setting the volume equal 
to unity, the differential cross section is 


2r : d pd q ; 
do= (18) 


(27)! 


where E (£’) is the initial (final) nucleon energy. The 
“flux” factor v is, for example, in the c.m. system 
(1+k/E). Owing to the 6 function one energy integra- 
tion can be performed. (Already the nucleon factor 
d*pw has been removed using the total momentum 
conservation delta function.) Writing do = (2x/v) | T | "dp, 
we have 
en 1 Fw wgpedw dQ dQ, 
(29)® g?(E’+w,)—wq: (q+ py’) 


(19) 


for the phase space density. It should be remarked that 
in (18) one generally averages over initial spins and 
sums over final spins. Also, one frequently needs to 
average over polarization directions of the photon. 

Of course, in actual experiments one measures an 





PRODUCTION OF PION 


Tas_e I. The coefficients a7; of the isospin amplitudes Mr; 
for the y+) — 2x-+-N reactions. 


Reaction ayo ay) an aye 
-partt+ar+p (3)? —(6)"# (3)-3 


> w+7+p — (3)-+ 0 0 
>rt+r +n 0 (3)~4 (6)~+ 


— (15)~4 
—2(15)-* 
(3/10)4 


average matrix element 


f |T |*dp 
24 


Ap 7 
Ac=— —————Ap= —{ | T| *)apAp, 
v Ap 9 


(20) 


where Ap= / dp is the phase space accepted in a given 
experiment. An average over beam energy is generally 
required, as well. 

An important consequence of (17) is that even and 
odd ¢ terms Mr,’ do not interfere in the fofal cross 
section. This is easily seen from (3) and (18): The 
even-odd / interference.terms in |7|? are odd under 
interchange of p and q, according to (17), while the 
- phase space density [cf. (18) ] is even under the same 
operation. 

Before proceeding, we remark on the invariance of 
the transition amplitude. The T is (18) is related to the 
Lorentz-invariant amplitude Tiny by the relation 


M? 


T= (21) 


5 
cans a 
Be ,t0 gk EE’ 


Sometimes one writes (18) in the (equivalent) form 


1 M? 

do=— ( ) Tine * (p++ 0+Px’—B— Ps) 
(2m)50\ SRE 

Pp Bq &py’ 

XK ea 


Hw EF 
Now we consider the influence of (17) on the cross 


section. First of all, according to Eq. (15) and Table I, 
the total cross section for y+ p — 2x+-N is simply 


Ctot (y+ p) 
= fie + —t+do+x0+do) 


= (2 0) f dol 7s —|2+|Ts0l*+4| Tool] 


= (x/s) f do 
(23) 


A factor } has been inserted before | T0|? to prevent 
counting identical final states twice. Note the lack of 


MoS +Ijo! | 2 | My S +O” | " 


+ | Mgr” | 2+ | Myo” | 2}. 
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interference between the amplitudes for distinct values 
of Tt. 

Now we investigate the possibility of determining 
the relative phase of the isospin amplitudes. This is 
of considerable interest in detecting resonances in the 
final-state interactions of two of the three particles. 
When an “isobar” is formed in the final state, one may 
expect the total amplitude to contain as a factor the 
(resonant) scattering amplitude of the particles forming 
the isobar. This has been verified for the important 
case of r+N — 2x+N, where the isobar is the r—N 
3—3 resonance.’ 

For clarity we consider a specific reaction: 


Ytp— a-+9 +3. (24) 


We contemplate two experimental situations A and B. 
In case A the x*+ has momentum py, the 7~ momentum 
Po. In case B the ~ has momentum pi, the 7+ momen- 
tum p». These situations are described by the amplitudes 
(e for even, o for odd.t) 


Ts. —(pi,P2) = T°(pi,P2) +T°(pi,Pe), 
T.—(po, Pi) = T°(pi,P2) — T°( Pi, P2), 


(A) 
(B) 


where we have used (17); the meaning of T°, T° can 
be seen from (15). 

Now if our counters, subtending solid angles dQ; (dQ2), 
accepting pions of momentum p;(p2) cannot distinguish 
at from m~, we measure 


(25) 


1 (do4t+dop)= (2r/v){ | T¢\?+|T?|*}dp, (26) 


so we cannot say anything about the even-odd ¢ phase 
difference. 

However, if we can distinguish x*+ from x~ (or wt® 
in the reaction y+p— r*++7°+mn) then we can form 
the difference: 


4 (da, —dea B) 


n/v)2 Rel T*T° \dp 


= (2 
= (4rdp v) > arer | Mr? | 


TT’ jj’ ,t=0,2 


p 4 | Mra?" | cos(6ry3—5b71"’), (27) 
where we have written IN7,7= |Mr;,’| exp[ir;7] with 
j=S or V. The meaning of (27) is that, if the kinemat- 
ical conditions are varied so that, e.g., the odd / 
amplitude goes through a resonance (as would be the 
case for a final state t=1 4—7 “‘isobar”) and the even 
t amplitude does not, then the cosine will vary rapidly.® 


Ill. PION PRODUCTION BY PIONS 


Before discussing the content of Eq. (27) we consider 
the analogous results for reaction (2). Corresponding 
to Eq. (3), the production amplitude for the process 

5 One must avoid the special arrangement in which p; and pz 
have equal magnitudes, and lie at equal angles (from the beam 
direction) in a plane parallel to the heam direction. For this case 
do 4=dop. 
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(2) has the decomposition’ 


(pagSr'm’|T | kyrm)= ¥ ar:(aBy,r'r)T 1: (pq,k), (28) 
Tt 


where k is the momentum, y the charge state, of the 
initial pion. The other symbols have the same meaning 
as in Eq. (3). The nucleon spin dependence has been 
suppressed in the four isospin amplitudes Tyo, Ty, Ty, 
Tj2. The constants a7; are given by® 


ar: (aBy,r’r) = C (112; a8)C(t4T ; a+-Br’) 


XC(13T; yr). (29) 


Values of ar, for the r*—p reactions are given in 
Table II. Corresponding to (17), we have 
Tr:(pq,k) = (—1)'Tr:(qp,k). (30) 


The angular momentum analysis'~* of the amplitudes 
Tr:(pq,k) is similar to the isospin decomposition. 

Now define the phases 57;(pq,k) of the production 
amplitudes by the equation 


Tr:(pq,k) = Trt ( pq,k) exp[i67:(pq,k) y! 


where 77; is a positive real number, the amplitude 
of Trt. 


The differential cross section is of the form (18), so 


(31) 


A 4040 A 4031 cost 
| A jon cosé Ayn 
A yy: cos(E+n) Ajj: COSn 
Lyons cos(é+n+f) A jry2 cos(n+$) 


If desired, the five proton-pion reactions may be 
identified by the charge of the final pions. Then the 
total cross section for r+—p {x-—p} single pion 
production is proportional to 


Trl Ms0+4My4 {Tr[M,_-+M_0+3Mw]}, 


where Tr denotes the trace. 

The simplest reaction is of course r++ p— x++-2+ 
+n. Only Aj21%2=$T},’ is non zero in this case. For a 
specific pqk, Tj. is found from 


dos. = (2m/v)(2T42?)dp. (37) 


From the reaction r++) — m++2°+ , one may find 
Ty and cos(5;;:—5;2)=cosf. Recalling Eqs. (25)-(27) 
we have 
§ (do+94+do4o?) = (29/0) [47° +75Ti2 ldp. (38) 
Ti follows from (38) once Tj2 has been found from (37). 
The magnitude of the phase difference ¢ is found from 
§ (do+94 —do4o)= — (24/0)T Tyo costdp/(5)*. (39) 
Eq. (39) gives two possible solutions ¢=+ |¢|. Then 
from the relations 


A 4031 cos(~+7) 
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we are led to consider the absolute square of (28) (for 
a given set of values of afy, r’r) 

|T 2= Ari,rv Cos bry— 57 t |; 

TT’ tt’ 

Arr =AraryT mtr 

It is of interest to investigate ways of determining 

the amplitudes 77; and phases 67;. Only the relative 

phases occur in (32) so the best we can do is to determine 

the four amplitudes 77, and three relative phases. 

Making the definitions 


5; —6§; =f, 
631-831 "; (34) 
531 — 530 # 


the remaining phase differences are given by 


With the definitions (33)—(35), (32) is given by the sum 
of all the elements in the symmetrical matrix M: 





1 3032 cos(E-+n+ 9) 
y “OS L130 s(n+t) 
Aji Cosy A 4142 Cos(n-+§ (36) 
Ann A 4132 Cosé 
A jiy2 Cost A 3032 
4(da_ot+da_o®) 2 ~ 1 
Sea MY eo 
dp 9 18 
2 1 
L T 41731 Cosn4t T 32°, (40) 
Q 10 


 (da_o4—da_o*) 
meen . =[2Ti1T 32 cos(n+f) 
dp 7 . 
+ T's: Tao cost |/[3(5)*], (41) 
one can find solutions for 7}; and n, for each of the two 
signs of ¢. Note that the sign of 7 is coupled to the 
choice of ¢: if ¢—> —f¢ then 7 — —n gives a solution. 
Rearranging (40) and (41), dividing (41) by (40) 
gives tann= {(Tj:"), where f is of the form 
a—b(« — Ti" 4, 
Substitution into (41) then gives a cubic equation for 
Ti. The requirement that 7j, be real and positive 
excludes negative and complex values of 7};’, although 
a priori it appears that one cannot exclude multiple 
solutions. In a similar way one can find values of Tyo 
and & which satisfy the relations 
$ (do, _4+do, _*)/dp 
_ (1/9){ 272+ T7y2+3T)2 4 Ty: —2TyTn cosy 
—2(§)*TyoTy2 cos(E+n+S)}, (42) 
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i (do, _A—do, _®)/dp 
= (2/9){ — (2)! TyoTy1 cost+ (2)! TyoT 1 cos(E+n) 


+ (5) TT 32 cos(n +f) — (8)! TT 32 cost}. (43) 


The set of solutions (in general nonunique) generated 
by Eqs. (37)-(43) could be tested for consistency by 
the experimentally difficult process x-+ p — 9°+7°-+n: 


Oday dp= TP +3742? + 2(F)! ToT 32 cos(t+n+¢). (44) 


Recently it has proved possible to measure the /o/al 
cross section for reaction (44).°® 

Despite the nonuniqueness of our solutions, the 
latter should provide interesting information about 
the dynamics of the production process. 

The otal cross sections for single pion production are 


Fror(a-— p)=F(oyoton) +e (onto), (45) 
Cror(et— p)=3 (oy t+o742), (46) 

where the partial cross sections are given by 
or=(2r/1 ) fred (47) 


IV. REMARKS 


The isospin amplitudes are of considerable intrinsic 
interest. There is another possible application of our 
results, however. It will be recalled that the quantity 
(da,4—doy) is particularly sensitive to the phase 
difference between the even and odd r—z isospin states 
[ cf. Eqs. (27), (39), (41), and (43) ]. Now, if the formation 
of an “isobar” (either rm or wV) in the final state is 
predominant, the phase of the total amplitude varies 
rapidly as the c.m. energy of the isobaric constituents 
passes through the resonance energy. This variation 
is reflected in the behavior of (do4—dog). For example, 
in the case of the (x) isobar, we have found that the 
total amplitude contains as a factor the elastic scatter- 
ing (3—3 state) amplitude.’ Further, the rN isobar 
does not especially favor either even or odd r—a 
isospin insofar as the occurrence (but not the amplitude) 
of resonances is concerned. On the other hand; our 
coupling scheme emphasizes the dynamical! features of 
the —7 system [besides yielding the simple symmetry 
of Eq. (30) }. 

Two cases are of especial interest. First of all, 
suppose the final state is dominated by a r—z isobar 
(e.g., a =1 resonance’). In this case a straightforward 


®J. C. Brisson, P. Falk-Vairant, J. P. Merlo, P. Sonderegger, 
R. Turlay, G. Valladas, Proceedings of the 1960 Annual Inter- 
national Conference on High-Energy Nuclear Physics at Rochester 
(Interscience Publishers, New York, 1960). 

7W.R. Frazer and J. R. Fulco, Phys, Rev. Letters 2, 365 (1959), 
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TABLE II. The coefficients a7; of the isospin amplitudes Tr; 
for the r+) — 2x+N reactions. 








Reaction ayo ay, ay ay2 
+p +xttn = —4}(2)! i —4 4(5)-4 
nr +p—>2+nr°+p 0 —4(2)! —4(2)-# —(10)-? 
+p 4+ 4n 4 (2)! 0 0 (2/3) (5) 
rt+p—+artt+n+ p 0 0 (2)- —(10)-4 
7 2/(5)4 


wt+p—art+nrt+n 0 0 0 


Q-value plot should detect the resonance. The methods 
of the present paper could then be used to identify the 
resonant isospin state, and also to verify the rapid 
change of phase associated with the resonance. Secondly 
it may be desirable to segregate the single pion exchange 
contribution®® to the reaction (2) from the total 
amplitude. This separation is expected to be difficult 
in the resonance region (0.5<E,<1.5 Bev) because of 
the frequency of rN isobar formation (in this energy 
range the energy of at least one of the final pions can 
be near the 3—3 resonance energy). Therefore it is 
necessary to choose kinematic conditions carefully. 
Note that in the measurement of do 4—dog the relative 
a—N energy for a pion of given charge is not the same 
for conditions A and B. Therefore the conditions 
specified by Drell and Zachatiasen™ are not satisfied, 
so that one must attempt to avoid the r—.V resonance 
region for both the final pions. 

Finally we remark on the interesting features of the 
reaction r-+p— 2-+7°+> near a Bev incident pion 
lab energy. Recently Pickup, Ayer and Salant," and 
Rushbrooke and Radojicic” reported the existence of a 
sharp peak in the Q,, spectrum. However the reaction 
«+p — 2-+2*-+n shows no such peak," but behaves 
as expected from the (r—) isobar model. This 
behavior can be understood easily if the formation of a 
(w— 7) i=1 isobar occurs in the final state. In this case 
one expects the amplitudes Tj; and 7}; to have roughly 
equal amplitude and phase. From Table II it is then 
seen that for -+p— x-+2++n the ‘=1 amplitudes 
cancel, while for r-+p— x-+7°+> the interference 
is constructive in the /= 1 states. Therefore the apparent 
fact that the (t—2) isobar dominates the final state 
in the reaction x-+p— a++7°+p while the (r—N) 
isobar dominates r-+ p > x-+2*+n is simply under- 
stood in terms of interference between the (7?t)= ($1), 
($1) states. 


8 C. J. Goebel, Phys. Rev. Letters 1, 337 (1958). 

9G. F. Chew and F. E. Low, Phys. Rev. 113, 1640 (1959). 

1S. D. Drell and F. Zachariasen, Phys. Rev. Letters 5, 66 
(1960). 

11 EF. Pickup, F. Ayer and E. O. Salant, Phys. Rev. Letters 5, 
161 (1960). 

12 J. G. Rushbrooke and D. Radojicic, Phys. Rev. Letters 5, 
567 (1960). 
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If the recently discovéred Y* state is related to the T = }, J =} resonance in xp scattering, global symmetry 
considerations should become releyant. In this paper, global symmetry is discussed with a view to under- 
standing its group structure. Also discussed is a possibility of reconciling the conflict, pointed out by Pais, 
between certain experimental results and global symmetry. The partial widths of the Y* state are calculated 
and also those of the companion excited states Z* and =*. A generalization of the quantum number G is 


discussed. 





1. INTRODUCTION 


ECENT experiments! have established the exist- 

ence of an excited state Y** in the A+2* system. 

The spin and parity of the state are not yet measured. 

As discussed in reference 1, the state shows certain re- 

semblance to the J=3, T= 4, p-state resonance N* of 

the +7 system, and the resemblance is reminiscent of 
the concept of global symmetry. 

In this paper we proceed along this line of thinking 
and assume that indeed the Y*=A+7+ resonance is in 
the J=4, p state, and that the resonance is related to 
the J=}, T=3, p-state resonance N* of the p+r 
system by global symmetry. To analyze this relation it 
is necessary to know the quantum numbers of various 
states with respect to the global symmetry operations. 
It is therefore important to know the structure of the 
global symmetry group. Now global symmetry*~* means 
some symmetry, larger than isotopic spin invariance, 
that describes an approximate analogy between the 
various baryons. But in the literature its group property 
has not been fully discussed. We shall in this paper 
formulate in mathematical terms the requirements that 
global symmetry must satisfy. It appears that the 
simplest group Go satisfying these requirements can be 
generated by three independent 2-dimensional unitary 
unimodular transformations together with a discrete 
transformation. Adopting this group as the global 
symmetry group we then try to assign quantum numbers 
to the various particles and the resonance states Y*, N*. 

Certain approximate relations are then written down 
between the widths of Y* and N*, and also for the 
various partial widths of Y*. Companion resonance 
states Z* and &* are also discussed. 


1M. Alston, L. W. Alvarez, P. Eberhard, M. L. Good, W. 
Graziano, H. K. Ticho, and S. G. Wojcicki, Phys. Rev. Letters 5, 
520 (1960). 

2M. Ferro-Luzzi, J. P. Berge, J. Kirz, J. J. Murray, A. H. 
Rosenfeld, and M. Watson, Bull. Am. Phys. Soc. 5, 509 (1960); 
H. J. Martin, W. Chinowsky, L. B. Leipuner, F. T. Shively, and 
R. K. Adair, Bull. Am. Phys. Soc. 6, 40 (1961). 

3 J. Schwinger, Phys. Rev. 104, 1164 (1956); Ann. Phys. 2, 407 
(1957). 

4M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

5 A. Pais, Phys. Rev. 110, 574 (1958); 110, 1480 (1958) ; 112, 624 
(1958) ; 122, 317 (1961). See also A. Pais, Proceedings of the Fifth 
Annual Rochester Conference on High-Energy Physics (Interscience 
Publishers, Inc., New York, 1955). 

6 J. Tiomno, Nuovo cimento 6, 69 (1957); R. E. Behrends, 
Nuovo cimento 11, 424 (1959). See also G. Feinberg and F. 
Giirsey, Phys. Rev. 114, 1153 (1959). 


It has been pointed out by Pais® that any kind of 
global symmetry is in conflict with certain experimental 
facts. We suggest in Sec. 6 that if global symmetry is 
needed to understand the resonant state Y*, a way to 
resolve Pais’ conflict is to have the K mesons as a mix- 
ture of states which have different quantum numbers 
under the global symmetry transformations. The inter- 
actions between each of these states and other particles 
could still predominantly satisfy global symmetry. Such 
a picture, while not completely satisfactory, does offer a 
possible consistent scheme incorporating global sym- 
metry that leads to useful experimental information. 

It should be emphasized that much of our results 
about widths have already been discussed in the litera- 
ture from the viewpoint of symmetry considerations.’ 
Furthermore a detailed calculation using a specific 
dynamical model has been performed by Amati, 
Stanghellini, and Vitale’? for the states Y* and Z*. 
Various discussions on the global symmetry group prop- 
erties have also existed in the literature.*~* The present 
paper is written not in the spirit of presenting something 
entirely new, nor even in that of presenting something 
which we believe to be necessarily relevant® to physical 
facts. But if a similarity between Y* and N* exists, an 
analysis along the present line would be useful. 

For completeness we include in Sec. 8 a discussion of 
charge conjugation invariance, together with a generali- 
zation of the quantum number G. Also included are 
some remarks in Sec. 9 concerning a global symmetry 
that does not put = and nucleons in the same multiplet. 


2. REQUIREMENTS ON THE GLOBAL 
SYMMETRY GROUP 


The global symmetry group must by definition con- 
tain the isotopic spin group and the strangeness group 
[defined by the operators exp(iS@) or exp(i(S+.)6), 
where S=strangeness and N=baryon number; the 
strangeness group commutes with the isotopic spin 
group ]. It has an 8X8 unitary representation to which 
the 8 baryons belong. [Cf. Sec. 9 for the case of a 
symmetry between N, 2, and A only. | In order that the 

7D. Amati, A. Stanghellini, and B. Vitale, Nuovo cimento 13, 
1143 (1959); Phys. Rev. Letters 5, 524 (1960) 

8 Ph. Meyer, J. Prentki, and Y. Yamaguchi, Phys. Rev. Letters 
5, 442 (1960). ala 

9 See the discussion of R. H. Dalitz and S. Tuan, Phys. Rev. 
Letters 2, 425 (1959), Ann. Phys. 10, 307 (1960). See also M. Ross 
and G. Shaw, Phys. Rev. Letters 5, 573 (1960). 


1954 








SOME CONSIDERATIONS 


8 baryons be analogous to each other under the global 
symmetry group, the representation must be irreducible. 
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and write 





























For the isotopic spin rotation subgroup the 8X8 repre- oll .—l¥+] |Z wo [=| 
sentation breaks up into two doublets (NV and 2), one aden n|\? dies vol) 2=\7 eee | | (2) 
triplet (2), and one singlet (A). For the strangeness . 
subgroup this breakup must conform with the usual |p | 
assignments of S+N=+1, —1, 0, 0 for N, Z, 2, and A, | iad 
respectively. wl} |= 
To state the above requirements explicitly we intro- =| ie 
duce as usual the states B =r l= . (3) 
1 | Z° 
yo=— (2°+-A°), |Z 
v2 
1 (1) It is now useful to introduce (operating on the column 
2=—(>°—A’), matrix B) the following three sets of operators, each set 
v2 satisfying the commutation relations for angular 
Z-=z, momenta : 
lc, 0 O OF 
aad — ey 
(L1,L2,L3) : £:=4| 0 0 o; Ol (t=1, 2, 3), (4) 
10 0 O a; 
10 0 0 0 000 O| 000 O| 
00 0 O| 000 O] 000 O | 
MU, MW2,I9W3):  Wy=si- M,=4 M;=3 5 
(HM, I2,9Ns): WM 7/0 0 0 I\? We=34 9 0 -I p Ws=alo oO TF O \? (5) 
0 OT O| 007 oO} 000 -Il 
10 © 0 Ol 0 -I 0 Ol lr 0 O Ol 
| | | 
. 0 0 O uw. & 3 | 0 -I 0 a| 
Wy Mo.Ma): N= 1] So} N,=4 
(Tu,N2,Ns): W=Flq g 0\ “=249 08 O OP “s=210 0 O OP (6) 
| | 
10 0 0 O| i0 0 00 0 0 0 Oj 
where ested in unnecessary additional symmetries, we take the 
lio 1 lo ail 1 0 group to be isomorphic with the representation, and shall 
n=l, ol =| 0 | v= oh identify a group element with its 8X8 representation. 
ond " . The simplest such possibility, Go, is discussed in the 
\|1 ol following sections. Other possibilities are discussed in 
i7 lo 1\) Appendix A. 
| 


Clearly £;, M;j, Nx all commute for any 7, j, k. 

The physical observables, 0= charge, S=strangeness, 
N=baryon number, 7), 72, T;=isotopic spin are re- 
lated to £, M, and NM by 


T;=£:+0, (7) 
4(S+N)=MNs, (8) 
Y= T3+Ns= L3t+-M 3+ Ns. (9) 


The 8X8 representation must (i) contain exp(i7\0;), 
exp(i7 62), exp(i7 393), exp(i91364). In other words, 7), 
T2, T3, Ns are among the infinitesimal generators of the 
representation. Furthermore (ii) the 8X8 representation 
is irreducible. 

Many possible 8X8 representations of groups can be 
found that satisfy (i) and (ii). Since we are not inter- 


3. THE GROUP & 


The group contains arbitrary £ transformations [i.e., 
Ug=expi(hLQitl.L241;£3), where /,lol3 are real num- 
bers |, arbitrary SN transformations [ expi(mNy+mMe 
+m;M;), which mixes Y and Z], and arbitrary % 
transformations [expi(#7:9i+22N2+3Ns), which mixes 
N and Z]. The product of all these is reducible since no 
mixing of V, Z with Y, Z has been introduced. To effect 
such a mixing we introduce the discrete element!® 


0 07 O 

_|0 0 0 I 

—— 0 0 OV (10) 
lo 7 0 Ol 


0 This discrete operator has been discussed by various authors. 
See reference 5. 
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The quantity xgr(U) is the character of the 2X2 matrix 


for the irreducible representations of dimension 2)%-+-1. 


Dimension 
(2£+-1) (2m+1)? 
(2£+-1) (2M+-1)? 
2(2£+-1) (2M+1) (2N+1) 


Representation 
(LMM- 1) 
(LIMIM—1) 
(LM N) 

Mm>N 


and other necessary elements to form a group. The 
elements of the group are then the 8X8 matrices of the 
form 
| al bI 0 0 
i—b*J_ a*l Q 0 
0 0 a’I bT ||’ 
0 0 -—d'*! a’*l| 


Us (11) 


and those of the form 


U=arbitrary 2X2 unimodular uni- 
tary matrix, 


(13) 


b’ ||=U'=arbitrary 2X2 unimodular 


a’*|| unitary matrix. 
This group will be called Go. It has an invariant 
subgroup (11) which is the direct product" of three SU2, 
and the quotient of the group by this invariant subgroup 
is the two-element group. [ It is, however, not the direct 
product of the two-element group with the invariant 
subgroup. | 

In Appendix A we shall give a few other possible 
groups satisfying conditions (i) and (ii). 


"We use SU, to denote the group of unitary Xn matrices 
with determinant unity. Strictly speaking, the invariant subgroup 
(11) is only locally identical with SU2xSU2XSU+2. If one changes 
the signs of Ug and a, b, a’, b’ at the same time, (11) is unchanged. 
Hence (11) has a 1 to 2 homomorphism with SU2xSU2XSU>2. In 
other words, SU,XSU2XSU2 is the covering group of (11). 
Similarly Go, which is defined to be the group of matrices of the 
form (11) and (12), has a covering group which we shall call 
Go’. Go’ has a 2 to 1 homomorphism with Gp. It has an invariant 
subgroup SUsXSU2XSU2. The relationship between Go’ and Gp is 
entirely similar to the familiar relationship between SU2 and O3, 
the group of 3X3 rotations. To simplify matters we shall not dwell 
on the difference between Gp and Go’ in the text. The irreducible 
representations in Table I are actually representations of Go’. 
Those representations (LIMITA) with L+29M=integer, and those 
representations (LINN), M>R, with L+IN+N= integer are also 
representations of Go. (The others, are not single-valued repre- 
sentations of Go.) Since the baryons belong to a representation of 
this type, and all known particles have transition elements to a 
collection of baryons and antibaryons, only representations of the 
same type (i.e., single-valued representations of Go) enter into the 
discussion of known particles, 


Character for 
elements (12) 


Character for 
elements (11) 


xe(Ug)xm(U)xon(U"’) xe(Ug)xm(UU’) 

xe(Ug)xm(U)xm(U’) —xe(Ug)xm(UU’) 

xe(Ug)[xm(U)xx(U’) 0 
+xoi(U’)xx(U)] 


4. IRREDUCIBLE REPRESENTATION OF G 


For any representation of Go, the infinitesimal opera- 
tors £1, Lo, Ls, Wi, Wa, Wes, Wi, Tle, Ws form three sets 
of commuting angular momenta. One can diagonalize 
L?, L3, M?, Ms, RN’, Ws simultaneously. Now 


RL;R= Lj, 
RMR 
RH ;RI=M;. 


; . 4 | Fe 


(14) 


Hence in any representation the set of eigenvalues of IN? 
must be the same as those of 9t*. One has therefore two 
kinds of irreducible representations: 

(a) £2, M2, MN? have unique eigenvalues ¥(%+1), 
M(M+1), M(M+1), respectively. Since R com- 
mutes with 9%3+Ns, the state with IN;=I3= We is an 
eigenstate of R. The eigenvalue \ can be +1. We denote 
this representation by the symbol ( Y9?9tA), where 
2%=integer= 0, 29N=integer=>0,A=+1. 

The states of this representation are designated by 
£3, Ms, M3, each running in integral steps between and 
including +\, + Wt, + Mt respectively. The operator R 
switches the indices 91%; and XN; for a state: 


R|Ms=a, Nz=b Ms=b, (15) 


(8) £7 has a unique eigenvalue ¥({'+1). @ and 9 
each has two eigenvalues J%(Ht+1) and M(Yt+-1) 
where INN. We denote this representation by the 
symbol (LIMM), where 2% 29%, and 29 are integers 
>0 and M>V. 


The states of this representation are states for which 
{M2= Mt(M+1), Ms 1, ---+M, 
while 32=N(MN+1), Ny= —MN, —I+1, --- +N); 


—M, — M+ 


and 
M;= —MN, —MN+-1, ---- 


{M2=N(MN-+1), 
while 3?= M(M+1), R 


—M, —W-+1, --- 


The operator R switches the states between these two 
sets. In a suitable representation, R satisfies 


R}| MMsRMs)= | MMs ME Mes). 


The dimensions of the irreducible representations are 
tabulated in Table I. Also given are the characters of the 
representations. From the characters the decomposition 
of the direct product of two representations can be easily 
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TaBLe II. Quantum number assignments for particles and excited states. T=£+IN=isotopic spin. Px=parity of K meson. The 


Repre- 
sentation 


(43,0) _ 


a) 


Bop bo no nop | 


(1,0,0,A,) 


Az=+1 


(0,3,3,Ax«) 
Ax=+1 


(3,4,0) 





found in the standard way. (Except for the quantum 
number X, it can also be found by the usual vector sum 
rule for £L, MN, and N separately.) 


5. QUANTUM NUMBERS 


To assign quantum numbers to the states we first 
notice that Eqs. (7)-(9) give the isotopic spin, the 
strangeness, and the charge in terms of these quantum 
numbers. 

The 8 baryons clearly belong to the representation 
(3,4,0). It seems natural that the pions should be as- 
signed to the 3X3 representation (1,0,0,A,). The two 
possibilities \;=-+1 are, of course, physically different, 
and differentiable. It seems natural to assign the K 
mesons to the representation (0,3,3,A«) with again the 
two possibilities Ax=+1. These assignments are tabu- 
lated in Table IT. 

For the state V*=x+ p we notice that r+ always 
belongs to either (3,3,0) T=, or (3,3,0) T=}. But N* 
has a total T= §. Hence it belongs to ($,3,0). The natural 
assumption is therefore that Y* is in the same multiplet 
structure (3,4,0), as indicated in Table IT. Since Y* can 
go into A+z, its isotopic spin T=1. The multiplet 
(3,3,0) also contains a T=2 state!4:7 which will be called 
Z*. In addition to the 3 Y* states and 5 Z* states there 
should also be 4 &* states with T=$. 


6. BREAKDOWN OF GLOBAL SYMMETRY 


Even if global symmetry has any valid basis, there 
must be relatively strong interactions that violate it. 
One manifestation, of this violation lies in the mass 
difference between ‘the hyperons. Another manifestation 
was first pointed out by Pais,® who showed that the 
following reactions 


t+ p— 2t+Kt, 
K++n— K*+, 


(16) 
(17) 


and many others violate global symmetry. For the 
group Go discussed above, the conservation of £3 is 
violated by both (16) and (17). 

In face of these difficulties, does global symmetry 
have any validity at all? And if it has, does it ever pro- 
duce useful physical information? 

It would be difficult to answer these questions. But if 
the answers to the above questions are affirmative, pre- 
sumably the baryons and the states V*, Y* allow more 
directly the application of global symmetry than reac- 
tions (16) and (17). For example, if the global-sym- 
metry-destroying interactions produce relatively little 
mixing for the baryons, pions and Y*, N*, but produce 
large mixing for the K mesons, then apparent violation 
of global symmetry is not unnatural for (16) and (17). 
While the mixing may be the multiplet (0,3,3) with any 
multiplet possessing a T=}, I=} component, it seems 
that the mixing of (0,3,3) with (1,3,3) is the simplest 
possibility. 

In this view, then, the usual interactions (baryons, 
pions, and K mesons) are regarded as predominantly 
globally symmetrical. The globally unsymmetrical inter- 
actions give rise to, among others, two effects: (a) mass 
splitting of the states within each multiplet. (b) a 
strong mixing for the K meson of a (1,3,3) T=} com- 
ponent with the (0,3,3) state. The globally unsym- 
metrical interactions may, for example, have a very: 
small range, so that the two effects (a) and (b) are the 
only ones that one need consider as causing global 
unsymmetry in the zeroth approximation. The influence 
of global unsymmetry is then quite limited in scope, 
though not in magnitude, and one can derive conse- 
quences that can be checked with experimental infor- 
mation. [This is true only insofar as one does not probe 
into the very small range where the strong unsymmetric 
force is assumed to be effective. It may be instructive to 
recall the well-known symmetry between e+ and y*. In 
that case, the asymmetry between these two particles 
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Taste III. Phase-space factor Q, projection weight w, and rela- 
tive partial widths of resonance levels. The weights w are calcu- 
lated from the quantum number assignments. The phase space 
factor 2 is computed from experimental resonance energies for N* 
and ¥*, and from an assumed energy spectrum for Z* and =*. The 
partial widths of other disintegration processes, such as Z** — x* 
+2 etc., can be inferred from the table through a simple isotopic 
spin rotation. 


Disinte 
gration Q 
products 


Total 
energy 


Computed 
relative par 
Particle 


(N*)* + 


(Mev®) w tial width 


1237 9.7x10° 1 1 


iat 1385 7.3X 10° 


1.6 108 
1.6 108 


Zett ~1539(?) ~18(?) X 10° 


~15(?) x 108 


seems to be completely characterized by their large 
mass difference which, presumably, is also generated by 
some unsymmetrical forces, strong in magnitude but 
remarkably limited in its symmetry destroying effects. | 

If one asks how does it happen that only the K 
particles have a strong mixing, a possible answer could 
be that without the globally unsymmetrical interaction 
two multiplets (1,3,3) and (0,3,3) happen to lie rela- 
tively close together and, therefore, result in large 
mixings for the states with T=}. It would then be 
reasonable to expect the existence of other excited 
states K*. 

In such a picture the K meson is a mixture of (0,3,3 
and (1,5,3), each of which, in interacting with the other 
particles, still predominantly satisfies global symmetry. 
Thus, e.g., in reactions such as K~+baryon with 
multiple pion productions, one can apply the global 
symmetry arguments and obtain equalities and in- 
equalities between the various related processes. 


7. POSITIONS AND WIDTHS OF 
N*, Y*, Z*, AND &* 


The discussion of Sec. 6 suggests a zeroth order calcu- 
lation of the partial widths of N*Y*Z* and &*, for the 
processes tabulated in Table IIT. These processes repre- 
sent a transition from a ($,3,0) multiplet to a product of 
a (},3,0) multiplet and a (1,0,0,A,) multiplet. The de- 
composition therefore yields unique weights w which are 
related to the squares of the appropriate transition 
amplitude. The calculation of these weights from the 
usual tables of Clebsch-Gordan coefficients is straight- 
forward and the result is tabulated in Table III. Be- 
sides these weights due to the projection of the initial 
state on final states, there is also a phase-space-poten- 
tial-barrier factor 2 for the p-wave state. We take it to 
be given by 


2=@Ex/(Est+ Ex), (18) 


where g=momentum of pion in the rest system of the 
resonance state, Eg=total energy of the final baryon, 
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and E,=total energy of the final pion. In the approxi- 
mation that other effects due to global asymmetrical 
interactions are neglected, the partial widths of each 
resonance level are proportional to the appropriate 
products of w To calculate 2 one needs the 
excitation energy of the resonance states. For N* and 
Y* we take the values in reference 1. To guess at the 
energies of Z* and =* we write the total energy £ of the 
excited state in the multiplet (},5,0) in the form 


E(=Esgt+E,) 
= Eyeta’L£L-M+8' (N 


and Q. 


—2)+7'(9s—-}), (19) 


where a’, 6’ and 7’ are constants. Similarly, for the 8 
baryons in the multiplet (3,3,0) we have an analogous 
expression 
E= EytaL-M+, 
where 
a= Exy— E,x>77 Mev, 
B=$[3(Ezt En)—i(3Est+En 


= — (Ez—Ey)=—380 Mev. 


3 (9? —3)+y (NH (20) 


~— 59 Mev, 


(21) 


One sees that by taking” 
B, y'—400 Mev, (22) 


one obtains the experimental resonance energy for Y*. 
With this choice the resonance energies for Z* and 2* 
can be computed and are tabulated in Table III, with 
the corresponding phase space factors 2. 

The last column of Table III shows a smaller total 
width for Y* than N* [in the ratio of approximately 
0.56:1], and shows a very small branching ratio of 
Y* — +7. Both of these are in general agreement with 
experimental information.’ 


8. CHARGE CONJUGATION INVARIANCE 


With the inclusion of the unitary operator C, repre- 
senting charge conjugation, the symmetry group is 
enlarged. The irreducible representations become larger 
in general, corresponding to, e.g., the fact that a particle 
and its antiparticle have the same mass. To study the 
combined group generated from Go, C and the baryon 
number gauge transformation exp(i@\), we start from 
their commutation relations. For the sake of clarity we 
shall formulate this discussion in theorems. We shall 
also only deal with particles and states that have 
transition matrix elements into » baryons and anti- 
baryons, n=1, 2, 3, --- 

Theorem 1. 


G,=C exp[ix(L2+Me+ MN.) | (23) 


commutes with all elements of the group Go. 
Proof: For a single baryon-antibaryon the explicit 
representations of C, £, IN, N, R are given in Appendix 


12 A similar guess on the masses of excited levels has been made 


by A. Pais (private communication). See also reference 7. 
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computation of the commutators. For other states the 
theorem follows because Gi, C, exp(ir£2), exp(ir M2), 
and exp(iwMe) are all multiplicative for a collection of 
particles. 

Theorem 2. 

GiN+NG,=0, [N,$o}.=0, G2=1. (24) 

Proof: This theorem follows directly from the explicit 
representation of Appendix B. 

Theorem 3. The full group generated by Go, G; and 
exp(iNV@) is the direct product group GoXO2*, where 
O.* is the group of all 2X2 real orthogonal matrices 
with determinant= +1. 

The proof of this theorem is again straightforward. 

The irreducible representations of O2* are either (a) 
2X 2 in size, in which N= +a and N= —a [a=integer | 
each occurs once, representing physically a pair of 
particles, and G, switches the two states; or (b) the 
representation is of dimension 1X1 in which V=0 and 
either G;=+1 or G;=—1. 

For a state with V=0, the operator G, is one and the 
same numerical constant (=+1) for all states in a 
multi plet of Go. By (23), C brings one state into another 
in the same multiplet of So. 

Theorem 4. For the pions, G;= —1. 

Proof: The pions are eigenfunctions of It with eigen- 
value Jt=0. Hence" G;=G= —1. 

Theorem 5. For the (0,5,3,A), N=0 representation, if 
the total angular momentum J =0, and the system has 
transition matrix elements into a baryon-antibaryon 
pair, then 

GiA=-1. 


For the (1,3,3,A), N=0 representauion under the same 
9296 
assumption, 


(25) 


GA=1. (26) 


Proof: In the notation of Appendix B, we have four 
possible states for the baryon-antibaryon pair that 
belong to (0,3,3), with IN;=4, N3=4: 


{p2°}+ (nZ*}, 
{Zp} +{Z*n}, 
{Y+E}+(Y°E+}, 
(2°V+}+(EtY%, 


where each curly bracket represents a state, for which 
the first symbol inside specifies the state of particle a 
and the second symbol that of particle 6. Consider a 
[¢ number | product wave function of an orbital part, 
a spin part, and a charge part [depending on the other 
quantum numbers, £, £3, IN, Ms, etc.| of the two 
particles. For a state J=0, the product of the first two 
parts is antisymmetry in the interchange a< 6. Hence 
the charge part is symmetric since the entire wave 
function must be antisymmetric. Now under a< 8, 


(27) <> (28), (29) + (30). 


(27) 
(28) 


(29) 
and 
(30) 


3T, D. Lee and C. N. Yang, Nuovo cimento 3, 749 (1956). 
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are either 
(27)+(28) or (29)+- (30), (31) 


or superpositions of these ,two. By using the explicit 
matrices listed in Appendix B it can be directly verified 
that under 
R: (27)< (29), 
G;: (27)< —(30), 


Hence the states 


(28) <> (30), 
(28) <> — (29). 


Hence under RG, both wave functions in (31) remain 
themselves but change sign. Thus (25) is proved. A 
similar proof holds for (26). 

Applied to the K mesons, if the K meson admixture 
(1,3,3) can be neglected, Theorem 5 states that 


(Gi)k = —Xk. 


While all the four states M@,;=+4 and M;=+43 are 
eigenstates of G; with eigenvalues —\x, only two: 
M;=RN3= +3 are eigenstates of R with eigenvalues \x. 
If, further, one assumes that time reversal invariance 
holds, then the two states K,° and K,° have simple be- 
haviors under R. To see this, we notice that (G;)x is a 
numerical constant. Hence (23) shows that 
c M.= 3, N2=— 4) = —G, Wl 2=—}, No= 
If P is the parity operator, we have 
CP|Me= =—})=—G,P 
Now K,’, 
+1, (-—1). 


| K12°)= |= a, N= — 


by Ie 


Me= —}, Ne=4). 


(K;2°) is an eigenstate of CP with eigenvalue 
Hence 


—4) (GP) |\s J We =—%5 
One obtains with the use of (15): 
K,2°)=¥ (GP) | K1,2°)=+ (AxPx)|Ki,2"), 


where Px is the parity of K° [with respect to, say, A]. 
Thus we obtain the entries in Table IT for Ki°, K2° 
under R. 


9. REMARKS 


For a symmetry to exist between Y* and N* it is no 
necessary that all 8 baryons be brought into globa 
symmetry. For example, one could have a symmetry 
between NV, Y, and Z without =. A simple symmetry 
group in such a case! is SU2xXSU; which has more 
parameters than Go. The irreducible representations in 
such a case can be written down and an analysis like the 
above for Go can be made. There also would be a com- 
panion Z* T=2 state together with V* and Y*, The 
weight factors w for V*, Y*, Z* remain the same as in 
Table III. 

APPENDIX A 

We give here several examples other than Gp satisfying 
conditions (i) and (ii) of Sec. 2. 

(A) The group G:. The group is isomorphic with 
SU.X SU, where SU» consists of the £ transformations 





1960 a. Be Bae 
Ug=expi(h2QithL2t+l:£3) and SU, consists of all the 
unimodular unitary transformations between JN, Y, Z, 
=. Clearly R is an element of SU. Hence Go isa subgroup 
of Gi. The usual g:= go= gs= g, case*® [where gi, go, gs, 24 
are, respectively, the coupling constants between pion 
and NN, YY, 2Z, Zz] has this larger symmetry 9; 
rather than Go. Notice that if the coupling constants 
g1= —g2= —g3=gs, the symmetry group is the smaller 
Go, with the pion assignment (1,0,0,A,) where \,= —1. 


\\0 
The infinitesimal generators of the invariant subgroup 
SU2XSU2XSU 2 of Go are 


(1+ ps3)r1, (1 +ps)T2, 
(1 —p3)T1, 


(1+ 3)r3, 
(1 a p3)T2, 


01, F2, 93, 
(1 —p3)Ts, (33) 
or 


Oi, Ti, P3Ti- 
The infinitesimal generator for (32) is 
P1071. 


Taking the commutator of this generator with those 
listed in (33) one obtains additional generators. Alto- 
gether by repeatedly taking commutators one obtains 
the following 21 infinitesimal generators: 

CO iy Tiy PIT iy P3T iy P2TiT}. (34) 
Taking further commutators gives rise to no new inde- 
pendent generators. The group obtained from these 21 
generators is O;’ which has a 2-to-1 homomorphism with 
the group of 7X7 proper real orthogonal matrices O;, as 
already discussed by various authors®® in the literature. 
To see this we define seven anticommuting Hermitian 
matrices 
Y1>= P3071, 


Y2=P302, Y3—/P303, 


Y5>=P1T2, 


Y4>= P1711, 
Yé= P1T3, 


Y7>= P2. (35) 


Then 
VuVo FV u= By, (36) 


VV2VSV4Y8Y6Y7= —1. (37) 


The 21 infinitesimal generators (34) are then iy,y, 
(uxv). The group generated by (34) is therefore of the 
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(B) The group O,’. The group is generated by the 
invariant subgroup SU,»xXSU.2xXSU» of So, 
with the elements 


together 


a, OV 
0 QO oa 
a 0 V8 OQ 
O oa, O 0] 


exp (78) 


To find the group we introduce the matrices 


—J 


form 
exp(>> duu), 


where a,, are real numbers. Now 


7 


[exp(> a,.vuv-)  Lexp(—> ayy.) | 


where ||d;;|| is a 7X7 real orthogonal matrix with de- 
terminant= 1. It is easy to prove that, conversely, for 
every ‘such ||);;||, there exist real d@,,’s 
satisfying (38). The group has thus a 2-to-1 homo- 
morphism with O;. [T. A. Tarski has pointed out to us 
that O,’ is called spin (7) in the standard language. | 

In terms of the y’s, the element R of Gp is 


two sets of 


R=p.= — VV sY8V6= V1V27377 


=[exp(ryry2/2) |Lexp(ary7v3/2) ]. (39) 


Thus R is an element of O7’, hence Go isa subgroup of O77’. 

Both of the above two groups contain Gp as a sub- 
group. There exist also groups that satisfy conditions 
(i) and (ii) but do not contain Gy as a subgroup. 

(C) The group SU;. It was pointed out to us by 
Speiser and Tarski“ that the group! SU; has an 
irreducible 8X8 representation which satisfies both 
conditions (i) and (ii). However, in this case it seems 
impossible to incorporate x mesons and K mesons with- 
out introducing more new bosons. It is clear that Go is 
not a subgroup of SU;. The full implications and 
consequences of such possibilities still need to be 
investigated. 


APPENDIX B 


We give in this Appendix explicit matrices for G;, R, 
£, M, N, and N between the 16 states that describe a 


4D. R. Speiser and J. A. Tarski (private communication). 
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single baryon or antibaryon: 


\2| 
|B") 
where 


= 


a 
ll yo 
lz 
|z- 


B=| and B’=| 

















| 
| 
| 


The antibaryon states" are defined such that under the 
charge conjugation operation all baryon states p, n, =°, 
=, Y+, Y°, Z°, Z~ are transformed in an identical way 
into their respective antibaryon states p, 7, 2°, 2+, Y-, 
¥°, Z°, and Z*+. The minus signs in B’ are so chosen that 
the matrices G,, R, £, M, N, and N are given by 


I 00 Ol 
071 0 0 
007 O 
00 0 Ii 


,’ 





. 0| (i=1, 2, 3} 
0 0) 
0 0} 


0 Ci 





© We use the notation that, e.g., Y~ is the antiparticle of Y* and 
is negatively charged. 
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0 0 0 0 
j0 0 0 0 
0007 


10 O 7 O 


and 


i @ 
0 -I 0 
GG @ g 
Go § ¢ 


where o;(t=1, 2, 3) are the 2X2 Pauli spin matrices and 
I is the 2X2 unit matrix. All empty places in the above 
matrices are zeroes. 
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Hyperfine Structure of Hydrogen, Deuterium, and 
Tritium, L. WILMER ANDERSON, FRANCIS M. Pip- 
KIN, AND JAMEs C. Barrp, JR. [Phys. Rev. 120, 
1279 (1960) |. In constructing Table VI, the pres- 
sure shifts in cycles/sec mm Hg were calculated 
incorrectly from the measured pressure shifts in 
cycles/sec cm oil. The correct entries for Table VI 
are: 

(Pressure 
shift/Av) x 10° 
(mm Hg)" 


Pressure shift 
cycles/sec mm Hg 


Hydrogen Buffer 
isotope gas 


H A 
H He 
H Ne 
H He 
D A 
D Ne 
sy A 
T Ne 


nN 
rma 


+i+11++1 
OF OonNMN 


mw 
MnO nN > 
—_ 


Because of this correction the ordinate scale in 


Fig. 12 should read 
(1/1.86)(Av/v) X10*°/mm Hg. 


Single and Multiple Stripping of a Particles, M. E1 
Nant [Phys. Rev. 120, 1360 (1960) ]. The numerical 
factors T in Eqs. (16), (17), and (23) should read, 
respectively : 


2a! Ya" = 
T= - (1+ ss ) ficpun (Ro), 


9/2 ) 2 
Ya “Y« 


2.49(x2/73) funy wp) (Ro), 


1)} I[pq)] 11n(2)] (Ro). 


and 
T= (2‘r Va") fun 


Elastic Constants of $-Tin from 4.2°K to 300°K, 
J. A. RAYNE AND B. S. CHANDRASEKHAR [Phys. 
Rev. 120, 1658 (1960) |. Equations (1) and (2) 
should read 


ON shrn 3 3 dQ 
,3= (-)/zfe (1) 
Vp! k i=] ¢ 3 


$ 


ON (-) n/4 sinddddp 
20/20 Co 
16V p! 


Momentum Spectrum of Muons, W. Pak, S. OzAkKI, 
B. P. Rog, AND K. GREISEN [Phys. Rev. 121, 905 
(1961) ]. In the above article it was incorrectly 
stated that no comparable data on the muon spec- 
trum at large zenith angles had previously been 
published. We regret our failure to make note of the 
article by J. R. Moroney and J. K. Parry [Aus- 
tralian J. Phys. 7, 423 (1954) ], which reported 
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measurements of the spectrum at zenith angles of 
0°, 30°, and 60°. The spectrum at 60° agrees with 
ours at 68° as well as can be expected, and has a 
similar statistical accuracy and upper energy limit. 


Photothermal effect in Semiconductors, W. W. 
GARTNER [Phys. Rev. 122, 419 (1961) ]. Add after 
Eq. (11.5): Calculating 7, and j, from expressions 
presented in footnotes 5 and 6, one observes that f p, 

e., the electronic contribution to the thermal con- 
ductivity, practically vanishes in thin slabs with 
long carrier lifetimes and low back-surface recombi- 
nation rates. By measuring the thermal conductivity 
in such thin slabs and also in bulk crystals of the 
same material, may therefore determine di- 
rectly the electronic contribution to the thermal 
conductivity. Since this electronic contribution is 
frequently only a small percentage of the total 
thermal conductivity, the measuring technique used 
must be unusually 


one 


accurate. 


Cartesian Tensor Scalar Product and Spherical 
Harmonic Expansions in Boltzmann’s Equation, T. 
Wyatt JOHNSTON [ Phys. Rev. 120, 1103 (1960) ]. 
p. 1103: After Eq. (3) omit sin@ in the definition of 
Yims(9,6). p. 1105: Exchange Q and (Q) in Eq. 
(10b). Omit (f,-f,) in the equation for a triad, after 
Eq. (10c). p. 1107: Equation (12a) should read 


af af af 


—+r'—+ ..., not at 
dl Ox' On 


after (12a) the 
its denominator 


In the second large equation 
le i jx term should have v! in 
rather than v. In Eqs. (14) and (15) there should be 
a multiplication sign X between w, and {f,;} and 
{f.}, respectively, while in Eq. (15) a factor v is 
missing from the denominators of the terms with 
a-{f2}, {fs}, {f4}, and {f;}. p. 1108: In footnote 16, 
f, should read fi. 

This Erratum replaces an earlier Erratum [ Phys. 
Rev. 120, 2277(E) (1960) }. 


Theory of Solid He’, Louts GotpsTEIn [ Phys. Rev. 
122, 726 (1961). On p. 729, in the fourth line under- 
neath Eq. (21b), read ‘‘the isochores p(T, _ 
instead of “the isobars . ™ 


Thermal Conductivity of CaF, MnF:, CoF:, and 
ZnF, Crystals, GLEN A. SLAcK [ Phys. Rev. 122, 145 
(1961) ]. The values of T(CaF2) and ['(ZnF2) due 
to isotopes should be a factor of 3 larger than given 
by Eq. (4). This neglected factor of 3 arises from 
the fact that there are three atoms per molecule. 
This change will lower the dotted isotope curve in 
Fig. 10 by a factor of 1.73 so that it will be tangent 
to the experimental curve at 25°K. 
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